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Abstract

A method for determining the extrema of a real-valued and differentiable
function for which its dependent variables are subject to constraints and that
avoided the use of Lagrange multipliers was previously presented (Corti and
Fariello, Op. Res. Forum 2 (2021) 59). The method made use of projection
matrices, and a corresponding Gram-Schmidt orthogonalization process, to
identify the constrained extrema. Furthermore, information about the sec-
ond-derivatives of the given function with constraints was generated, from
which the nature of the constrained extrema could be determined, again
without knowledge of the Lagrange multipliers. Here, the method is extended
to the case of functional derivatives with constraints. In addition, constrained
first-order and second-order derivatives of the function are generated, in
which the derivatives with respect to a given variable are obtained and, con-
comitantly, the effect of the variations of the remaining chosen set of de-
pendent variables are strictly accounted for. These constrained derivatives are
valid not only at the extrema points, and also provide another equivalent
route for the determination of the constrained extrema and their nature.
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1. Introduction

Recently, the authors presented [1] a method for determining the extrema of re-

al-valued and differentiable functions for which its dependent variables are sub-

ject to constraints and that avoids the use of Lagrange multipliers. The method

made use of projection matrices, and a corresponding Gram-Schmidt orthogo-
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nalization process, to identify the constrained extrema. Although Lagrange mul-
tipliers were not required, a comparison of this approach to the method of La-
grange multipliers nevertheless yielded expressions for the Lagrange multipliers
in terms of the gradients of the given function and the additional functions that
represent the constraints. Furthermore, information about the second-derivatives
of the given function with constraints was generated, from which the nature (ie,
maxima or minima) of the constrained extrema were determined, again without
knowledge of the Lagrange multipliers.

Other methods for avoiding the use of Lagrange multipliers have been devel-
oped for constrained extrema problems. For example, one prior approach uti-
lized wedge products [2], though only considered first-order variations of the
given function. Another approach employed the chain rule and the implicit
function theorem [3], and also yields information about second-order deriva-
tives. The nature of the constrained extrema can also be found from the intro-
duction of an extended Hessian matrix [4] [5]. Yet, the values of the Lagrange
multipliers are still required when evaluating these matrices, and the general
procedure for the case of multiple constraints was not provided. Our proposed
method, with its use of well-known aspects of linear algebra and a relatively
straightforward incorporation of multiple constraints, may prove computation-
ally more convenient than these prior approaches for some optimization prob-
lems with a large number of constraints.

We again note that this method followed some of the ideas, as well as some of
the convenient notation, provided in the work of Gal [6]-[11] for the evaluation
of first- and second-order functional derivatives with constraints (and also
without the use of Lagrange multipliers). To a certain extent, our approach for
analyzing constrained extrema without Lagrange multipliers is the discrete ver-
sion (Ze.,, the number of variables is finite) of one of the continuum versions (i.e.,
an “infinite” variable space requiring functional derivatives) presented by Gal.
Some aspects of our current discrete approach were therefore hinted at in [11],
though not fully developed (at least for multiple constraints).

Besides the direct benefit of solving constrained problems without the need
for Lagrange multipliers, which also potentially simplifies the determination of
the nature of the extrema, our approach may, upon further exploration, be of
additional utility. In various scientific problems of interest that are formulated as
constrained problems, the Lagrange multipliers typically have physical meanings.
For example, in statistical physics, the maximization of the Gibbs entropy for-
mula subject to certain constraints provides another route to generating the ca-
nonical and grand canonical ensembles. In both cases, one of the Lagrange mul-
tipliers is associated with the inverse temperature of the thermal reservoir, while
in the latter case, another Lagrange multiplier is associated with the chemical
potential of the particle reservoir [12]. Here, by direct comparison to the method
of Lagrange multipliers, our approach leads to general expressions for the La-

grange multipliers themselves [1]. Given the often found connection between the
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Lagrange multipliers and physical quantities, these new expressions may yield
some different and useful insights into various constrained problems of physical
interest [13]-[16].

We do not explore further these connections here, but instead consider other
aspects of our approach that can be applied to other important constrained
problems of interest. In particular, we present the extension of our approach to
the case of functional derivatives with constraints. In addition, the explicitly
constrained first-order and second-order derivatives of the given function (for
the discrete variable set) are obtained, in which derivatives with respect to a giv-
en variable are generated and, concomitantly, the effect of the variations of the
remaining chosen set of dependent variables are strictly accounted. These con-
strained derivatives are valid not only at the extrema points, thereby providing
information that may be of use for various problems of interest, and may also be
used for the determination of the constrained extrema and their nature.

In the remainder of this paper, we first present a summary of the method de-
veloped in [1], in which local extrema and their nature are determined with con-
straints, again without the use of Lagrange multipliers. We then present the ex-
tension of our approach to the continuum limit (Ze, functional derivatives with
constraints), some of the results of which are consistent with the analysis pro-
vided in [6]-[11]. Finally, we also consider the determination of constrained
first- and second-order derivatives of the given function (for the discrete variable
set), Ze., derivatives for which the impact of the constraints are explicitly ac-
counted. These derivatives are valid not just at the extrema points, several results

of which have not been obtained previously.

2. Review of the Method Avoiding the Use of Lagrange
Multipliers

Consider the real-valued function, £ that is dependent upon the n (initially) in-
dependent variables x=x,x,,---,x, . In the multi-dimensional space x, the
(column) vector Sx =Jx,,:-,0x, describes a general variation of all the n (ini-
tially) independent variables, such that the first-order variation of for Jf , is gen-
erated from & f =5x"V/ (in which for notational convenience the corresponding
transposed row vector is denoted by (5x)T =6x" and V =9/ox,,++,0/éx, ).
This first-order variation follows from the projection of Vf onto the direction
of Ox, which is just the directional derivative of falong Jx.

Let there now be m<n constraints on x, which are assumed to be repre-

sented by the following set of differentiable functions:
&(x)=K.&: (x) =Ky, 008, (%) = K,

and for which K ,K,,---,K, are constants. These constraints describe m con-
straint surfaces in which the vectors Vg,,Vg,,-:-,Vg,  are normal to their cor-
responding surface. To find a direction that is orthogonal to these resulting

normal vectors, and as such resides in all of the corresponding m constraint sur-
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faces, a Gram-Schmidt orthogonalization process was invoked [1], which gener-
ated the following projection matrix @, that can be represented by the follow-

ing “formal” determinant

Vg'Vg, - Vg/Vg, Vgl

1 : : :
L 0

¢ D, |Vg,Vg - Vg,Vg, Vg,

ve, - Vg, I

which is evaluated along the bottom row. In Equation (1), I is the identity

matrix and

Vg Vg, -+ Vg'Vg,
N t. . (2)

Ve, Vg - Ve,Vg,
which is also the mxm upper left minor of the matrix in Equation (1). (We are
assuming that D, # 0, which again also follows from the assumed linear inde-
pendence of the various Vg, .) For a given vector, @, projects that vector onto
the K,K,,---,K,, -constraint surfaces, or equivalently onto the K,,K,,-:,K, -
conserving direction. As required, Equation (1) indicates that @ Vg, =0 for
k=1,--,m, since Q,Vg, yields a determinant in which the th and last col-
umns are identical. (When @, operates on a column vector only the last col-
umn of Equation (1) operates on that column vector.)

An alternative expression for @, was also obtained [1]

0, ~1-— 3 ¥ VeVe ] 9
m i=l j=
where A} is the co-factor of element jiin the mxm matrix used to determine
D, in Equation (2). With Equation (3), one can show, as required for a projection
matrix, that @, is idempotent, @, =0, , det(Q,)=0, and Tr(Q,)=n-m
(which also equals the number of non-zero eigenvalues of Q, , with each all be-
ing equal to one).

Now, the projection of dx onto the K|,K,,---,K,, -conserving direction, or
in the direction residing along the various constraint surfaces, is labeled as
Ox,k,.-k, X » or for convenience Jyx, and is given by Jyx=0,0x. As noted
earlier, the first-order (unconstrained) variation of £ or Jf , is generated from
5 f =6x"Vf, which follows from the projection of Vf onto the direction of
ox, which is just the directional derivative of f along JSx. Analogously, a
first-order variation of fthat maintains the constraints, denoted as .., f , or
Oy f , can be generated by projecting Vf onto the direction of J,x . Hence,
the directional derivative of f residing along the constraint surface, or the
K,,K,,,K, -conserving first-order variation of £ is given by J,f =3J,x'Vf,
where 6,x" =(8,x)" . This first-order variation can be, however, generated in
a different way. To do so, we define the KK,---K, -conserving gradient of £

or what we label as V. f, to be the vector that yields, by construction, the
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KK, K, -conserving first-order variation of fwhen evaluated along the (uncon-
strained) variation Jx. In other words, V f is defined via &, f=30x"V,f.

Therefore,

S [ =6x"V, [=6,x"Vf =(0,6x) Vf (4)
Given that (Qmé'x)T =6x'Q! =6x"Q, , then
Suf =6x'V [ =5x'Q,Vf (5)
or
Vg'Vg, - Vg'Vg, Veg'Vf
Vil =0V = DLm ng,;Vgl Vgi§g,n Vg,%,Vf ©
Vg, -+ Vg, vf

(which is again evaluated along the bottom row). From the above, we conclude
that V. f is the projection of Vf onto the various constraint surfaces. Note
that each component of V, f includes contributions from all the n variables,
since V, f accounts implicitly for how all the variables must change due to the
constraints. Furthermore, Equation (6) implies that the K,K,---K, -conserving
gradient operator, V,,isequalto QO V.

Atan extremum, V,f =0, Vf =0, so wehave that

Vg'Vg, - Vg'Vg, Vg'Vf

N . . N _ 0 (7)
Vg, Vg, - Vg,Vg, Vg,Vf

V<gl ng Vf

a condition for a constrained extremum that avoids the use of Lagrange multi-
pliers. Equation (7) was shown to be equivalent to what follows from the method
of Lagrange multipliers [1]. A comparison of Equation (7) to the method of La-
grange multipliers provides an immediate general expression for the Lagrange
multipliers, showing that they are related to the co-factors of Vg,, Vg,, etc. in
the bottom row of the matrix in Equation (7) divided by D, . Furthermore, due
to various properties of the determinant (e.g., row and column interchanges),
the choices of which constraints are labeled 1, 2, etc. are arbitrary (as to be ex-
pected), and will not affect the results presented above. Finally, V,f is, of
course, by construction orthogonal to the vectors Vg,, Vg,, etc. Given Equation
(6), Vg,fV f (for k=1,---,m) generates a determinant in which the 4th and
last rows are identical, and so Vg,V f =0. Finally, the introduction of the ma-
trix @, =D Q. proves convenient in various applications, where Q> =D 0 |,
Tr(Qm ) = (n - m)Dm , det(Qm ) =0 and at an extremum Qme =0.

The nature of an extremum (Ze., maximum or minimum or saddle point) can
be determined from an appropriate matrix of the various corresponding 2"-order
derivatives. For the unconstrained case, the second-order variation of £ or &> f,
is generated from &°f =0x" (VVTf)ﬁx =6x'Fdx, where F=VV'f is the
matrix of all the (unconstrained) second-order derivatives of £ This result can be
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obtained in the following manner. As noted previously, the unconstrained
first-order variation of £is given by §f =dx'Vf, which implies that one can
introduce the (scalar) “variation operator” &=dJx"V . Hence, the second-order

variation operator (another scalar) is equal to
6> =65 =(5x"V)(6x"V) =(8x"V)(V'ox) = ox" (VV" )ox,

and so 52f=5xTF5x. (Note when &2 operates on £ V' does not act on
ox ,but on fonly.)

Now, similar to the previous derivation of the K, ---K, -conserving gradient,
we likewise generate two different expressions for the second-order K,---K, -
conserving variation of £ or J; f . First, a new matrix of constrained second-
order derivatives, F,, is introduced, such that by construction when twice op-
erated on by Sx, one obtains &, f . Hence, F, is defined in the following

manner
52 f = 5x"F,5x (8)
On the other hand, from Equation (4), &,f =d,x'Vf =8x"'Q, Vf , which sug-

gests that we introduce the K, ---K, -conserving variation operator
0y =0,x'V=06x"Q,V . Therefore, we also have that

Sy f =0x0cf =(6x"Q,V)(5x"Q,V/)

)
=(6x"Q,V)(Q,Vf) 6x=6x"Q,V(0,V/) ox

where (Qme )T is a row vector. Comparing Equations (8) and (9) implies that
Fe=0,V(0,Vf) =0,V(V/"0,) (10)

in which (Vf TQm):(Qme )T. Since the elements of @, may depend upon
the variables x, the order of operation of the gradient operator on @, and
Vf needs to be maintained in Equation (10). Equation (10) can also be ob-
tained in another way. Starting with the following definition of F, =V, V) f
[7], and noting that V, =0, V, we have that

Fo=(0,V)(Q,V) f=0,v(0,vf) (11)

When determining Fy, first evaluating (Q,V/ )T and then operating on this
row vector, initially with V (to obtain a matrix) and subsequently with Q, ,
proves to be convenient. Nonetheless, F, can be expanded to yield alternative
forms as shown in [1]. Since Equation (11) shows that F, is the product of
0, and another matrix, det(Fy)=0, which is again consistent with the fact
that while F, includes derivatives with respect to all n variables, ultimately not
all of these K, ---K, -conserving variations are independent due to the con-
straint (where we now expect m eigenvalues to be equal to zero due to the m

constraints). Finally, F, can also be expressed as [1]
1 =~ ~ T
FK = Fva(vaf) (12)

an alternative form that proves convenient in some cases, and which is only ap-
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propriate for the constrained extrema, for which @,V =0. Ultimately, the na-
ture of the constrained extrema can be obtained from the signs of the eigenval-
ues of F,.

For certain problems, this new method does yield a decrease in the number of
steps needed to identify the constrained extrema, compared to the method of
Lagrange multipliers and at least after the projection matrix @, has been de-
termined [1]. Moreover, the new method arguably provides a clear advantage
over the method of Lagrange multipliers when determining the nature of the
constrained extrema. As an example to illustrate the potential benefits of the new
method, consider the following sample problem [1], in which we are interested
in finding the extremum of the function f=x+x. +x; , subject to the two con-

straints g, =2x, +x, =1 and g, =x, +x, =2. To begin, we first note that

| 5 2 Vg | 1 -2 -1
szg 2 2 Vg = 2 4 2 (13)
Vg, Vg, I -1 2 1

Therefore,
Vi, [ =OVf =%(xl =20, — X3,=2X, +4x, + 2X;,—X, +2X, + ;) (14)

At the constrained extremum, in which V., /=0, we find with the con-
straints that x,=2/3, x,=-1/3,and x, =4/3. To determine the nature of the
extremum, we note for the two given constraints that each element of @, isa
constant, and so V@, =0 . Therefore, from Equation (11),

Fyy, =0, VVf '0, =0,FQ, . Now, for the given function £

2 00
F=0 2 0|=21 (15)
0 0 2

Hence, Fy, =20Q,.Therankof Q,,andso Fy ,is1,in which there are two
zero eigenvalues (e, two constraints). With the trace of Fy ; ~equaling 2, the
only non-zero eigenvalue is then equal to 2. Thus, the extremum corresponds to
a minimum. All of these results can be verified by direct substitution of the con-
straints into the function £ With 3 variables and 2 constraints, there is only a
single degree of freedom for this problem (i.e., only one of the variables can be

varied independently of the other two). So, for example, we note that
f=x+(1-2x) +(2-x) =6x7 —8x,+5.

This function of a single variable has an extremum at x, =2/3, and a second de-

rivative equal to 12, confirming that this stationary point is a minimum.

3. Extrema for Functional Derivatives with Constraints

In the calculus of variations, which has important applications in mathematics
and various physical problems, one attempts to find a particular function that
yields an extremum of another function. The function that relates a particular
value to each inputted function is called a functional [17]. The functional deriva-
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tive indicates how the functional changes upon an infinitesimal change of the
function upon which the functional depends. When there are additional con-
straints on the input functions, the extrema of the functionals can be obtained
through the use of functional derivatives and the method of Lagrange multipliers.
Yet, formally determining the nature of these extrema with this method is un-
clear, particularly for the case of functionals that depend upon several functions
with multiple constraints. Hence, as noted for the extrema of functions with
constraints, avoiding the use of Lagrange multipliers when considering the ex-
trema of functionals with constraints, particularly when evaluating the nature of
these extrema, may prove beneficial for various problems of interest.

The extension of our method to the case of finding extrema for functional de-
rivatives with constraints can be obtained by analogy, or by considering the limit
of 6x when there are an “infinite number of (continuous) variables”. Thus,
wherever a Sx appears, it is replaced by 5y (x), where yis a function of the
now continuous variable set x. So, for fthat is now a functional of y; or
f[y(x)] , we have that

sf
dy(x)
Vg, —> o,

(G

5f
Oy (x )

where each of the above can be thought of as a “column vector of infinite size”.

Vf >

Vif—

(16)

Therefore, we also have, for example, that

O %8

Sy (x) oy(x)
08 6f

Sy(x)oy(x)

The last two expressions can be then used to evaluate the corresponding matrix

Vg,.TVg/ —)Idx

Vg Vf - [dx (17)

elements in Equation (1). In addition, we have the following orthogonality con-

dition
og, of
VgV f=0=|dx— (18)
* j 5y(x) Sy (x)
Hence, for the case of a single constraint, g, we have that
, 0g of
J‘dx ’ !
sf _ 6f _ og Sy(x') 5y(x') (19)
Syy(x) Sy(x) 5y(x)fdx' og og
Sy(x') 6y(x')
and so at an extremum
5f _ g 7 dy(x)sy(x) (20)

Ty
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As the two integrals are the same for each X, they are constants. Therefore,
Equation (20) yields a result similar to what would be obtained with the use of
Lagrange multipliers (though, in contrast, we again get an immediate expression
for the multiplier with the new method). Note that Equations (19) and (20) are
different from what follows from the analysis of Gal [6]-[11]. G4l hinted at their
derivation [11], and does not explicitly include them, as it was noted that in
some cases the integrals may be unbounded (which may occur when the inte-
grals are not evaluated over a finite range of x ). Thus, this direct extension
from the discrete case may not be valid in all situations, which was one of the
motivations for Gdl to obtain different, and more generally applicable, expres-
sions for the functional derivatives with constraints. Nonetheless, at least for the
case of a single constraint, the results following from Equation (20) (assuming
the integrals are bounded) are equivalent to what follows from Gal’s approach
(as they should, as both the above and Gal’s expression yield a constant that ap-
pears next to the functional derivative of the constraint, just like what appears
from the method of Lagrange multipliers applied to functional derivatives).

We also consider the case of second-order functional derivatives. The matrix
F of discrete (unconstrained) second derivatives now becomes the following in

the continuum or functional limit

2 2
F=S o F
oxox;  Sy(x)Sy(x')

(21)

(where 7 denotes the row and jthe column of F for the discrete case). The de-
termination of F; in the same functional limit can be obtained, for example,
from Equation (12), in which the discrete result is first generated followed by
taking the continuum limit. The result is in general complicated, and is not pro-
vided here. But a significant simplification does arise for the case of a single con-
straint and when the second functional derivative of the constraint is always
equal to zero. For this case (a single constraint in which its second functional de-

rivative always vanishes), one finds that (as shown in the Appendix)

o Of
K S y(x)Sey(x')
__&f 1 &g [av Sg 5 f
Sy(x)sy(x') D, 5y(x) Sy(x") Sy(x")sy(x") )
1 s [ 5g s'f
D, 5y(x') 5y(x") 5y(x)5y(x")
1 &g dg wom 08  Og 5'f
+— —= || dx"dx
D} Sy(x)dy(x') ” Sy(x") Sy(x") Sy(x")Sy(x")
in which
. 0g  Og
D =|dx _— 23
1 .[ 5y(x”)5y(x”) (23)
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Through the use of dummy variables, each term in Equation (22) retains its de-
pendence on the functional derivatives of Sy(x) and &y(x'). The corre-
sponding eigenvalue equation for the second functional derivatives is given by
(17]

Ky =y (24)

where

Ky (x)= [ axy (') o (25)

y(x)xy(x)
This is an integral equation, and gives rise to a continuum of eigenvalues (which
can again be used to test the nature of the extrema).

In addition, there are cases for which fand the various constraints are functionals
of multiple functions, where, for example, we have that f [ » (x),' Y, (x)]
subject to the constraints of g, [yl ()., (x)] =K, for i=1,---,m.Here, we
can treat the various results as arising from the following “extended vectors”, in
which

() =83 ()i ()56, (x)
__of . of ... 8f
§y](x),5y2(x), ,5yl1(x)

5g. 5g. 5g'

Vg, =t

& 5y1(x) 5y2(x) 5yn(x)

The above are again “column vectors”, with each set of functional derivatives

(26)

appearing one after the other in succession and each spanning the “same height”

within the column. So then, we have, for example, that

L 5g, 5g

Vglvg. dx l J
& gj%kZ:;J. 5yk(x)5yk(x)

g, of

Velv y dx
eV o o )

Second functional derivatives can also be obtained, but the resulting expressions

(27)

become complicated very quickly.

Finally, let’s consider an example of the application of some of the above
results. For al/§iven curve in the y-x plane, the differential arc length ds is
(1 + (dy/dx)2) dx . Given two points 2 and b on the x-axis, the area enclosed by
the curve with the x-axis is given by Lb ydx. We can then ask the following
question: what is the shape of the curve of fixed arc length Z joining the given
points, which, along with the x-axis, encloses the largest area? In other words, we

b
want to minimize f = I ydx subject to the constraint of

1
g=[|1+(») [av=t,
where »'=dy/dx . The shape should be that of a circle that passes through the

two points on the x-axis.
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Now, with
of .
oy(x)
og y' d V'
=— =—— (28)
) 3 dx 1
y(x) |:1+(y,)2:|2 |:]+(y,)2:|2
then, according to Equation (20), at an extremum,
J' , 0g of
5f __dg ° Sy(x)oy(x) (29)

5y(x)_5y(x).[dx, og og
dy(x) ov(x')
Instead of attempting to directly evaluate the above two integrals, we note they
have the same values for each x (as they are evaluated over the same stationary
curve y and limits of integration, x'=a to x'=b). Their ratio is also equal to
some constant ¢ (which is simply the Lagrange multiplier for this problem), and
so Equations (28) and (29) indicate that

d oy
1:—3 e —

(1+())

Integrating both sides, after which appears the integration constant ¢, leads up-

(30)

on rearrangement to

xX+¢

y=t 1 (31)

[02 —(x+¢ )2]E

An additional integration, and further rearrangements with a new constant of

integration ¢, leads to the final result of
(y—c2)2+(x+cl)220'2 (32)

which is, as expected, the equation of a circle with radius o: If so desired, we can
determine o using the constraint, which will be related to Z, a, and b. Three
points are needed to specify uniquely a given circle, or equivalently, two points
and the circumference. If L is not much larger than b —a, the center of the cir-
cle will reside below the x-axis. If L is much larger than b —a, the center of the
circle will reside above the x-axis. (By symmetry, the center of the circle should
reside halfway between a and b, so that ¢, =—(a+b)/2.) Finally, this method
provides some insight into why ¢; or the Lagrange multiplier, is the radius of the
circle. The second expression of Equation (28) indicates that the functional de-
rivative of g is the negative of the curvature of the curve y; or the negative in-
verse of the radius of curvature [18]. Hence, with Equation (29), the Lagrange

multiplier is related to a particular weighted average of the curvature of the sta-
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tionary curve. Since the curvature of a circle is constant, the Lagrange multiplier

(ex post facto) is seen to be equal to the radius of the circle.

4. Determination of the First- and Second-Order Explicitly
Constrained Derivatives

Returning to the discrete case, or the finite variable set x=x,x,,":-,x,, we
again note that the KK, ---K, -conserving gradient of £ or V, f, is the pro-
jection of the unconstrained gradient, Vf , onto the intersection of all the con-
straint surfaces. As a result, each one of the 7 components of V. f is, in gen-
eral, not equal to zero, even though the 1 variables cannot be independently var-
ied. Since the effect of the constraint is implicitly, and not explicitly, accounted
forin V[, the specific meaning of its components is unclear (besides simply
being the projection of V, f onto each of the separate n initially independent
directions). While it is tempting to represent the tth component of V,f as
(of [ox,) > this partial derivative cannot be meaningful as written. Unlike what
was implied for og/ox, , (of /ox;) , cannot also imply that all variables besides
x, are held fixed, otherwise the K -conserving constraints cannot be satisfied.
Such a K -conserving partial derivative, if it is to be meaningfully written, must
indicate explicitly which variables are held fixed and which variables are still al-
lowed to vary. For the case of n variables with a single constraint, only n—-2
variables can be held constant upon partial differentiation, with the variation of
the remaining 2 variables being coupled via the constraint. For example, a
meaningful constrained first derivative in this case can be represented by

(of /ox,) Kofin]? in which we have arbitrarily chosen x, to be the additional pa-
rameter that is allowed to vary and x[i,n] denotes that all x are to be held
fixed except x, and x, (with i#n). There are of course several choices for
the dependent or “floating” variable in these partial derivatives. But as presently
derived, V,f does not immediately provide information about any one of
these possible derivatives (of/ox,)

K,x[i,n] :
4.1. Case of a Single Constraint

When there is a single constraint, the derivation of (&f/ox,

e (i 18 straightfor-

ward. Using the chain rule, we have that

(&), L) .
O i O gy \ 0% ) 0% )

where, for example, (of/ox, )x[i] =0f /ox, is the partial derivative in which all

variables are held fixed except x, (ie., the standard unconstrained partial de-

rivatives). Noting for the single constraint that dg =Vg'Sx =0, then

o, __%8/0x, (34)
ox, K] 0g/ox,

i

a result that is only meaningful if x, appears explicitly within the constraint,
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e, 0g/ox, #0.Equation (34) also follows from the implicit function theorem,
or implicit differentiation [19]. Equations (33) and (34) can be combined to evalu-
ate the constrained first-order derivative for any appropriate choice of 7and n.
Since @, is the projection matrix onto the K -conserving direction, and
thus contains information on variations that reside within the intersection of all
those surfaces, Equations (33) and (34) can likewise be obtained using various

properties of Q

m

. We therefore repeat the derivation of these equations, along
with generating some additional new relations, making use of @, . While for a
single constraint this approach is admittedly less straightforward than how
Equation (33) was already derived, generating these relations in another way
nevertheless proves to be useful. For the case of multiple constraints, the use of
0, and its various properties greatly simplifies the derivation of the explicitly
constrained first- and second-order derivatives.

To begin, and to illustrate the approach, we again consider the case in which
there is a single constraint, g. Now, a set of vectors that reside within, or are
tangent to, the constraint surface can be generated from the eigenvectors of 0, .
If w' =[u,u,,-,u,] denotesan eigenvector of @, corresponding to one of its
n—1 eigenvalues with value 1, then by definition Qu=u, ie, u already re-
sides within the constraint surface. With Equation (1), Qu=u reduces to

Vg (VgTu) =0, which yields n identical equations, all of which are given by

% u, + o2 Uy +-+ g u,=0 (35)
ox, Ox, Ox,

Since u, as an eigenvector of @, , is orthogonal to Vg, the vector normal to
the constraint surface, we have that VgTu=O. To generate a set of n—1 ei-
genvectors that all correspond to Equation (35), we need to set the values of
n—2 components of u in the above equation.

For example, if we are interested in the relative variations of, say, x, and x,,
such that x, through x, _, are constant and the constraint is maintained, then
an eigenvector that corresponds to such a variation is obtained from Equation

(35) upon setting u, through u, , equal to zero, or % u =- e u,. If
Ox, Ox

we are further interested in the resulting variation in x, relative to a given var-
fation in X, then we set u, =1 and solve for u, =—(dg/ox, )/(Qg/@xn ), which
corresponds to Equation (34). The resulting eigenvector that is in the direction
of this variation is u' = [1,0, 0,--,—(0g/ox, )/(Gg/axn )] . More formally, the
variations of x; and x, (based on a change in x, ), such that x, through

X

n-1

are constant and the constraint is maintained, is given by &, (L X =0xu.
Now, the K-conserving first-order variation of fsuch that x, through x,_, are
also constant, or O 1) 5 18 generated by projecting Vf onto the direction of

this eigenvector. Hence,

o
5K’[l’"]f = 6)6'1 (a_x]j » = 5K’[l,’1]xva = 5xluTVf (36)
K,x|1,n
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or (of/ox,) Koafin] = u'Vf , a result which upon evaluation matches Equations
(33) and (34).

By again selecting x, to be that variable which depends upon the variation of
one of the other variables, we can generate the remaining n—2 eigenvectors
corresponding to Equation (35) in exactly the same manner. The full set of n—1
eigenvectors, for the arbitrary choice of x, as the dependent variable, is
u' =[1,0,0,---,—(6g/8x1)/(ag/axn)] , U =[0,1,0,---,—(ag/éxz)/(ag/axn)] ,
eou =[0,0,0,-~,1,—(6g/6xﬂ_1 )/(0g/ex, )] Note that these n—1 eigenvec-

tors are linearly independent since cu, +c,u, +---+c, u, , =0 requires each

n-1
of the constants to equal zero or ¢, =c¢,=--=c, , =0. Hence, these eigenvec-
tors form a basis set to describe all other variations that reside in the constraint
surface. (There are of course other linearly independent basis sets that can be
generated, based on the choice of which variable is selected as the common de-
pendent variable.) The projection of Vf onto each of these eigenvectors gen-
erates in turn the following n—1 constrained first-order derivatives of £
(o Jox, )K,x[l,n] » (o Jox, )K,x[2,n]’ - (ofox, )K,x[n_l‘,,] :

With n choices for the first-order variation of interest, followed by n—1 addi-
tional choices for the dependent variable, there are n(n—1) K-conserving
first-order derivatives of fthat can be generated. Nevertheless, Equations (33) and
(34) imply, for example, that (og/ox, )(of /ox, )K’x[[‘ﬂ] +(og/ox;)(of ox, )K,X[M] =0.
Hence, not all of these derivatives are independent. The generation of a linearly
independent set of n—1 eigenvectors indicates that only n—1 of these deriva-
tives are independent (as the eigenvector corresponding to one of the n(n —1)
derivatives can therefore be obtained via a linear combination of the chosen
n—1 basis set).

Thus, at an extremum, each one of these linearly independent K-conserving first-
order derivatives should vanish. Unlike the extremal condition based on V, /=0,
Kalin] 0
(i=1---,n—1) at an extrema, corresponds to only n—1 equations (which is

which corresponds to 1 equations, the use of, for example, (of/ox,)

consistent with the fact that there are only n—1 degrees of freedom for this
system with a single constraint). Although there is a reduction in the number of
conditions to solve at an extrema, additional work is required for this approach.
The application of V, f =0 is rather straightforward, and still seems to be the
preferred approach, as it avoids the additional required step of generating the
eigenvectors of @, (although the eigenvectors for the case of a single constraint
are rather straightforward to obtain).

All of these n—1 independent variations can be represented in the following
manner. Let U =[u, u, --- u, ;| bethe nx(n—1) matrix whose columns are the
linearly independent eigenvectors obtained earlier. Hence, 51(,[,-,,,]3‘”71 =Udx, |,
where oOx, , indicates that we are now only dealing with the first n—1 varia-
tions, and does not include the variation of the nth variable. The constrained
first-order variation of fbased on these linearly independent »n—1 variations is

therefore given by
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o f= 6K,[i,n]x:llvf = é‘anflUTVf (37)

Hence, V. .f=U"Vf , where the ith component of V. is (0/x), i
Note that, just by considering their dimensions, V, f=QVf #U'Vf =V kfint
But a connection between these two gradients can be obtained. Since the col-

umns of U are the eigenvectors of Q,, then QU =U , and so (after trans-
posing both sides) U'Q, =U" . Therefore,

Vi =UNS=UQVf =U"V [ (38)

which indicates that the individual terms of V ] f are the further projec-

K [in
tions of V, f onto each of the linearly independent eigenvectors of Q,, e.g.,

VK,[],n]f = (af/axl )K,x[l,n] = ulTva = ulTVf .
Now, by the construction of the eigenvectors, we have that

o8 )28 ) ryp (28 )22 )2 _[2) (&
ox, J\ox, ) ox; )\ Ox, )\ Ox, ox; ) \ ox,
_[%= |2

- ox; )\ ox, )\ Ox, afin]

Summing the above from i=1,---,n—1, and then comparing with V,f=0,Vf,

(39)

we find after rearrangement that the nth component of V. f is given by

3] 0 1o 1(og \&(o )

i = i L (VgTVf) L - z g i (40)

ox, ). o D, ox D, ox, Jiz\ox, )\ ox, ) ..

n n n n i i ,x[z,n]
which provides a connection between the components of V, f and the various
constrained first-order derivatives. Equation (40) applies to any component of
V. f orfor which variable is allowed to “float”, simply by replacing n with /.
Explicitly constrained second-order derivatives of £ such as (62]" / ox} )K E

can also be obtained, and are best done so by using the operator formalism and

the repeated application of the chain rule. For example, Equations (33) and (36)

{1] i[i}(a_J Y (41)
ox, Koafin] ox, \ ox, )\ Ox, o]

Thus, by making sure to maintain the repeated and correct ordering of the gra-

imply that

dient operator, one can show that

2
(aa—zj =M1TV(M1TV)=MIT(VMIT)V+ululT AvAva (42)
X1k 1]

where the second term on the far-right side corresponds to the Frobenius inner

product of the two matrices. Consequently,

2
[Zf J =l (Vul VS +wan) F =l (V! )Vf 4l P (43)
Xk xfln)

Similar operations can be performed to obtain the mixed second-order deriva-
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tives, e.g., first performing (9/0x, ) Kol

] followed by (0/ox,) Koo] In general,

the result becomes

(66 J o =u' (VujT.)Vf+”l~u,T F=u' (Vuj)Vf+u,.TFu/ (44)
x’ K, [ln] Kx[jn]

X

As these are derivatives that explicitly maintain the constraint (for an arbitrary
subset of variables), Equation (44) indicates that these mixed second derivatives
(i# j) are not necessarily equal, as in general Vu/ ;tVujT.. There are various
types of constraints, or forms of the constraint function g in which Va = Vu} ,
and so the symmetric nature of the mixed second derivatives is recovered in
these cases.

A matrix of these explicit K-conserving second-order derivatives of fcan be
obtained from Equation (44). For example, the K-conserving second-order vari-
ation of f based on the chosen linearly independent n—1 variations is, as be-

fore, given by or again noting that
5 S =868 S = (O gi¥ (B guay®i VY ) )
= (5xUV)(8xT,UVf )= 6xI U™V (UTVF) x,
which allows us to introduce the following new matrix

Fo, =U'V(U'Yf) =U"Vf"(VU)+U'FU =U"Vf" (VU)+UU" : F (46)

The above also could have been obtained from defining F, , =V, K1 n]V Kiint
f=U"Vf . This is an (n—l) (n—l) matrix that

is not necessarily symmetric. The eigenvalues of F, ,, can likewise be used to

and again noting that Vv

ln]

determine the nature of the extrema, which given its smaller size may be more
convenient to evaluate than F, .
As an illustration of the new approach, consider f =x,x, subject to the con-

straint of g=x+x; =1. Upon direct substitution using the constraint,

f=*x (l—xl2 )1/2 (where the + sign corresponds to x, >0 and the — sign to
1
x, <0 ). Therefore, (df/dx), o) = i(l —2x; )/(l—xl2 )2 :()c22 -x )/x2 and

(dzf/ )K e =y, (lez —3)/(1—x12)% =x (xl2 -2 —2)/x§ . This function

has several constrained extrema [1], at which (6f /8}61) =0 (and taking

K,x[1,2]
x, #0), which implies that x; =x;. With the constraint, there are then four
1 1
extrema occurring at x, =t— and x,=+—.
1 \/5 2 \/E

Now, for this problem, and using Equation (1),

0 - 1-x7 _XIxi _ x —)cl2x2 (47)
-xx, 1-x; -XX, X

Thus, U" =u =(1,-x,/x,) andso

DOI: 10.4236/jamp.2024.128165

2779 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.128165

D. S. Corti, R. Fariello

2
ox, Ox, X, Ox, X, X,

2 22
[z] N PR A W )
K,x[l,Z]

matching the result obtained by direct substitution. In addition, from Equation
(43)

0o L -
ox} K] %) x_12 X, X i 1 0 ()
2
X X, X
Y 1+£ _ﬁ__xl(1+2x22)_xl(xf—x§—2)
X x22 Xy x; x;

again matching the previous result. In addition, at the extrema, Equation (49)

indicates that (62f/8x12 )K T —2x1/x§ =—4x,/x, . Hence, the two extrema in

which x; and x, have the same sign correspond to maxima, while those with

opposite signs correspond to minima.

4.2. Case of Multiple Constraints

Meaningful constrained first-order derivatives of ffor the case of multiple con-
straints can be obtained in a manner similar to what was done for a single con-
straint. With n total variables and m constraints (m <n), there are now only
n—m degrees of freedom. Hence, we can determine an explicitly constrained
first-order derivative of £ with respect to a variation in x,, with m additional
variables also allowed to vary because of the constraints, and with the remaining

n—(m+1) variables held fixed. If, for example, x ) through x, are cho-

nf(mfl
sen to be the m dependent or “floating parameters”, then via the chain rule we
have that

Ox
EONIUS Gl S P
xi K,x[[,n—(m—l),u-,n] xi x"_(m_l) xi K,x[i,nf(mfl),-w,n]

ax" 6)(:[- K,x[i,nf(mfl),m,n]

in which x[i,n - (m - 1),---,n] again denotes the variables that are not held con-
stant in the derivatives, K =K,,--,K,, and, for example, of/ox, =(of /ox, )X[i].

Unlike the case of a single constraint, due to the complicated and possible cou-

pled nature of the multiple constraints, a direct determination of, for example,

(ox, /ox,

Dx im—(motyeen] Y be cumbersome. But as before, information about

such derivatives are contained within @, , or more precisely by the eigenvectors
of 0,.

Again, a set of vectors that reside within, or are tangent to, the constraint sur-
faces can be generated from the eigenvectors of @, that have an eigenvalue

equal to one, for which Q@ u=u. Since these n—m eigenvectors are already
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in the K -conserving direction, they are of course also orthogonal to all the gra-
dient vectors of the various constraint surfaces. In other words, this eigenvalue
equation is equivalent to the following set of orthogonality conditions, Vg, u=0

for k=1,---,m, which proves more convenient for generating the various eigen-
vectors. (With u'Q, =u", then u'Q, Vg, =u'Vg, =0 as Q, Vg, =0. Hence,
u'Vg, =Vglu=0.0r, Vg/Q u=Vg u.But Vg/Q, =0,s0 Vg u=0.Again,
there is a connection between these eigenvectors and the implicit function theo-
rem for these multiple constraints.) We therefore have m separate equations
with n variables, for a total of n—m degrees of freedom. For each of the possi-
ble n—m eigenvectors, we therefore set the value of one component equal to 1

(the variable x, whose derivative we are evaluating in Equation (50)), while
setting equal to zero the values of n—(m+1) other components of the eigen-
vector (those held strictly fixed in Equation (50)). The orthogonality conditions
are then solved to obtain the relative variations of the remaining m dependent
variables (again all relative to changes in x; ).

If any one of these eigenvectors is denoted as u, , then as before

(i] —ulVf (51)
ox, K,x[[,n—(m—l),w,n]

1

Generating the n—m eigenvectors in this way again yields a set of linearly in-
dependent vectors, and will therefore form a basis set to describe other varia-
tions that reside in all of the constraint surfaces. And as before, all of these
n—m relevant variations can be represented through the use of the matrix U,
which is now the nx(n—m) matrix whose columns are the linearly independ-

ent eigenvectors just obtained. Hence, as before,
vl(,[i,n—(m—l),-..,n]f = Uva = UTvaf = UTVKf (52)

Furthermore, explicitly constrained second-order derivatives of fcan again be

generated. If, for example, x,_, , through x, are the m “floating parame-

S 5
axi K,x[i,n—(m—l),---,nj axf K’X[j,y,_(m_l)’...’,,] (53)

=u' (Vu,.T)Vf+u,.ujT. F=u (VuA/T.)Vf+ul.TFuj

ters”, then

Again, these mixed second derivatives (i = j ) are not necessarily equal, as in
general Vu/ ;tVu]T..

Finally, we introduce the following matrix

Fy, = UTV(UTVf)T =U'Vf"(VU)+U'"FU=U"Vf" (VU)+UU" : F (54)
which is formally identical to Equation (46). The eigenvalues of Fy , , can

again be used to determine the nature of the extrema, which given its smaller
size may again be more convenient to evaluate.

As an example of the application of some of the above results, consider the
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function f=x+x+x, subject to the two constraints of g, =2x, +x, =1
and g, =x, +x, =2. From direct substitution of the two constraints into the
function, f =x +(1-2x, )2 +(2-x, )2 =6x —8x,+5,and so df/dx, =12x, -8
and d*f / dxl2 =12 . For this problem [1], a constrained extremum exists at
x, =2/3, where df/dx, =12x, —8=0, and which resides at a minimum.

Now, for this problem,

| 5 2 Vg
0, :g 2 2 ngT
Vg, Vg, 1
1 T l T 5 T l T
=-Vg Vg, —-Vg Vg ——Vg Vg +-Vg Vg +1 (55)
3 3 6 3
1 2 -1
1
=—| -2 4 2
6
-1 2 1

The single eigenvector of Q, with eigenvalue of 1 can also be obtained from
the two conditions, Vgu=0 and Vg,u=0,or 2u +u,=0 and u, +u,=0.
If we are interested in obtaining the explicitly constrained derivative with re-
spect to x, (Ze, u, =1), the eigenvector satisfying these two conditions is
u' =(1,-2,-1). (Note that g, represents a plane parallel to the x;-direction
with a normal vector (2,1,0) , while g, represents a plane parallel to the x, -
direction with a normal vector (1,0,1). The vector residing along the line re-
sulting from the intersection of these two constraint planes must be orthogonal
to both normal vectors, which in this case can also be obtained from their cross

product, or Vg, xVg, =(1,-2,-1), and is identical to u.) Thus,
(of Jox, )K,x[l,Z,}] =u'Vf =2x, —4x, —2x, =12x, -8
(upon the subsequent use of the constraints). In addition,

(62f/8xl2 )K’x[l’m] =u' (VuT )Vf +uu' :F=12

(also noting that Vu' =0), as found before. We can equivalently generate, for
this problem, the now 1 x 1 matrix from Equation (54), Fy,,=u'Fu=12,
again confirming that the extremum is a minimum.

Finally, again consider finding the extrema of f =X, +Xx; +Xx; , but now sub-
ject to the two constraints of g, =x,—x,+x,=2 and g,=x +x; =4. (For
this problem, we are identifying those points along the intersection of a plane and
a cylinder, or an ellipse oriented in the three-dimensional space, that are closest to
and furthest from the origin.) As shown in Ref. [1], using Equations (7) and (12),
there are four extrema located at (0,-2,0), (2,0,0), (\/E,—x/E,Z—Z\/E), and
(—\/5,\/5,24-2\/5) , for which (iﬁ,iﬁﬂi%@) correspond to the two
furthest points from the origin (maxima), while the other two extremal points
are the two closest points to the origin (minima).

The single eigenvector of , with eigenvalue of 1 can be obtained from the two

conditions, Vguu=0 and Vg,u=0, or u,—u,+u;=0 and xu, +xu,=0.
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If we are interested in obtaining the explicitly constrained derivative with respect

to x, (Ze, u, =1), the eigenvector satisfying these two conditions is

X, X +x
T _ 1 1 2
u —[ ,——,——J.
X, X,

(Again note that the vector residing in the direction along the intersection of these
two constraint surfaces is proportional to Vg, x Vg, =(-2x,,2x,,2x, +2x, ), and

is identical to —2x,u .) Thus,

(ij = u"Vf = -2x, (+x) (56)
K,x[1,2,3]

ox, X,

which also follows from the direct substitution of the constraints into £ At an
extremum, this derivative is equal to zero, which can be satisfied for either
x,=0 or x,+x,=0,and when x,#0.For x,+x,=0, or x =-x,, the sec-
ond constraint indicates that x, =+v2, and so x, = +4/2, which then requires
that x; =2$2\/5 upon using the first constraint. For x, =0, the first con-
straint reduces to x, —x, =2, which when substituted into the second con-
straint leads to the following two possible cases of x, =0, x,=-2 and x, =2,
x, =0. While the latter case is one of the extrema identified in Ref. [1], this re-
sult must nevertheless be ignored. Hence, for this problem, Equation (56) can be
used to identify three of the previously four determined extremal points. In ad-
dition,
2

[az‘fj =u' (VuT)Vf+uuT F = 2[)62 b +x) 3—X3 (XIZ r )J (57)
K x[1,2,3]

2
ox, X,

At (O, —2,0) , (62 f / ox; )K 23] >0, which corresponds to a local minimum. At
(V2,+2,2-242) and (—V2.4/2,2+24/2), both result in (&” f/ox)

indicating these are local maxima (all results that were determined in Ref. [1]).

K .x[1,2,3]

(Note that the method in Ref. [1] makes use of a vector in the direction along
the intersection of the two constraints that always has a finite magnitude. Hence,
such a vector remains well-behaved all along the ellipse, even at x, =0 or
x, =0, so that Equations (7) and (12) are themselves able to identify all four ex-
tremal points. While the eigenvector # also points in the same direction along
the intersection of these two constraints, it is not necessarily required to have a
finite magnitude. Since these explicitly constrained derivatives consider how the
dependent, or “floating”, variables change due to a “unit variation” of the chosen
independent variable, u is instead required to always have a finite value (equal
to 1) for one of its components. In order to keep u pointing in the correct di-
rection around the ellipse, some of the other components of # may therefore
diverge, as occurs for example when x, =0. Thus, these explicitly constrained
derivatives may not, in general, be able to identify all relevant extremal points.

To identify the other extremal point, we evaluate the explicitly constrained

derivatives with respect to x,. With u, =1, the appropriate eigenvector is now
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givenby u' = [_x_2,1’)cl+_xzj , which leads to
X X
of T (% +x,)
- =u'Vf =2x,—== (58)
8)62 K .x[1,2,3] X

Equation (58) again identifies the two extremal points corresponding to x, +x, =0.
But now with x, 20, the case of x; =0 can be used to identify the fourth ex-
tremal pointat x, =2, x, =0.Moreover,

[azf] _ 2[)cl(x1 +x2)2 +x3(x12 +x§)} (59
K.x{1,2.3]

2 3
0x; X

which indicates that (2,0,0) corresponds to a local minimum. These con-
strained derivatives allow for the straightforward determination of both the ex-
trema and their nature, all of which were obtained without any knowledge of the

Lagrange multipliers.
Finally, for completeness, we also consider the explicitly constrained de-

,IJ , then

X X

rivatives with respect to x,. Now with u' =| - ,
X +Xx, X +x,

(9 /2%,) ¢ o = 2% and (0°f/ox )K

follow from the substitution of the second constraint into the function, or

=2 . (Both of these results directly

x1,2,3]

f=x7+x;+x; =4+x].) These constrained derivatives only provide infor-

mation about two of the four extremal points, in which x; =0.

5. Conclusions

Through the use of linear algebra, and in particular the Gram-Schmidt orthogo-
nalization process, the local extrema of functions for which its independent var-
iables are also subject to constraints were determined without the use of La-
grange multipliers. This approach was extended to the continuum limit, thereby
obtaining the extrema of functionals subject to one or more constraints. The di-
rect determination of the explicitly constrained first- and second-order deriva-
tives was also considered, and various additional expressions were obtained for
generating information about the nature of the extrema (again without the need
to evaluate any Lagrange multipliers).

As noted previously, avoiding the use of Lagrange multipliers may simplify
the analysis of various problems of interest. As our method can also be used to
obtain immediate expressions for the Lagrange multipliers (in terms of the gra-
dients of the function and constraints), the new relations provided here may
yield some new and insightful relations into several physical problems of
longstanding interest, which also require the imposition of various constraints.
Such claims remain to be tested, and future work should be directed towards the
application of the results provided here to standard problems of interest (e.g.,
the use of the Gibbs entropy formula along with appropriate constraints to gen-

erate the probability distributions for the various ensembles of statistical me-
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chanics), as well as some new ones.
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Appendix. Derivation of the Functional Derivatives by

Analogy
Starting with
Ve Vg, Vg'Vg, Vg
~m _ N : N ( 6 0)
Ve, Ve, Ve, Ve, Vg,
vg - Vg, 1
and
1 =~ ~ T

which is only appropriate at the constrained extrema, we note for the case of a
single constraint that

Ql = Dll_VngT
where D, =Vg'Vg . Thus, (Q]Vf)T =DVf' —(VgTVf)VgT . Hence,

% (QIVf)T =D VVf" +VDVf" -(Vg'Vf)VVg" -V (Vg'Vf)ve"

(62)

(63)
With F=VVf" and now defining G =VVg", and also noting that

VD, =2GVg and V(VgTVf) =GVf + FVg, Equation (63) can also be ex-
pressed as

V(QIVf)T =D,F - FVgVg" +2GVgVf" -(Vg'Vf)G - GVfVyg'

(64)
Sowith DF, =Q,V(QVf) , then
D}F,=D'F-DFVgVg' —-DVgVg'F +VgVg' FVgVg'
+2D,GVgVf" - D, (Vg"Vf )G - DGVfVg" (65)
—2VgVg 'GVgVfT +VgVg 'GVfVg"
Since, for example, VgTF Vg is a scalar, the above can also be rewritten as
D}F, =D}F -D,FVgVg" —-DVgVg'F +(Vg'FVg)VgVg'
+2D,GVgVf" - D,(Vg'Vf)G - DGVfVg' (66)

~2(Vg"GVg)VeVs" +(Vg'GVf)VgVe'
Finally, for the case in which G =0, Equation (66) reduces to
D}Fy = DF - D,FVgVg" —DVgVg'F +(Vg'FVg)VgVg" (67)

Now, the matrix F of discrete (unconstrained) second derivatives becomes the
following in the continuum or functional limit

_ oy 5 f
F= o, 0x, - 5y(x)dy(x') (68)

(where 7 denotes the row and j the column of F for the discrete case). Thus,
within Equation (67),
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BN og
FVe=2.h, i ox, -] Sy(x)oy(x') oy(x') >
o % __ &/
Ve F‘Zaxi Eﬁjdxéy(X) Sy (x)y(x') 7
5g 5 f og
Vg FVg = ZZ = "8 — [[dxdy’ 5y(x)y(x") Sy(x') o

The other terms appearing in Equation (66) can be evaluated similarly as in the

above.
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