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Abstract 
Magneto-electro-elastic (MEE) materials, a new type of composite intelligent 
materials, exhibit excellent multifield coupling effects. Due to the heterogene-
ity of the materials, it is challenging to use the traditional finite element 
method (FEM) for mechanical analysis. Additionally, the MEE materials are 
often in a complex service environment, especially under the influence of the 
thermal field with thermoelectric and thermomagnetic effects, which affect its 
mechanical properties. Therefore, this paper proposes the efficient multiscale 
computational method for the multifield coupling problem of heterogeneous 
MEE structures under the thermal environment. The method constructs a 
multi-physics field with numerical base functions (the displacement, electric 
potential, and magnetic potential multiscale base functions). It equates a single 
cell of heterogeneous MEE materials to a macroscopic unit and supplements 
the macroscopic model with a microscopic model. This allows the problem to 
be solved directly on a macroscopic scale. Finally, the numerical simulation 
results demonstrate that compared with the traditional FEM, the multiscale 
finite element method (MsFEM) can achieve the purpose of ensuring accuracy 
and reducing the degree of freedom, and significantly improving the calcula-
tion efficiency.  
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1. Introduction 

Magneto-electro-elastic (MEE) materials can convert mechanical energy, electrical 
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energy, and magnetic energy into each other [1], and their electromagnetic cou-
pling effect comes from the interaction between the piezoelectric phase and the 
piezomagnetic phase. The mechanism is as follows: after the piezoelectric phase 
under the action of the electric field produces mechanical deformation due to the 
inverse piezoelectric effect, the interface transmits this deformation to the piezo-
magnetic phase, and then the magnetic field is induced by the piezomagnetic ef-
fect in the piezomagnetic phase. The process can also occur in reverse [2]. The 
unique multifield coupling properties of MEE materials make them suitable for a 
wide range of applications in sensors, transducers, energy harvesters, etc. [3] [4]. 
As the application field of MEE materials expands, their service environment 
becomes increasingly complex and is significantly influenced by temperature 
changes in the environment. MEE materials have thermoelectric and thermomag-
netic effects that produce electromagnetic polarization and deformation in the 
presence of a thermal field. Therefore, accurately solving the multi-physical cou-
pling response of MEE structures under the influence of a thermal field is of great 
value for enhancing the performance of intelligent structural components. 

To explore more deeply the intrinsic mechanism of multifield coupling in MEE 
materials under the action of a thermal field, researchers have worked on devel-
oping analytical solutions. Based on the theory of high-order shear deformation, 
Hamilton’s principle, and the constitutive equation of the thermo-mechanical-
electro-magneto coupling effect, Zhang et al. [5] studied the buckling behavior of 
the functionally graded magneto-electro-elastic (FGMEE) cylindrical shell. Arefi 
et al. [6] proposed a simplified shear theory and non-local theory of normal de-
formation for flexural analysis of FGMEE nanobeams. However, the analytical so-
lutions are generally only suitable for solving problems with simple structural ge-
ometry and boundary conditions, and they are difficult to apply to complex prac-
tical problems. To compensate for this limitation, a large number of numerical 
methods have been developed rapidly, and have gradually become the most effec-
tive means to analyze MEE structures. 

Among them, the finite element method (FEM) is widely used because of its 
high efficiency and simplicity. Farai et al. [7] used the finite element method to 
analyze civil engineering structures, which makes the analysis of complex struc-
tural systems effective and accurate. Du et al. [8] performed numerical simulations 
using finite element analysis techniques to simulate and calculate the stress struc-
ture in the seismically excited near-source zone by establishing a numerical model 
of the explosion in the well. Yang et al. [9] investigated the response of the FGMEE 
structures under different loads by using the FEM and calculated the stresses, elec-
tric displacement, and magnetic induction intensity of the structures. Vinyas et al. 
[10]-[12] used FEM to solve the static response and natural frequency of MEE 
plates and analyzed the influence of the thermal field on structural response. Zen-
kour et al. [13] [14] investigated the mechanical characteristics of FGMEE hollow 
cylinders in terms of radial displacement, stress, and temperature. However, the 
FEM for solving composites with complex microstructures such as heterogeneous 
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MEE structures under thermal field has an oversized matrix construction, which 
significantly increases the degrees of freedom of the finite element model, is com-
putationally inefficient, and requires a large amount of computational resources. 
The complexity of the multi-physical field coupling relationship is difficult to de-
scribe, which further increases the difficulty of finite element analysis, making the 
problem more difficult to solve. It is necessary to develop the multiscale numerical 
calculation method to solve the multifield coupling problem in the thermal field 
more efficiently.  

Related work on the multiscale finite element method (MsFEM) dates back to 
Babuska et al. and Hou et al. [15] [16]. Its primary concept revolves around con-
structing multiscale basis functions that enable the extraction of small-scale infor-
mation within each coarse element through the localized resolution of boundary 
value problems. Yang et al. [17] developed an extended multiscale finite element 
(EMsFEM) based on the MsFEM to solve the thermo-elastic-plastic problem of 
heterogeneous materials. Xing et al. [18] used MsFEM to analyze periodic com-
posite structures and compared the adaptability and similarity with the mathe-
matical homogenization method and heterogeneous multiscale method. Fu et al. 
[19] used the MsFEM for geometrically nonlinear analysis of heterogeneous pie-
zoelectric materials and demonstrated the effectiveness and efficiency of the 
method through numerical examples. 

As mentioned above, the MsFEM can solve the mechanical problems of heter-
ogeneous materials very well, but it has not, to our knowledge, been introduced 
into the analysis of MEE materials in thermal field environments. For this reason, 
in this paper, based on the basic principles of MsFEM, the heterogeneous MEE 
problem is solved on a macroscopic scale under the influence of the temperature 
field by capturing the heterogeneity in mechanics, electricity, and magnetic at the 
same time. Finally, the correctness and efficiency of the algorithm are verified by 
numerical examples.  

The structure of this paper is as follows. Section 2 introduces the basic equation 
of MEE structure under the action of the thermal field. Section 3 introduces the 
calculation principle based on the MsFEM from microscopic calculation and mac-
roscopic calculation. Section 4 is numerical verification, which proves the accu-
racy and efficiency of the multiscale method by numerical examples. The last part 
summarizes the work of this paper.  

2. The Basic Formulations 

The generalized equilibrium equations for MEE materials without considering 
body force, volume charge density, and volume current density:  

 ( )T
d 0=L xσ , (1) 

 ( )T
b 0=L D x , (2) 

 ( )T
b 0=L B x , (3) 
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where σ  is the stress vector, D  is the electrical displacement vector, and B  
is the magnetic field intensity vector. T

dL  and T
bL  are matrices of differential op-

erators, whose expressions are as follows:  

 d b

0

0 ,

x
x

y
y

y x

 ∂
  ∂ ∂ 

  ∂ ∂ = =  ∂∂   
 ∂ ∂ ∂  

 ∂ ∂ 

L L . (4) 

The generalized geometric equations of the MEE materials are given as: 

 ( ) ( )d
1
2

=S x L u x , (5) 

 ( ) ( )b= −E x L xφ , (6) 

 ( ) ( )b= −H x L xψ , (7) 

where S , E , H  are the vectors of strain, electrical filed intensity, and mag-
netic flux density, respectively. u , φ , ψ  represent the vectors of displacement, 
electric potential, and magnetic potential, respectively.  

The constitutive equations of MEE materials are given as: 

 ( ) ( ) ( ) ( ) T= − − − ∆x CS x eE x hH xσ β , (8) 

 ( ) ( ) ( ) ( ) T= + + + ∆D x eS x E x H x pκ α , (9) 

 ( ) ( ) ( ) ( ) T= + + + ∆B x hS x E x H xα µ τ , (10) 

where C , e  and h  are the matrices of elastic coefficient, piezoelectric coeffi-
cient, and piezomagnetic coefficient, respectively. β  is the matrix of the thermal 
expansion coefficient. κ , α , and µ  denote dielectric coefficient matrix, mag-
netoelectric coefficient matrix, and magnetic permittivity matrix, respectively. p  
and τ  are the matrices of pyroelectric and pyromagnetic coefficients, respec-
tively. The expressions are as follows: 

 

11 13 31 31

13 33 33 33

44 15 15

11 11 11

33 33 33

111 13
1 1

13 33 2
3 3

44

0 0 0
0 , 0 , 0 ,

0 0 0 0

0 0 0
, , ,

0 0 0

0
0 , ,

0 0 0

C C e q
C C e q

C e q

C C
p

C C
p

C

κ α µ
κ α µ

β
τ

β
τ

    
    = = =    
         

     
= = =     
     

  
    = = =          

C e h

p

κ α µ

β τ .


 
 

 (11) 

3. The Basic Principle of MsFEM 

The base function of the FEM is generally in analytical form, which is only related 
to the coordinates of the unit nodes and has nothing to do with the material pa-
rameters, so it cannot take into account the variability of the material properties 
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within the unit. The MsFEM adopts a double-mesh system. Following the discreti-
zation of the structure into coarse-grid elements, the coarse grid domain under-
goes further refinement into a sub-grid system that is capable of capturing mate-
rial heterogeneity in detail. Then the multiscale base function is constructed by 
solving the equilibrium equation under the specific boundary conditions of the 
coarse mesh so that the solution on the coarse-grid complies with the required 
precision specifications. Thereby, it solves the problem of large computational 
volume and long solution time when solving heterogeneous materials by the FEM. 

The multi-physical numerical base functions (displacement, electric potential, 
and magnetic potential multiscale base functions) constructed by MsFEM embed 
microscale heterogeneity into it, taking into account the complex structure and 
property changes inside the material at the microscale. It is reflected in the simu-
lation results of macroscopic scale through the assembly of macroscopic matrix, 
so that the original problem can be solved directly on the macroscopic scale. To 
achieve this goal, the method constructs a multiscale model by establishing an 
association between a macroscopic model, which focuses on the overall mechan-
ical properties of the material, and a microscopic model, which details the internal 
microstructure and properties of the material. This multiscale model construction 
method can simultaneously consider the behavior of materials at different scales. 

3.1. Construction of Numerical Base Functions 

When using the MsFEM to analyze the mechanical-thermal-electro-magnetic 
coupling problem of MEE materials, the whole solution domain is divided into 
coarse meshes first, and the fine meshes are further divided within each coarse 
meshes so that the fine meshes can fully analyze the heterogeneity of materials. 
Appropriate boundary conditions are then defined for the local problem on the 
fine grid, and the solution of the local problem is used to construct the numerical 
base function. 

Under the elastic small deformation hypothesis, three kinds of multiscale base 
functions which can reflect the internal physical characteristics of the element are 
constructed: displacement base function uN  and vN , electric potential base 
function φN , and magnetic potential base function ψN . The y-direction dis-
placement base function is constructed similarly to the x-direction, and the mag-
netic potential base function is constructed similarly to the electric potential. 
Thus, this paper only describes the construction process of uN  and φN .  

1) Displacement multiscale base functions 
The displacement field is a vector field and the deformations in all directions 

interact with each other. According to the basic principles of MsFEM, considering 
the coupling effect between the displacement field in each coordinate direction 
when the solid deformation introduces the coupling additional term, then the dis-
placement of any nodes of the fine mesh within the coarse mesh can be expressed 
as: 

 [ ] [ ]TT TT T T
11 21 2 1 2 11 21 2

u u u
n n Mu u u u u u =  R R R
 

   , (12) 
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 ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

111 121 11 12

211 221 21 22

u u u u
M Mu

i u u u u
M M

N i N i N i N i
N i N i N i N i
 ′ ′ ′ ′⋅ ⋅ ⋅

=  ′ ′ ′ ′⋅ ⋅ ⋅  
R , (13) 

where iju  denotes the fine-grid nodes displacement. iju  represents the coarse-
grids node displacement. u

ijkN  denotes the displacement of coarse grid nodes in 
the j direction when unit displacement is applied to the coarse-grid node k along 
the i direction. M represents the number of coarse-grid nodes. n  is a coarse grid 
contains the number of fine-grid nodes; 1,2, ,i n′ = 

 . 
The displacement multiscale base function must be satisfied: 

 
0, on

, on

u
ck

u u
ck k

 = Ω


= ∂Ω

LN

N N


 



, (14) 

where the differential operator L satisfies: 

 ( )( )T1div :
2

 = ∇ + ∇ 
 

Lu C u u , (15) 

and cΩ  represents the region of coarse-grids. c∂Ω  represents the boundary of 
coarse-grids. u

kN


 represents the displacement numerical base function on a 
coarse grid k . u

kN


  represents the boundary condition of base functions. 
1,2, ,k M=  . 

The base function is numerically generated by computing the MEE material 
equations within a single-cell, where specific boundary conditions are applied. In 
this paper, linear boundary conditions and periodic boundary conditions are used 
to construct the base function. 

Figure 1 demonstrates the use of linear boundary conditions in constructing 
the displacement base function. A forward unit displacement of x is applied at 
node 1. The displacement in the x-direction of the boundary 23Γ  and 34Γ  of 
the coarse-grids is fixed, and the displacement in the y-direction of all the bound-
aries of the coarse-grids is fixed. The x-direction displacements on the boundaries 

12Γ  and 14Γ  change linearly from one to zero. 
 

 

Figure 1. Using linear boundary conditions for constructing the displacement base func-
tion. 
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For materials characterized by periodic microscopic structures, the displace-
ment multiscale base functions can be constructed using periodic boundary con-
ditions, which are different from the forced constraints imposed by linear bound-
ary conditions, as depicted in Figure 2. Periodic boundary conditions impose dy-
namic constraints to ensure more natural deformation of the sub-grids. The dis-
placement increment u∆  is the specified constant. The value is assigned unity at 
node 1 and zeroed out at nodes 2 and 4. Then it varies linearly along the bounda-
ries 12Γ  and 14Γ . Meanwhile, the degrees of freedom at the macroscopic node 
3 are fixed in both x- and y-directions to prevent rigid body motion. 
 

 

Figure 2. Using periodic boundary conditions for constructing the displacement base func-
tion. 
 

2) Electric potential multiscale base functions 
The electric potential is a scalar quantity, characterized solely by its magnitude 

and devoid of direction. The electric potential of any nodes of the fine-grid is ex-
pressed as: 

 [ ] [ ]TT TT T T
1 2 1 2 1 2n n M

ψ ψ ψψ ψ ψ ψ ψ ψ =  R R R
 

   , (16) 

 ( ) ( ) ( )1 2 , 1,2, ,Mi N i N i N i i nψ ψ ψ ψ = = R


   


 

, (17) 

where ijψ  represents the electric potential of fine-grid nodes. ijψ  represents 
the electric potential of coarse-grid nodes. 

The electric potential multiscale base function must be satisfied: 

 
0, on

, on
ck

ck k

ψ

ψ ψ

 = Ω


= ∂Ω

LN

N N


 



, (18) 

where the differential operator L  satisfies: 

 ( )T= −∇ ∇Lφ κ φ , (19) 

and k
φN


 represents the numerical base function of electric potential on coarse-
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grid k ; k
φN


  is the boundary conditions of the numerical base functions; 
1,2, ,k M=  . 

Figure 3 demonstrates the use of linear boundary conditions in constructing 
the electric potential base function. The unit electric potential is applied at mac-
roscopic node 1 of the coarse grid. The electric potential on the boundary is 
grounded, and the electric potential value on the boundary 23Γ , 34Γ  changes 
linearly from one to zero along the direction 14 and 12, respectively.  
 

 

Figure 3. Using linear boundary conditions for constructing the electric potential base 
function. 
 

Figure 4 demonstrates the use of periodic boundary conditions in constructing 
the electric potential base function. The degrees of freedom in the x and y direc-
tions of node 3 are fixed and the electric potential is grounded. To ensure the pe-
riodicity of electrical characteristics of adjacent coarse-grid elements, dynamic 
constraints are imposed on the nodes of two sets of opposite boundaries of coarse-
grid elements. The electric potential increment φ∆  is the specified constant. The 
value is assigned unity at node 1 and zeroed out at nodes 2 and 4. Then it varies 
linearly along the boundaries 12Γ  and 14Γ . 
 

 

Figure 4. Using periodic boundary conditions for constructing the electric potential base 
function. 
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3.2. Macroscopic Computation 

Based on Green’s formulation and Galerkin method using Equations (12) and 
(16), the system equation of MEE structure in the thermal field can be obtained as 
follows: 
 uu u u u Tφ ψ+ + = +K u K K F Fφ ψ , (20) 

 u peφ φφ ψψ− − = −K u K K Fφ ψ , (21) 

 u pmψ ψφ ψψ− − = −K u K K Fφ ψ , (22) 

where uF  is the static force applied to the structure. TF , peF , pmF  are tem-
perature load, thermoelectric load, and thermomagnetic load, respectively. The 
expressions are as follows: 

 
T T

T T

,

, ,

u e u e
u e T e T

e e
pe e pe pm e pm

φ ψ

= =

= =

F Q f F Q f

F Q f F Q f
 (23) 

and uuK , uφK , uφK , φφK , uψK , uψK , ψφK , and ψψK  are the generalized 
stiffness matrices of coarse-grid elements, and the expressions are: 

 

T T T

T T T

T T T

, , ,
, , ,
, , .

u e u u e e u
uu e uu e u e u e u e u e

e u e e u
e e u e u e u e u e

e e e
e e e e e e

φ φ
φ φ φ φ

φ φ ψ ψ
φφ φφ ψ ψ ψ ψ

φ ψ ψ φ ψ ψ
φψ φψ ψφ ψφ ψψ ψψ

= = =

= = =

= = =

K Q K Q K Q K Q K Q K Q
K Q K Q K Q K Q K Q K Q
K Q K Q K Q K Q K Q K Q

 (24) 

In the Equation (23), ef , e
Tf , e

pef , e
pmf  are the fine-grid unit load arrays, 

and the expressions are: 

 

T T T

1

T T

1 1

d d , ,

, ,

n

e

n n

N
e u u e

T u i
i

N N
e e
pe i pm i

i i

TA

TA TA

σ

φ ψ

Ω Γ
=

= =

= Ω + Γ = ∆

= ∆ = ∆

∑∫ ∫

∑ ∑

f N f N t f B C

f B p f B

β

τ
 (25) 

where i represents the number of fine-grid elements. Ai represents the area of fine-
grid elements. T∆  is the amount of temperature change. uB , φB , ψB  repre-
sents the strain transfer matrices. And u

eQ , e
φQ , e

ψQ  serve as transformation 
matrices, facilitating the interconversion between the displacement, electric po-
tential, and magnetic potential values at the nodes of coarse and fine grids. The 
expressions are as follows:  

 
TT T T

1 2
u u u u
e e e en =  Q R R R , (26) 

 
TT T T

1 2e e e en
φ φ ϕ φ =  Q R R R , (27) 

 
TT T T

1 2e e e en
ψ ψ ψ ψ =  Q R R R . (28) 

In the Equation (24), e
uuK , e

uφK , e
uφK , e

φφK , e
uψK , e

uψK , e
ψφK , and e

ψψK  
are the stiffness matrices of fine-grid elements, and the expression are:  

 

T T

T T

T T

T T

T

d , d ,

d , d ,

d , d ,

d , d ,

d ,

e e

e e

e e

e e

e

e e
uu u u u u

e e
u u

e e
u u u u

e e

e

φ φ

φ φ φφ φ φ

ψ ψ ψ ψ

φψ φ ψ ψφ ψ φ

ψψ ψ ψ

Ω Ω

Ω Ω

Ω Ω

Ω Ω

Ω

= Ω = Ω

= Ω = − Ω

= Ω = Ω

= − Ω = − Ω

= − Ω

∫ ∫
∫ ∫
∫ ∫
∫ ∫
∫

K B CB Κ B eB

K B eB K B B

K B hB K B hB

K B B K B B

K B B

κ

α α

µ

 (29) 
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where eΩ  is the corresponding unit area. 

4. Numerical Examples 

In this section, two numerical examples are used to compare the solution obtained 
by the MsFEM with the solution obtained by the standard FEM at the fine scale 
to verify the effectiveness and high efficiency of the MsFEM. The materials related 
parameters adopted by all structures are as follows:  

(Elastic~Cij~N∙m−2, Dielectric~tij~C∙V∙m−1, Magnetic~dij~N∙s2∙C−2, Piezoelec-
tric~eij~C∙m−2, Magnetoelectric~mij~N∙s∙V∙C−1, Piezomagnetic~hij~N∙A∙m−1, Ther-
mal expansion~βi~K−1, Pyroelectric~pi~C∙m−2∙K−1, Pyromagnetic~τi~N∙A−1∙m−1∙K−1, 
Density~ρ~kg∙m−3)  

9 9 9 9
11 12 13 33

9 9 9 4
44 11 33 11

4 12
33 31 33 15 11

12
33 31 33

166.0 10 , 77.0 10 , 78.0 10 , 162.0 10 ,

43.0 10 , 11.2 10 , 12.6 10 , 0.05 10 ,

0.1 10 , 4.4, 18.6, 11.6, 5.0 10 ,

3.0 10 , 580.30, 699.70,

C C C C

C t t d

d e e e m

m h h h

− − −

− −

−

= × = × = × = ×

= × = × = × = ×

= × = − = = = ×

= × = =
6 5

1 2

15
7

33

550.0,

3.5 10 ,10. 58 10 , 736 10 3 .0., 0pβ β τ ρ− − −= = × =

=

=− ×= − ×

 

In the calculation results, “FEM” represents the solution of standard FEM on a 
fine-grid, “MsFEM-L” represents the MsFEM solution based on linear boundary 
conditions, and “MsFEM-P” represents the MsFEM solution based on periodic 
boundary conditions.  

Example 1: A FGMEE clamped-clamped (C-C) beam under the temperature 
variation 20 KT∆ =  is shown in Figure 5. The geometric size of the beam is L = 
30 mm and the width H = 2 mm, which is a plane stress problem. The constraints 
at both clamped sides are 0x yu u= =  and the constraints on the bottom bound-
ary AD of the structure are 0φ ψ= = . The structural material is BaTio3-CoFe2O4, 
and the properties of the material vary gradient along the y-direction and follow 
the exponential distribution ( ) ( )e y hf y ξ=  Exponential factor is 0.2ξ = . 
 

 

Figure 5. Geometry and grid division of the FGMEE C-C beam. 
 

In multiscale calculations, the entire model is divided into 90 × 6 coarse-grids, 
and each coarse-grid is divided into 5 × 5 fine-grids. The standard FEM (180 × 
12) and the MsFEM (90 × 6) are used to solve the multi-physical coupling problem 
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of the FGMEE C-C beam of the heterogeneous mechanical-thermo-electro-mag-
neto. The generalized displacements (displacements ux and uy, electric potential 
φ , and magnetic potential ψ ) of upper boundary AD are obtained. Then, the 
solution results of standard FEM and MsFEM were compared with the solution 
in the literature [20], as shown in Figure 6. It can be seen that the results of the 
three algorithms are consistent with the analytical solutions in the literature, 
which verifies the correctness of the three algorithms and programs and the ra-
tionality of using the FEM results as the reference solutions. At the same time, the 
maximum errors of displacements ux and uy, electric potential φ , and magnetic 
potential are 3.71%, 2.54%, 0.92%, and 3.44%, respectively, which shows that this 
method has high calculation accuracy. 
 

  
(a)                                                   (b) 

  
(c)                                                   (d) 

Figure 6. Generalized displacements at edge AD of the FGMEE C-C beam. (a) displacement ux; (b) displacement uy; (c) electrical 
potential ϕ; (d) magnetic potential ψ. 

 
Under identical hardware conditions, the calculation time of the three algo-

rithms is compared, as shown in Table 1. MsFEM-L and MsFEM-P take only 
42.54% and 42% of the time of FEM. Therefore, MsFEM significantly improves 
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the efficiency of calculation, and this advantage will be more obvious when dealing 
with large degrees of freedom structures. 
 
Table 1. Comparing the duration of calculations for the FGMEE C-C beam. 

Method 
FEM 

(180 × 12) 
MsFEM-L 
(90 × 6) 

MsFEM-P 
(90 × 6) 

Elapsed 
(second) 

38.12 16.22 16.01 

 
Example 2: A MEE cantilever beam with holes under the temperature variation 

10 KT∆ =  is shown in Figure 7. The geometric size of the beam is L = 15 mm 
and the width H = 1.2 mm, which is a plane stress problem. In multiscale calcula-
tion, the entire model is divided into 50 × 4 coarse-grids, and each coarse-grid is 
divided into 52 fine-grids. The structural constraints of the left fixed end are 

0x yu u φ ψ= = = = . 
 

 

Figure 7. Geometry and grid division of the MEE cantilever beam with holes. 
 

FEM (200 × 52), MsFEM-L (50 × 4), and MSFEMP (50 × 4) were used to solve 
the MEE cantilever beam, respectively. The generalized displacements (displace-
ments ux and uy, electric potential φ , and magnetic potential ψ ) of AD edge 
obtained by three algorithms are shown in Figure 8. The finite element solution 
is used as the reference solution. The maximum errors of displacements ux and uy 
in multiscale results are 0.71% and 3.17%. The maximum errors of the electric 
potential and magnetic potential are 4.77% and 0.78%. Hence, the high precision 
of the multiscale analysis algorithm can be verified. From the comparison of these 
results, it can be seen that the MsFEM can capture the static response of each 
physical field more accurately.  

Under identical hardware conditions, the calculation time of the three algo-
rithms is compared, as shown in Table 2. The time of MsFEM-L and MsFEM-P 
is only 45.61% and 43.62% of that of FEM. From the above results, it can be seen 
that the MsFEM significantly reduces the computation amount and computation 
time, which verifies the efficiency of the multiscale algorithm. 
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(a)                                                  (b) 

  
(c)                                                   (d) 

Figure 8. Generalized displacements at edge AD of the MEE cantilever beam with holes. (a) displacement ux; (b) displacement uy; 
(c) electrical potential ϕ; (d) magnetic potential ψ. 

 
Table 2. Comparing the duration of calculations for the MEE cantilever beam with holes. 

Method 
FEM 

(200 × 52) 
MsFEM-L 
(50 × 4) 

MsFEM-P 
(50 × 4) 

Elapsed 
(second) 

42.03 19.17 18.33 

5. Conclusion 

In this paper, the MsFEM is developed to solve the problem of multi-field cou-
pling statics of heterogeneous MEE structures in thermal environment. After con-
structing three kinds of numerical base functions (displacement, electric potential, 
and magnetic potential base functions), the macroscopic equivalent stiffness ma-
trix and load matrix of the mechanical-thermal-electro-magnetic coupling prob-
lem are derived. The heterogeneous MEE structure is discretized on the coarse 
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scale, and the original problem is solved on the macroscopic scale, which saves a 
lot of computing resources. Finally, the correctness of the algorithms and pro-
grams as well as the high precision and efficiency of the algorithms in solving the 
heterogeneous MEE thermal-force-electric-magnetic coupling problem are veri-
fied by solving the problems of FGMEE C-C beams and MEE cantilever beams 
with holes. 
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