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Abstract

By employing the Hirota’s bilinear method and different test functions, the
breather solutions of HSI equation with different structures are obtained
based on symbolic calculation with perturbation parameters. Some new lump
solitons are found in the process of studying the degradation behavior of
breather solutions. The interaction between lump solution and soliton solu-
tion is constructed in the form of lump solution, and the motion trajectory of
lump is obtained. In addition, the theorem of lump solitons and N-solitons
superposition is given and proved. The superposition formula of lump is de-
rived from the theorem, and its spatial evolution behavior is given.
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1. Introduction

Investigating the soliton solutions of the integrable systems is always an im-
portant topic in the soliton theory. Hirota’s bilinear method [1] is an effective
method to derive soliton solutions of integrable equations. An integrable equa-
tion can be converted to bilinear form, we can study from N-soliton solutions
[2], Biacklund transformations [3] [4], Lax pairs and quasi-periodic wave solu-
tions [5]. In recent years, the lump solution in the soliton solution is a special
type of soliton solution [6]. A lump solution based on soliton solutions is a ra-
tional function solution which is real analytic and decays in all directions of
space variables and it can be regarded as one kind of rogue wave [7] [8]. The
lump solution not only has important applications in natural sciences, such as
optics, quantum field theory and condensed matter physics, but also is used in
computer science for data compression and image processing [9] [10]. Breathing

waves are also a special type of soliton solution, which undergoes periodic
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changes in time [11] [12]. However, when the respiratory wave degenerates into
a lump solution, its time variation is eliminated, thus making the form of the
solution more simplified [13]. The degeneration process of the respiratory wave
and the lump solution involves the mathematical properties of nonlinear partial
differential equations and the structure of the solution [11]. Studying this deg-
radation process provides insight into the solutions of the equations and their
evolutionary behavior, and reveals the connections and transitions between dif-
ferent types of solutions [14] [15]. The trajectory of lump decomposition in the
interaction was also studied [16] [17].

In this paper, we consider a (2 + 1)-dimensional asymmetrical the Hiro-

ta-Satsuma-Ito (HSI) shallow water wave equation [18]

Vv, =—u. (1)

yo Vx

w,=u, +3uu, —3uy, +au., w, =-u

In this paper, the test function is substituted into the HSI equation to obtain
its parametric relationship, and then the breather wave solution and kink
breather wave solution are obtained after the parametric relationship is brought
in. After taking the parameter limit based on the breather wave solution, the new
degenerate solution, namely lump type solution is obtained. the degeneracy of
breather solution to lump solution, the interaction of positive quadratic function
lump solution with soliton solution, lump locus and superposition of higher or-
der lump with N soliton solution are studied. In the first part of the second sec-
tion, the respiratory wave solution of the equation is obtained based on bilinear
form, and the lump shape solution is obtained by parametric limit method. In
the second part, the mixed solution is obtained based on the positive quadratic
function superposition soliton solution of lump property solution, and the tra-
jectory equation of lump is calculated. In the third section, a theorem of super-
position of higher order lump solution and soliton solution is given and proved.
Two examples are given and the spatial structure evolution diagram is drawn.

Finally, a brief summary is given.

2. Degradation of Breather Solutions and Mixed Lump
Solution

2.1. Bilinear Form and Degradation of Breather Solution

Hirota’s bilinear method is a powerful technique used to solve integrable systems
of partial differential equations. The key idea behind this method is to represent
the solutions of the PDE in terms of simple functions that satisfy a bilinear rela-
tion.

In the context of finding breather solutions, Hirota’s bilinear method offers
several advantages compared to other approaches. One of the main differences is
that the bilinear form allows for the explicit construction of multisoliton solu-
tions, including breather solutions, in a systematic way. This means that one can
directly obtain solutions with a known number of breathers without needing to
resort to iterative procedures. Overall, Hirota’s bilinear method stands out for its

elegance, efficiency, and applicability in capturing the rich dynamics of breather
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solutions in integrable systems.

By transformation

u(x,y,t) =u, + 2(lnf)xx s
w(x,y,1)=w, —Z(Inf)xy, 2)
v(x,y,t)z—uox—Z(lnf)X,

where fis an unknown function about x,y and ¢ the Equation (1) becomes the

Hirota bilinear form
(3u,D,D, +aD} + D!D,+ DD, ) f - f =0. 3)

where the operator D_ is the Hirota’s bilinear differential operator defined by
[1]. The D-operators are defined by
o aY(o aY
D'D' fg=|———| | == | F(x,pt)g(x, V.t . 4
"Dy f g (ﬁx 6x'j [Gy 6y'j f(xy.t)g(x.yt') )

x=x',y=y"

The choice of test functions in methods like Hirota’s bilinear method, the in-
verse scattering transform, and other analytical techniques is crucial in deter-
mining the structure and properties of soliton and breather solutions. Test func-
tions are often chosen to make the resulting equations more tractable. Exponen-
tial functions are frequently used because they simplify differentiation and inte-
gration processes. Simple forms such as polynomials, exponentials, or trigono-
metric functions allow the nonlinear problem to be converted into a more man-
ageable linear or bilinear form. We can also use the inherent symmetry of non-
linear PDEs to provide certain forms for the test functions. For integrable sys-
tems, one can use their integrable structure to find specific test functions that
make it easier to find soliton and breathing solutions. Similarly, the amplitude of
the oscillations in breather solutions can be controlled by the coefficients and
exponents in the test functions.

In order to obtain the breather solution, we choose a test function according
to the parametric limit method [19]-[21]

£ (x,y.t)=a, cosh(z,)+a, cos(r, ), (5)

where 7, =k (jx+Ly+st+y,) and k,j.l,s.7, (i=1,2) are some free real
parameters. By substituting (5) into (3) and using the Maple, we can obtain a set
of equation constraints as follows

Case 1:

R (362 i = ai 3K + a3 33 ) = 3733 (@ 72K + afu, - adu, ))

" (e —ad) 26 |

s, =0,

L 3 ik} (2a12j12k12 +ai jrk; + a22j22k22)+j12k12 (alz _azz)(jzzkzz _3”0) (6)
t Joky (a12 - azz) ’

L. Rl )

3a; jiki (j12k12 + ok )
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Case 2:
. Jikls, j1(3j12k12S12 —jikiks sy +ajiks, _3k22522”0)
J2 =~ s = k252 >
292 292 (7)
(_j12k12s12 +3j]2k]2k22S1S22 +0(j1k22s22 +3k22s,s22u0)j1k]2
I = o .
25
Then, substituting (6) and (5) into (2), we get the breather solutions of (1)
2(a1k12j12 cosh(7,)—ak; j; cos(rz))
u(x,y,t):uo +
a,cosh(z,)+a, cos(z,)
~ 2(aykj sinh(7,) gk, jy sin(z, )
(a, cosh(z,)+a, cos(z, ))2 ’
5 ak! ji picosh(z,) a,p,cos(z,)
B W i I R 8
W)=, a,cosh(z,)+a, cos(z,) ®)
, , ak’jipsinh(z,)  a,p,sin(z,)
2(ayk,j sinh(7,) = ayk, j, sin(7,))| s 5 2
. ( 171J1 1 272J2 2 ) (alz_aj)]zzkj k2]2(a12—a22)
(a,cosh(z,)+a, cos(z'z))2 ’
2(ayk, jy sinh(z,) - ayk, j, sin(z,))
V(6p,) =ty - a, cosh (7, ) +a, cos(7, ) ’
1 1 2 2
with
AR (3a i — a3 + a2 36 ) =33k (a2 /306 + afuy — aduy )) v
T =k jix+k
(af —a3 ) jik3
272 2 2
ajky\a —a; )t
—k 2 .222 (-2] 2 2.2 2 +k7s
3a; ik (Jik + 7ok3)
k| s 3kt (20;12j12kl2 +aljik; +a§j22k22)+j12k12 (alz —azz)(jszz —3u0)y o | o

Jok, (a12 -4 )
2 474 2474 292( 2 2\( ;272
Py =3ay jiky =3a, jky = jrky (al _az)(fl 1 +3”0)»
2772 2 .272 272 2 2 2772 2 2 2772 2
Py =3 ik (2a1 Jrki + jyk; (al +a, )) + Jak; (al -4 )(]2 > = 3uy )
Perturbation parameters play a crucial role in the symbolic calculation of so-
lutions in nonlinear PDEs. These parameters help to systematically construct
solutions by expanding them in a series, facilitating the handling of nonlineari-
ties. Perturbation parameters can be tuned to match specific boundary condi-

tions or physical constraints, ensuring the resulting solutions are physically

meaningful. If we take a special choice for the parameters:

6 1 1
V3=, =r=0a4=——,a, =Lk =—.k, =—,
5 4 2
(10)
. 3. 1 1
Vi :E’]z :_5’”0 =W :1’0‘:5’
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the breather solution will be obtained, as shown in Figure 1.

Figure 1. The space structure of breather solution (8) as = 0.

Based on the parameter limit method, we further study the degradation be-
havior of breather solution. We can take the parametric relationship as &, =7k,
a=p Cosh(kl) , a,=—pf cos(kl) in (8), letting the parameter &, to approach
zero in (8), we get

po;  pre:

72 2 +h ()

f=

with

g SRR (PR e 0 (s ) 4 20 = )+ dar it = 62 (1 + )
[ . . . .
WP +it) i

(12)
1 (6B =687 ouy + 6% )y
0, = j,x+ 22 +7,.
2 BT
Substituting (11) and (12) into (2), we have
422 .4 2.4 2)\2 . 4 . 2
5 B(-6r* 77 js =61} j3 ) PR B(6,)(-6r"js —6r2]14J22)+ﬁr2(9 Y
2
3652 (22 +j2) Jir 36, (72 + j2)J2r o
u(x,y,t)=uy+ pRe oy - o s
PO) 5. Pr(0:) pOY , 5, Pr(0)
72 2 7 2
B(r s +2r jJuy 7 ) (=61 2 j3 =617 i 3 ) LSBT =68 jfuy + 68
a(r 3+ 4t ) jirt 25
w(x,y,t) =W, — 3 5 3
ﬂ(gl) +'B+,Br (92)
72 2
, ﬁel(—6r“jf‘j;‘—6rzj;‘j§)+ Py ﬁel(r“j;‘+2rzj§uo—jf‘)+92(6ﬂ2rzij§—6ﬂ2rzj§uo+6ﬂ2Jf‘)
365, (7 + 47 ) J3r’ -~ 4jir 281,
+
2 2
6,y 2(6,)
B(6) +ﬂ+ﬂr (6)
72 2
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B(6,)(-6r" i ji —6r i j3
36, (73 + 77 ) i3r?
sy . pro)
72 2

2

)+ﬂ’”2 (Hz)jz
, (13)

v(x,y,t) =UyX —

+ 4+

the lump solution will be obtained, as shown in Figure 2.

Lump solitons are characterized by their localization in both spatial dimen-
sions. This means that the amplitude of the solution decays rapidly to zero as
one moves away from the center of the soliton in any direction. Lump solitons
have a characteristic velocity and shape that are preserved during propagation.
The velocity can be determined from the parameters of the polynomial function.
The shape is typically analyzed by plotting the solution at different time instanc-
es to confirm that it remains unchanged. Lump solitons can exhibit elastic colli-
sions, where they pass through each other and emerge with the same shape and
velocity.

It can be clearly seen from Figure 1 that uz and w are periodic breather wave
solutions, and vis manifested as a kinky type breather wave solution, and wap-
pears as the opposite form of v. When 4 in the test function approaches zero,
the trigonometric hyperbolic functions become a positive quadratic function,
and the solution of periodic breather characteristics becomes a single lump solu-
tion as shown in Figure 2, where u has one peak and two valleys, w is just the
opposite of u, and vhas one peak and one valley. We noticed that the lump solu-

tion u has an upward peak and two downward valleys, and the lump structure

with this form is called bright lump structure.

Figure 2. The space structure of lump-type solution (13) as £= 0.

2.2. The Mixed Lump Solution

In the form of Equations (11) and (12), we consider positive quadratic solutions

of (1), the largest class of quadratic functions can be expressed as
f:p2+q2+c9, (14)

with
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p=cx+coy+ette,,

(15)
q=csx+cy+cet+c.
To get the mixed lump stripe solutions of (1), we take
f :p2 +q2 +C9 +ej]x+1|y+slt’ (16)

where j,/,s, and c,.,(l <i< 9) are real parameters to be determined. Substitut-
X+ y+sit

ing (16) into (3) and collecting all the coefficients about x,y,r and e

and using the Maple, we can obtain a set of equation constraints as follows

Case 1:
3¢, j} 3j; (acs +3cyu,) 20y
=", = =,
2a 2a 3J 17
3(=3¢ i +dacyu, ) Ji (4 = 6uy ) 2a
C6 =~ G =0f =————,5 =———.
4a 2 3j
Case 2:
3¢, J _ 3¢ Jt _ 2ac
1= 56y = G ="
2a 2 3j; (18)
9¢, j; A 2
s :M,c9 =0,/ =]—1,s1 = ——Ot,u0 =0
4a 2 3j
Then, by substituting (17) into (16), we get
3¢, jix 3jl(acs+3cuy)y  2acyt
p= - - 2 Cy>
2a 2a 3j; (19)
3(—307j]4 +4acgu, )y
q=CsXx— +c,t +cq,
4o
and we obtain a 1-lump-1-soliton solution
/1(/1 —5”0)
9 2 ;4 —+jix+ ¥y
2| TN o e T2
u=u,+
0 ) ./'1(/12*6“0)}’ Qat
2 o T sy
p tq +e ! (20)
3 5 2at ; +rjl(j12*6“0) ’
. ——5 X
2| PGl +2qcs + je 3t :
a

(2
]I(/I *6"0)y 2at

jlx+
N 2

p+q’+e i
In the following, we consider the properties of the lump solution. By substi-

tuting (16) into (3), the extreme value theorem gives xand y peaks

_ (czc7 —c3c6)t T —CC (c]c7 —c3cs)t +¢1¢g —C4Cs )1
x= ,y=- . (21)
C,Cs — CyCs C1Cs — CyCs

Substituting (17) into (21), in the (x, y) plane, the trajectory equation of lump

is
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3¢2j7 2act
7)1 4 5

B 2 3j} .
3].12 (Ol05 +3cu, )c7 .\ Cs (—3c7j14 + 4acsu0)
20 2}
(22)
2ac,cg
.2 + C4Cy
n 3Ji
35 (acs +3cu, )07 . Cs (—3c7j14 + 4ac5u0)
2a 2}
We take a special choice for the parameters:
4 3 1 3. 4 1
C4=_§’c5 =_Eac7 2_5903 =27]1 =_5:u0 =19a=E) (23)

the 1-lump-1-soliton solution will be obtained, as shown in Figure 3.

Figure 3. The spatial structure of 1-lump-1-soliton solution (20): (a) £= 30; (b) = 0; (c) £= —30; (d) The trajectory of the lump

L3
4 3 1602

(red), when ¢= 30 (green), 0 (blue), —30 (black).

Figure 3 clearly demonstrates the collision process of the 3-dimensional spa-

tial structure of lump solution and soliton solution. It can be seen from the

Equation (20) that the coefficient before the soliton solution #1is —i—?{, a and
Ji

J, are both positive values in the parameters. When #in the positive quadratic
function tends to positive infinity, the lump solution is slowly absorbed by the
collision of soliton solution, while when ¢ tends to negative infinity, lump solu-

tion and soliton solution exist simultaneously and lump solution moves in the

1 53 S
y=—x+—— direction.
3 1602

3. Interaction and Trajectories of Lump Solution and
N-Solitons

When a =0, the Equation (3) becomes
(DID, +D,D, +3u,D,D,) f - f =0, (24)

then we study the interaction of lump and N-soliton solutions and the motion

trajectory of lump solutions. the following form of function is selected
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O (x,y,t)+ ¥ (x,0,1),
050k T (mceny ehed ), @)

f(xy.1)=
)=
2

where by,m;,n;,b.,d, (i=1, , --,M) and a; kj lj,s Ng (] 1,2, N) are free
real parameters. For i=2, CD(x, V, ) is a first-order lump solution, for j =1,
‘P(x, y,t) is in the form of a first-order soliton solution, the function
f (x, y,t) consists of lump solution form and soliton solution form. By substi-
tuting (25) into Equation (24), we can study the new spatial structure and dy-
namic behavior of Equation (1).
Theorem. If s, =0, n,=-3uym,, [, = k3 —3uk; ZZI mb, =0 and
CD(x,y, ) isa solutlon of (24), then f(x,y, ) is a solution of (24).
Proof. Substituting (25) into (24), and we want to prove
(D!D, +D,D, +3u,D.D,) f - f
(26)
=((D2+D, +3u,D,)D,)(@- O+ D P+ ¥ - D+ ¥ W) =0,
CD(x, y,t) is a solution to the equation, and s;=0, then
(D} +D, +3u,D,) D, )(®- @) =0,((D] + D, +3u,D,) D, ) (¥ -¥) =0, (27)

therefore

—

(D! +D, +3u,D,)D,)(/- /)
=2((D} +D, +3u,D,)D, )(®-¥)
=2(D} +D, +3u,D, )(®,¥ -D¥,)
=2(®,, Y -30, ¥ +30.¥Y -OVY. )

+2(D,¥ - DY, )+ 6u, (0, ¥ -D,¥,)

(28)

=2((@,, +3u,®, ) ¥ -, (W, + ¥, +3u¥ ) +30,W ).
According to (25), we get
@, +3u,®, :ZM 2b, (n, +3uym,) =0,
W 3, =Y (a4 a k] +3uga ke =0, (29)
0,0, =Y mb Y a ke =0
Substituting (29) into (28), the proof is finished.

When M =2,N =0, substituting CD(x, y,t) into (3) with the aid of symbolic

computation, we can obtain a set of equation constraints as follows
b,m,

m =- b NS —31,{0]’}1] Sy, = —3u0m2. (30)
1

By substituting (30) into function (D(x, y,t) , we have

CD(x,y,t) =b, + (— bzl;”z

1

2
x—3u0m1y+b1t+dlj +(myx —3ugm,y + byt +d, )2.(31)
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Further, substituting (31) and (25) into (2), we get the 1-lump-N-soliton solu-
tions of (1)

2
om+2ml +% ) a ke (2m6, +2m,0 +Z/Y_a.k.e‘5”)
u=u,+2 : 2 Z]zl i _( 171 272 j=170T . (32)

N S 2
by + 60 +0; + ae’ 2L 02 LSV 460
o T O T0; zj':l J b, +6, +92+§j:laje”

with

b,m,

6 =- x—=3uymy+bt+d,

1

0, =m,x —3uym,y + byt +d,, (33)
o, = knx—(kj +3u,k; )y +7,.

In the following, we consider the properties of the lump solution. by substi-

tuting (31) into (24), the extreme value theorem gives xand y peaks

(34)

__bnmt=bnt+dn,—dyn e bm,t —b,mt +dm, —d,m,

mn, —m,n, mn, —m,n

Substituting (30) into (34), in the (x,y) plane, the trajectory equation of lump

is

b22m2
b, bd, —byd
y=- 1 X — 172 271 . (35)
=3bmyu, +3b,mu,  —3bm,u, +3b,mu,

When N =1, we make a special choice for the parameters:

3 2 4 1 1
m :Eamz :g’al :gsbo =1, =1b, :gabz :Zs
1 1
d=lLd,=——,n=0k=a=—,
2 2

(36)
we obtain the following mixed lump stripe solution to (1), as shown in Figure 4.
Figure 4 demonstrates the collision process of three-dimensional spatial
structure of lump mixed solution. It can be seen from Equation (32) that the co-
efficient before the soliton solution ¢ is 0, Therefore, when ¢ in the positive
quadratic function tends to positive infinity, 1-lump solution and soliton solu-

tion exist simultaneously and lump solution moves along the direction

y=—%x+%; while when ¢ tends to negative infinity, lump solution is

slowly absorbed after collision by soliton solution.

When N =2, we make a special choice for the parameters

32 4 !
m =2, :E’”' Zg,bo =Lb :g’bZ =

1 1
Z?a :59
1 (37)

h=ay=.d,=1.d, =k, :—%,uo —Lr =1, =0,

The spatial structure and evolutionary behavior of the 1-lump-2-soliton solution

are shown in Figure 5.
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Figure 4. The spatial structure of 1-lump-V-soliton solution at V= 1: (a) £= 30; (b) £=0; (c) £= —30; (d) The trajectory of the

lump y= —%x +% (red), when ¢= 30 (green), 0 (blue), 30 (black).

Figure 5 shows the spatial structure changes of lump mixed solution with
time. It can be seen from Equation (32) that the coefficient before the soliton so-

lution ¢is 0, so when £= 0 in the positive quadratic function, lump exists between

41
the two solitons and moves towards lump in the direction y:—mx+%.
When tapproaches positive infinity, lump is slowly absorbed by the soliton solu-
tion collision, and when ¢ approaches negative infinity, lump is slowly absorbed

by another soliton solution collision.

Figure 5. The spatial structure of 1-lump-V-soliton solution at V= 2: (a) £= 30; (b) £=0; (c) £= —30; (d) The trajectory of the

lump y=——L 2+ 7% (red), when ¢= 30 (green), 0 (blue), 30 (black).
177 177

4. Conclusion

Based on bilinear (3) of Equation (1), we successfully obtained some new lump
solutions from breather wave solutions by using parametric limit method, and
simulated the evolution and degradation behavior of different forms of breather
wave solutions. Figure 1 and Figure 2 show the spatial structure evolution of
breather characteristic solution degenerated into lump solution. From the form
of lump solution, the test function of positive quadratic function superposition is
used to get the mixed solution of the equation, and the spatial structure evolu-
tion Figure 3 of lump and soliton with the change of time is given to analyze the
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trajectory equation of lump. In Section 3, the theory and inference of lump solu-
tion and N'soliton superposition are obtained and proved. At the same time, two
examples are given and the spatial structure evolution diagram is drawn, the
motion trajectory and collision change of lump were given respectively. Moreo-
ver, the high-order solutions of various exact solutions and the mutual evolution
between the solutions help us better understand and analyze the dynamic be-
havior of the system. These solutions are of great significance to the theoretical
research and application of nonlinear partial differential equations. We have
done some rich evolutionary behaviors for the HSI equation, and we hope to

study other behaviors in the next work.
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