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Abstract

In this paper, some exact solutions of the (3 + 1)-dimensional variable-coefficient
Yu-Toda-Sasa-Fukuyama equation are investigated. By using Hirota’s direct
method and symbolic computation, we obtained N-soliton solution. By using
the long wave limit method, the N-order rational solution can be obtained
from N-order soliton solution. Then, through the paired complexification of
parameters, the lump solution is obtained from N-order rational solution.
Meanwhile, we obtained a hybrid solution between 1-lump solution and
N-soliton (N =1,2) by using the long wave limit method and parameter
complex. Furthermore, four different sets of three-dimensional graphs of sol-
itons, lump solutions and hybrid solutions are drawn by selecting four dif-
ferent sets of coefficient functions which include one set of constant coeffi-
cient function and three sets of variable coefficient functions.

Keywords

Variable-Coefficient YTSF Equation, Hirota Bilinear Method, N-Soliton,
Hybrid Solution

1. Introduction

It is well known that the exact solutions of nonlinear partial differential equa-
tions play an important role in the study of many complex physical phenomena
and other nonlinear engineering problems. Constructing the exact solution of
nonlinear wave equations is of great significance in science and engineering ap-
plications. With the rapid development of science and technology, many meth-

ods for solving nonlinear partial differential equations have been developed,
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such as the long wave limit method [1] [2], the multiple exp-function algorithm
[3], inverse scattering [4], Lie group method [5], Hirota bilinear method [6],
Darboux transformation [7] [8].

Recently, Yu et al [9] extended Bogoyavlenskii-Schif equation to be the (3 +

1)-dimensional potential Yu-Toda-Sasa-Fukuyama equation

+duu, +2u u, +3u, —4u, =0. (1)

uXXXZ

This equation combines contributions from multiple scholars and represents an
effort to gain a deeper understanding of nonlinear wave phenomena, involving
the intersection of different subject areas. The study of (3 + 1)-dimensional po-
tential Yu-Toda-Sasa-Fukuyama equation helps to explore nonlinear phenome-
na that are widely seen in physics, engineering and mathematics, such as the
formation and propagation of waves. As a classical nonlinear partial differential
equation, the constant-coefficient (3 + 1)-dimensional YTSF equation has been
studied by many scholars [9]-[14]. Manafian et al. investigated the periodic wave
solutions for the (3 + 1)-dimensional potential-Yu-Toda-Sasa-Fukuyama equa-
tion, from its bilinear form, obtained using the Hirota operator [15]. By using
the exp-function method, Wang obtained new generalized solitary solutions and
periodic solutions with free parameters [16]. Younis investigated some new ex-
act solutions and mixed lump wave solutions by using the extended three soliton
test approach [17]. By selecting specific parameters, Ma obtained some local
waves from multi-soliton solutions [18]. Tan investigated the dynamics of kinky
wave by using extended homoclinic test technique [19] [20]. Scholars have stud-
ied many methods to analyze the constant coefficient equations, and the exact
solutions of the constant coefficient equations have been studied thoroughly.
However, due to the fact that variable-coefficient equations are more compli-
cated and difficult to solve than the constant-coefficient equations, research on
variable-coefficient equations is relatively scarce.

In order to seek new soliton structures and study the diversity of solitons,
based on [9], we study the (3 + 1)-dimensional potential Yu-Toda-Sasa-Fukuyama

equation with variable coefficients as follows:

umz + 4uxuxz + zuxxuz + a(t)uyy + ﬂ(t)uﬂ = 0’ (2)

where a(t),ﬂ(t) are free function of £ and uis the function of x,y,z,z.

This paper is organized as follows. In Section 2, we get the bilinear form of the
(3 + 1)-dimensional vc-YTSF equation. In Section 3, first, N-soliton solutions
can be obtained by using the Hirota bilinear method. Second, by using the long
wave limit method, we get the N-order rational solutions, lump solutions and
hybrid solutions between 1-lump and N-solitons from N-solitons. Finally, some

conclusions can be given in Section 4.

2. The N-Soliton Solutions and Lump Solutions

We take o=x+1z [19], then Equation (2) can be reduced to the following

form
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Al gy + 6211 11+t (t)u, + B(t)ut,, =0 (3)

According to [21], we take the following transformation:
u=2(Inyf), (4)

where fis an unknown test function. Substituting (4) into (3), we get the follow-
ing bilinear form of (3 + 1)-dimensional vc-YTSF equation:

(AD% +a(e)D} +B(1)D,D,) f - f =0, (5)
where the operator D_ is the Hirota’s bilinear differential operator defined by
[6].

2.1. The N-Soliton Solutions

Based on the Hirota’s bilinear Equation (5), the N-order soliton solutions of (3 +
1)-dimensional vc-YTSF Equation (2) can be obtained,

N ()
f=rf= Z exp{Zﬂﬁi"'zAijﬂ[ﬂj} (6)
u=0,1 i=l i<j
where the Zﬂ:m represents summation over all possible combinations of

4, =0,1,2,=0,1,---, 12, = 0,1, and the foj) is over all possible combinations of
the Nelements with the specific condition i< ;.
By combining (6) and (5), we get the parameter relationships as
m =k (mo+ py+w (t)+7,
Akim! +a(t) p}
M’l(t):_j lml ( )pl dt,
B(t)m, )

a(t)(ml.pj —m;p, )2 —3/1(kiml.2mj —k.mjz.m.)2

J i

o0 (4)-

Jo]

a(t)(m,.pj —m,p, )2 —3ﬂ<k,.ml.2mj +k.m2.m.)2

where m; #0 and £k, p,,y, are some free parameters. Substituting (6) with (7)
into (4), we can obtain the N-soliton solutions of (3 + 1)-dimensional vc-YTSF
Equation (2).

By consulting references [22]-[24] and combining the equation, we choose the

following four functions for «(7) and B(¢).

Case 1:
a(t)=3.5(t)=—4 )

Case 2:
a(t)=t,p(r)=1 ©

Case 3:
a(t)z%cos(é],ﬂ(l)=l (10)

Case 4:
a(t)zécos(éj,ﬂ(t)zl (11)
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Among the above four different sets of functions, there is one set of constant co-
efficients and the remaining three of variable coefficients. Through these four
sets of functions, we will get one set of three-dimensional diagrams of constant
coefficient functions and three sets of variable coefficient functions. Through the
comparison of the diagrams, we can clearly see the difference in the exact solutions
between the variable coefficient equation and the constant coefficient equation.
We give four different three-dimensional diagrams of 1-soliton solution in

Figure 1, with different parameter values as (a):

123 1 41
(ﬂ’aklaml?plﬂyl):(_17_:_5_’1j > (b) (/laklamlapla}/l):[_lazagaz;lj) (C)) (d)

| — W
N~ N

>

(l,klaml,pp}ﬁ):(_la

dimensional diagrams

1
ﬂp:—l, k1=—z, k2=

,1). In Figure 2, we obtain four different three-

o N

f

5
1
7
2-soliton solutions when the parameters are: (a):

3 1

5 mlzl) mzzga p1=3) pzzgy }/lz}/zzl; (b)
3 2 1

mlzga mzzga p1:3> pzzg, }/1:7/2:1; (C),

3 2 5 1

o m=3, m=_, p1=5, p2=§, n=r,=1.

(d): A=—1, k=1,

1

2 b
k =
27 2 5

Similarly, we get the diagrams of 3-soliton solutions in Figure 3 by taking the

1 3 1 3
following parameters: (a): 1=-1, k =3 k, =k, =3 m==, m,=—,

2 4
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Figure 1. Plots of 1-soliton solution at y=0: (a) a(r)=3, B(t)=—4; (b) a(t)=t,

B(t)=1;(c) a(t)=%cos[%j, B(t)=1;(d) a(t)z%cos(%), Bt)=1.
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(d)
Figure 2. Plots of 2-soliton solution at y=0: (a) a(z)=3, f(r)=—4; (b) a(t)=r1,

A(6)=13 () a(t)=%cos(%], A(1)=13 (@) a(t)z%cos(%), Al1)=1.
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Figure 3. Plots of 3-soliton solution at y=0: (a) a(1)=3, f(r)=—4; (b) a(t)=r1,

t t

B(1)=1;(0) a(t):%cos(zj, B()=1;(d) a(t):%cos(zj, B(1)=1.

2.2. The Lump Solution

In this section, we first get the N-order rational solution from the N-order soli-
ton solutions by using the long wave limit method, and then complex the pa-
rameters of the N-order rational solutions to obtain the lump solutions. In order
to get the N-order rational solution of (3 + 1)-dimensional vc-YTSF Equation
(2), we take y, =Iz in (6)and (7), then f,, can be written as follows

N (V)
So= 2 TTC0" exp(ué ) [Texp(mu4; ), (12)
1=0,1 i=1 i<j
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Aklm! +a(t) p} )
—————————dt |. Letting &, tend to 0 and tak-
B(t)m,

ing kl./kj. = 0(1) in (12) and (6), f, can be rewritten as

with & =k{mi0'+p,.y—‘|.

N (N)
fo= [H_U”@+M&an]mp@+M%h@q)+0@MU, (13)

1=0,1 i=1 i<j
with

a(t)p}
Bloym

12Am] mj

0. =mo + piy_I
(14)

' “(’)(mipj —m;p; )2 '

Combining the above Equation (13) with the transformation u given by Equa-
tion (4), we can get the following form of rational solutions,

N 1™ N 1 W N

fy :1;[9,. +E§‘B’7 I1e o > BB, [l 6+

r#i,j L ijps i, pes

(15)

1 W % N

+ M'2M N Z BijBkl an x#!j;‘:‘[“’m’” es +ee,

Jstens N

where ZE}:’)M denotes the summation over all possible combinations of
i,j,~--,m,n. We can get the corresponding N-order rational solution of (3 +
1)-dimensional vc-YTSF Equation (2) by taking N =1,2,--- in (15) and substi-
tuting it into (4).

For example, take N =2 in (15), then, we get the following form

/=606, +B,,. (16)

The following form of 2-order rational solution can be obtained by bringing

(14) and (16) into (4)
_ 2m0, +2m,0,

Jg) = 17
u(x,yt) 6,0, + B, {7

In order to obtain 1-order lump solution, first, we set m, =m, =a, b1,

p,=p =c¢,—dl in(16),s0 f, canbe rewritten as

2
. al(a’l2 —clz>—2blcld1 10

= d
" {al"”l“ R VO

2
bl(clz _dlz)_zalcldl ja(t) dt
a’ +b} B(t)

+[blo-+d1y+

3a(a? +07)
a(r)(be, —ad, )2

def
=0+ +Q
Then, substitute the above formula into transformation (4), we can the following

solution.
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4ap+bg)

PP +Q (18)

u (x, A t) =
Similar to the calculation procedure for N =2, when N =4,6,---,M , we can
get M-lump solutions. In Figures 4-7, we can obtain different diagrams of 1-lump
solution with different «(¢) and p(¢) by selecting appropriate parameters.

1 5
Wetake A=-1, q,=d, =—E, b, =Z, ¢, =2 in (18), then we get the 1-lump

solutions for constant coefficient (3 + 1)-YTSF equation in Figure 4. Although
lump solutions for constant coefficient equations have been widely studied
[25]-[27], Figure 4 is given as a special case. Of course, by taking the following
three different parameters, we can obtain some diagrams of 1-lump solutions

with different variable coefficients in Figures 5-7. In Figure 5, the parameters
1 5 5

are 1=-1, q = b T ¢ =7 d, =-1. The parameters in Figure 6
3 3 .
are A=-1, a1=—z, b1=§, ¢, =2, d, =1.1It can be seen from Figure 6 that

(b)
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(b)
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(b)
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Figure 6. Plots of the 1-lump solution (18) with (10) at: (a) y=—8; (b) y=0; (c) y=8.

<

& o
PR L s TN R |

(b)

DOI: 10.4236/jamp.2024.128164 2750 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.128164

X.Y.Tan, X. Y. Li

Figure 7. Plots of the 1-lump solution (18) with (11) at: (a) y=—8; (b) y=0; (c) y=8.

when y=0, the diagrams of 1-lump solution change dramatically, which is

worth focusing on in our future research work. When the parameters are 1=-1,

3 3 3

a=——, b==, ¢,==, d =—, we can get diagrams of 1-lump solution in
4 5 2 2

Figure 7.

3. The H-Order Hybrid Solution

In this section, we study the hybrid solution between lump solution and solitons
in variable coefficient (3 + 1)-dimensional YTSF Equation (2) by using the
long-wave limit method and parametric complex. We will mainly study the hy-
brid solution between the 1-lump solution and 1-soliton, the hybrid solution
between the 1-lump solution and 2-soliton, and give a large number of three-

dimensional diagrams to show this behavior.

3.1. A hybrid Solution between 1-Lump Solution and 1-Soliton

To obtain the hybrid solution between 1-lump solution and 1-soliton, first, we
take N=4, y,=y,=Iz in(5)andlet k ,k, tendto O to get f3 as follows.

f3=6,0, + B, +(C,Cyy + G130, + Cs0, + 0,0, + B, )e™, (19)
where
a(t) p?
0,=0,=mo+py-| (02 :
,B(t)mi
Aleimi +a(t) p3
773 :k}(m}o‘-{-p}y-jwdt +7/3’
B(t)m o0
12Am; m;}
B, = 7
a(t)(mlpz _mzpl)
122k m’m’
c, = — (i=1,2;)=3).
U 3k mim? 2
=32k;mim; +a(1)(mp, —m;p,)
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Then take m,=m =a,-bl, q,=¢q =c,—d, in (19) and (20), and sub-
stitute it into (4), the final formula is the hybrid solution between 1-lump solu-
tion and 1-soliton (see Figures 8-11). By taking different and appropriate pa-
rameters, we give four different sets of diagrams for hybrid solution between
1-lump solution and 1-soliton, including one set of constant coefficients and

three sets of variable coefficients. The values of the parameters in Figure 8 are
1 5 5 1 4

3
A=-1, a1=d1=—5, bl:Z’ Cl=5’ k1=5’ ml=g’ p1=5, 7;=0
1 5 5 1 4
When we take A=-1, a=——, bj=—, ¢=—, d =-1, k==, m=—,
2 4 2 2 5
1
P =——, 7, =0, we can get the hybrid solution between 1-lump solution and

1-soliton in Figure 9. We give the diagrams of the hybrid solution between 1-lump
solution and 1-soliton in Figure 10 and Figure 11, with different parameters

33 311
as Figure 10: (A,a,,b,,¢,,d, k,,m,p,,v,)=| -1,-—,—,2,1,—,—,—,0 |, Figure 11:
g (111111p171)( 4’5 222) g
3333111
ﬂ’aa 7b Ne 7d 7k ,my, ) = _1:__7_9_7_9_’_9_70
(11111117171)( 4524242)

(b)
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Figure 8. Plots of the hybrid solution between 1-lump solution and 1-soliton with (8) at
different times: (a) = -8, (b) t=0, (c) t=10.

<N
4 e,
0.8 ¢““
S S
0.6 \
4 ) e
i GO o o\
04 AR e e
0.2

S
““‘“‘:“ i
e
L02d e
H e
e e

(b)

DOI: 10.4236/jamp.2024.128164 2753 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.128164

X.Y.Tan, X. Y. Li

Figure 9. Plots of the hybrid solution between 1-lump solution and 1-soliton with (9) at

=10.
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(c)

Figure 10. Plots of the hybrid solution between 1-lump solution and 1-soliton with (10)
at different values of y: (a) y=-8, (b) y=0, (c) y=10.
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(c)

Figure 11. Plots of the hybrid solution between 1-solution and 1-soliton with (11) at dif-
ferent values of y: (a) y=-8, (b) y=0, (c) y= 10.

3.2. A Hybrid Solution between the 1-Lump and 2-Soliton

Similar to the method of finding the hybrid solution between the 1-lump solution
and 1-soliton, first, we take N=4, y, =y, =1z in (5) and let k, > 0,k, >0
to get
f4 = ‘9102 + Blz + (C13C23 + C13‘92 + C2361 + 9162 + Blz )em
+(C,Coy +C 0, + Co 0, + 6,6, + B, )™

(21)
+(6,6,+(Cy; +C,,)0,+(C5 +C,, )6, + B,
+ G + GG + GG + GG, )er73 " eXP(A34 )’
where 7;, B,,, exp(4y,) have been mentioned previously, and
Alim; + a(t)p2
k)| mot pyy— [P AP
M4 4[ WO+ Py .[ ,B(t)m4 V4
my=m =a,-bl,q,=q =c —dl, (22)

303
122k ;m;m;

(i=1,2;j=3,4).

G

= 2
—3ﬂka.ml.2m? + a(t)(m,.pj - mjpi)

Then, substituting (21) and (22) into (4), we get the hybrid solution between
1-lump solution and 2-soliton. We give the diagrams of the hybrid solution be-
tween 1-lump solution and 2-soliton in Figures 12-15, with different parameters
as Figure 12:

155 1 33 .21
A;a ,b ,C ad ak 3k ,Ms, 5 s s s = _13__’_5_5__3__7_315_’3’_’0’0 4
( 1111343’”41731747374)( 242 2 42 5 °5 j
Figure 13:

155 114331
ﬂ"a >b e ad ’k ak s My, My, > 5/ 3> = _1:__3_>_’_13_>_7_:_>_’_:Oa0 >
( 11113434”3’)47374)( 2472 42542 j

Figure 14, Figure 15:
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Figure 12. Plots of the hybrid solution between 1-lump solution and 2-soliton with (8) at
different times: (a) = -8, (b) t=10, (c) t=10.
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Figure 13. Plots of the hybrid solution between 1-lump solution and 2-soliton with (9) at
different values of y: (a) y= -8, (b) y=0, (c) y=10.
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Figure 14. Plots of the hybrid solution between 1-lump solution and 2-soliton with (10)

=0, (¢) y=10.

_8) (b) }’

at different values of y: (a) y

Journal of Applied Mathematics and Physics

2759

DOI: 10.4236/jamp.2024.128164


https://doi.org/10.4236/jamp.2024.128164

X.Y.Tan, X. Y. Li

],

[ N7z

’ .%\"b:...~
0 752>
7 .tsi:::”

7 '0.....'

’ <
<7
| =
‘ [
e g aa
. 5:

-y,
...l'..f.', ~

.../

Figure 15. Plots of the hybrid solution between 1-lump solution and 2-soliton with (11)
at different values of y: (a) y= -8, (b) y=0, (c) y=10.
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4. Conclusion

In this paper, the N-soliton solution, lump solution and hybrid solution of the (3
+ 1)-dimensional variable-coefficient Yu-Toda-Sasa-Fukuyama (vc-YTSF) equa-
tion are studied. Firstly, Hirota’s direct method is used to obtain the N-soliton
solution, then the N-order rational solution is obtained from N-soliton solution
by the long-wave limit method, and lump solutions are obtained by parametric
complex. Finally, we also discuss the hybrid solution of lump solutions and soli-
tons, and show the process of obtaining the hybrid solution between 1-lump and
1-soliton, 1-lump and 2-soliton. In addition, by providing four different sets of
coefficient functions, four different sets of three-dimensional graphs of solitons,

lump and hybrid solutions are drawn.
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