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Abstract

This paper presents a conceptual exploration that draws an intriguing parallel
between a hypothetical travel scenario and the principles of special relativity.
The scenario involves a traveler who reduces their speed by an amount pro-
portional to the distance traveled. Despite initially traveling at a high speed
towards a given destination, the continual reduction in speed results in an
asymptotic approach to the goal, analogous to the unattainable speed of light
in relativity. Mathematically, the scenario is expressed through the Harmonic
Series, demonstrating that the total travel time increases without bound,
making the destination theoretically unreachable within a finite timeframe.
This exploration mirrors the relativistic velocity addition and time dilation
effects, providing a compelling analogy for understanding asymptotic limits.
By highlighting the profound implications of diminishing returns and unat-
tainable goals, this paper aims to stimulate further discussion and exploration
of these fascinating parallels.

Keywords

Asymptotic Limits, Special Relativity, Harmonic Series, Time Dilation,
Diminishing Returns

1. Introduction

This paper aims to explore the concept of “space dilation” through a detailed
comparison and analysis of a travel scenario involving progressively reduced
speed and the basic concepts of special relativity. We will investigate whether the
principles of velocity superposition and time dilation in special relativity apply
to this travel scenario. Additionally, we will delve into the impact of reduced
travel speed on achieving the goal and provide a comprehensive mathematical

derivation using the harmonic series to express the increase in travel time.
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2. Theoretical Framework

2.1. Travel Scenario

Consider a scenario where a traveler embarks on a journey with an initial speed
of w, aiming to cover a given distance. However, after each unit distance trav-
eled, the traveler reduces their speed by the same amount. Consequently, after
traveling the first unit distance, the speed drops to v, —1. After the second unit
distance, the speed further reduces to v, —2, and so on. This pattern of incre-
mental speed reduction continues with each unit distance traversed.

Mathematically, the speed v, after traveling z units of distance is expressed as:

Vv, =V, —n (1)

n

The time ¢, required to travel each unit distance at speed v, is given by:

1 1
t =—= (2)
Vv VO_}’Z

n

To determine the total time 7'to cover a distance of N units, we sum the times

for each segment:

N-1 1
T= 3)
n=0 Vo —H
For large N, this sum approximates the harmonic series:
N N-vy
T~ 151 (4)
ok Sk
Using the approximation for the harmonic series:
ARy
> —=In(N)+y (5)
i k
where yis the Euler-Mascheroni constant, approximately equal to 0.577 [1].
When N approaches infinity:
N
Tz(ln(N)+7/)—(1n(N—v0)+7/)zln[ j (6)
N-v,
For large N:
In N_l. In| 1+ |~ (7)
N —v, N-v, ) N-v,

Vo

As Napproaches infinity, approaches 0, but the total time 7"diverges,

0
indicating an infinite effective distance.

Example

Consider a scenario where a traveler embarks on a journey with an initial speed
of 100 kilometers per hour (km/h), aiming to cover a distance of 100 km. How-
ever, after each kilometer traveled, the traveler reduces their speed by 1 km/h.
Consequently, after traveling the first kilometer, the speed drops to 99 km/h.

After the second kilometer, the speed further reduces to 98 km/h, and so on.
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This pattern of incremental speed reduction continues with each kilometer trav-

ersed. Mathematically, the speed v, after traveling n kilometers is expressed as:

v, =100 —n km/h (8)
The time ¢, required to travel each 1 km segment at speed v, is given by:
1 1
= —= 9
" v, 100-n ©)

n

To determine the total time 7 to cover the entire distance, we sum the times

for each segment:

99 1
T= 10
,,Z:(:) 100—n (10)
This sum can be expressed as:
100 1
r=Y--1 (11)
n=11

The sum Z:ﬁll is known as the Harmonic Series, which diverges loga-
“n

rithmically. For large M, it approximates:

lelz]n(N)+}/ (12)

n=11

where yis the Euler-Mascheroni constant. Therefore, as N approaches infinity,

the total time 7T"approaches infinity [2]:
T~In(100)+y -1 (13)

This demonstrates that the total travel time increases without bound, making
it theoretically impossible to reach the goal within a finite amount of time. Es-
sentially, it is as if time stands still, as no matter how far you travel, you are stuck
in time while moving through space, always needing more time to reach your

destination.

2.2. Visualizing the Speed Reduction and Time to Goal

To further illustrate this concept, let’s break down the journey for smaller dis-
tances as the traveler approaches a speed of 1 km/h and then continues to reduce
speed by half for smaller distances. (Table 1)

Table 1. Speed reduction and time to reach the goal.

Goal Speed (units/hour) Time to Reach Goal (hours)
5 units 5 1
4 units 4 1
3 units 3 1
2 units 2 1
1 unit 1 1
0.5 units 0.5 1
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Continued
0.25 units 0.25 1
0.1 units 0.1 1
0.01 units 0.01 1
0.001 units 0.001 1
0.00001 units 0.00001 1
0.000001 units 0.000001 1
0.00000001 units 0.00000001 1
0.0000000001 units 0.0000000001 1

As seen in the table, regardless of the distance, the time required to reach each

progressively smaller goal remains 1 hour as the speed is halved each time.

2.3. Mathematical Explanation for the Last Unit to Travel

Let’s delve deeper into the mathematical details of the last unit traveling the
journey.

For the travelerat n=v,—1:

:Vo_(vo_l)zl (14)
The time to travel this last distance 7, _; is:

vo—1

t =%=1hour (15)

Now, consider the traveler slowing down indefinitely. As n approaches v, v,
approaches 0:
vV, =V, —h (16)

n

As n approaches w, v, approaches 0, and the time for the last segment ¢, ap-
proaches infinity:
1

t = (17)
Vo—h

To illustrate this, let’s assume n=v,—€, where ¢ is a very small positive

number approaching 0:
Ve =Vo = (v —€) =€ (18)

The time ¢, . required to travel the last distance is:

€

== (19)

As ¢ approaches 0, ¢

Vo —€

approaches infinity, illustrating that the traveler
would require an infinite amount of time to travel the last distance in space if

they infinitely slow down [3].

2.4. Detailed Harmonic Series Derivation

This Expression for Travel Time:
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t = (20)

Summing the Times:

The total time 7'is the sum of the time for each segment:

N-1 1

N-1
T = tn = (21)
Rewriting the Sum:
This sum can be rewritten by reversing the order of summation:
N-1 1 N 1 N-vy 1
T = =) —— — (22)
nZ—O VO —n ; k k=1 k

where k=v,—-n.

Recognizing the Harmonic Series:

The sum Z/[Ll% is the Harmonic Series: For large N, the Harmonic Series

approximates:
N
zlzln(N)+7/ (23)
i k
Applying the Approximation:
For N=100:
100 1
> —=In(100)+y (24)
ok

Adjusting for Initial Sum:

Since we subtracted 1 in the initial sum:

T~In(100)+y -1 (25)
Final Expression:

T ~1n(100)+0.577 — 1~ In(100) - 0.423 (26)

2.5. Effective Distance Calculation

The effective distance D,y covered can be understood by integrating the speed

function over time:

T
Dy = | v(t)ds 27)
Substitute v(1)=v,—¢:
T
T 12 T?
Dy = |, (vy—t)dt = {vot—z} = VOT—T (28)
0
For large T:
2
D, = VOT_? (29)

2
As T — 0, the term > dominates, illustrating that the effective distance

DOI: 10.4236/jamp.2024.128178 2994 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.128178

K. Feka

D, grows quadratically with 7'[4].

3. Conceptual Parallel to Relativity

In special relativity, as proposed by Albert Einstein, the fundamental concepts of
time dilation and length contraction are introduced to describe how time and
space are perceived differently by observers in relative motion. These phenome-
na are mathematically formulated using the Lorentz transformations. Let’s ex-

plore these concepts and draw parallels to our travel scenario.

3.1. Relativistic Velocity Addition and Time Dilation

This scenario bears a striking resemblance to the concept of relativistic velocity
addition, where no object with mass can reach or exceed the speed of light (¢). In
special relativity, the formula for adding velocities zand vis:

L (30)
uv

1+—

C

As an object’s speed approaches ¢ the time dilation effect causes time to
stretch infinitely, making it impossible to reach the speed of light. Specifically,
the Lorentz factor y, which describes time dilation and length contraction, is

given by:

y=E—— (31)

As vapproaches ¢ yapproaches infinity:

limy =o0 (32)

v—c

This means that the closer an object’s speed gets to the speed of light, the
more time slows down relative to a stationary observer, effectively requiring an
infinite amount of energy to reach or exceed c. Similarly, in the travel scenario,
the total travel time increases without bound as the speed decreases incremen-
tally, rendering the goal asymptotically unattainable. Just as the speed of light
represents an insurmountable barrier due to the infinite energy required, the

traveler’s goal becomes unattainable due to the infinite time required.

Time Dilation
Time dilation refers to the phenomenon where the time between two events is
longer for an observer in motion relative to another observer at rest. The time

dilation formula is given by:
At' = yAt (33)

where:
- At'is the time interval measured by the moving observer.

- Atis the time interval measured by the stationary observer.
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- yis the Lorentz factor, defined as y = =
%
1-—
C2
As the speed vof the moving observer approaches the speed of light ¢, the Lo-
rentz factor yapproaches infinity, causing A¢'to become significantly larger than

At. This implies that time effectively “stretches” for the moving observer [5].

3.2. Length Contraction

Length contraction refers to the phenomenon where the length of an object
moving at a high velocity is measured to be shorter along the direction of mo-
tion by an observer at rest. The length contraction formula is given by:
L'=— (34)
4

where:
- L’is the contracted length measured by the moving observer.
- Lis the proper length measured by the stationary observer.
- yis the Lorentz factor [6].

As the speed v of the moving observer approaches the speed of light ¢ y in-
creases, causing L to decrease, indicating that the moving observer perceives the

length of objects to be shorter.

3.3. Velocity Addition

Special relativity also modifies the classical law of velocity addition. The relativ-
istic velocity addition formula is given by:

L (35)
uv
I+—
C

where:
- u'is the resultant velocity.
- uand vare the velocities to be added.
- cis the speed of light [6].
As the velocities zand vapproach ¢ the resultant velocity uz'also approaches ¢

but never exceeds it, illustrating the upper limit imposed by the speed of light.

3.4. Conceptual Parallel to the Travel Scenario

In our travel scenario, the traveler reduces their speed by an amount propor-
tional to the distance traveled. This results in an increasing time required to
cover each subsequent unit distance, similar to how time dilation slows the pas-
sage of time as one approaches the speed of light.

Just as time dilation implies that time stretches infinitely as an object’s speed
approaches ¢ the travel scenario shows that the time to reach the destination
stretches infinitely as the traveler’s speed decreases to zero. This creates an effec-

tive “space dilation,” where the perceived distance to the goal increases without
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bound.
To further illustrate this parallel, we can consider the Lorentz factor y in the
context of space dilation. The effective distance L, perceived by the moving ob-

server can be expressed as:
Ly=yL (36)

where y represents the increasing time required to cover distances as speed de-
creases.

As the traveler’s speed v, approaches zero, the factor y approaches infinity,
causing L, to become significantly larger than Z. This demonstrates that the per-

ceived distance stretches infinitely, making the goal effectively unreachable.

3.5. Time Travel Analogy

This analogy can be further explored to delve into the concept of being trapped
in time: The traveler’s experience can be likened to being stuck in time while
moving through space. As the speed decreases, each kilometer takes progres-
sively longer to traverse, much like how time dilation slows the passage of time
near the speed of light. In this way, the traveler is trapped in a scenario where
the destination remains perpetually out of reach, analogous to being stuck in
time. This analogy can be extended to explore the concept of being trapped in

time.

Stuck in Time

Just as the traveler never reaches the destination, an object in relativistic time
dilation never reaches the speed of light. The traveler’s experience parallels the
slowing of time as one approaches the speed of light, creating a scenario where
reaching the end goal becomes an impossibility, effectively trapping the traveler
in an infinite journey. No matter how much the traveler moves through space,
they seem to be stuck and not moving in time, endlessly approaching but never

reaching the goal.

4. Infinite Distance Analysis

4.1. Extreme Ends

To further explore the implications of the travel scenario, we can compare it to
the famous twin paradox in special relativity. The twin paradox involves a pair of
twins, one of whom travels in a space rocket at a speed that gradually approaches
the speed of light, while the other embarks on a journey where the goal is 100
km away. In this journey, for every piece of distance passed, the traveler de-
creases their speed by the same amount. For example, if the traveler passes 1
meter, they decrease their speed by 1 meter per hour; if they pass 1 kilometer,

they decrease their speed by 1 kilometer per hour [7].

4.1.1. Comparison with the Twin Paradox

Consider the twin in the rocket (Rocket Twin) who travels at a speed that gradu-
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ally approaches the speed of light. As the Rocket Twin’s speed increases, the time
dilation effect becomes more pronounced. According to special relativity, the
clock of the Rocket Twin will gradually go slower and slower relative to a sta-
tionary observer until, at some point, it almost does not move. This means the
Rocket Twin is moving in space coordinates while not moving in time coordi-
nate [7].

On the other hand, the other twin (Ground Twin) starts their journey to a
goal 100 km away. However, for every unit of distance the Ground Twin passes,
their speed decreases by the same amount. As the Ground Twin’s speed decreas-
es, the time required to reach the goal gradually approaches infinity. The
Ground Twin’s progress towards the goal slows down more and more as the

journey continues.

4.1.2. Observation and Result

After some time, the Rocket Twin returns from their journey in space. Due to
the time dilation effect, the Rocket Twin has not aged much. Meanwhile, the
Ground Twin has not reached their goal because their speed has decreased so
much that the time required to cover the remaining distance has become effec-
tively infinite. The distance to the goal has effectively stretched as the speed has
slowed down.

In a way, the Ground Twin is stuck in time too, even though he moves
through space. According to Table 1, no matter how far he goes, he still needs 1
hour to reach the goal [8].

This comparison highlights the parallel between the two scenarios:

Rocket Twin: As the Rocket Twin’s speed approaches the speed of light, time
dilation causes their clock to slow down, and they move through space without
significant aging.

Ground Twin: As the Ground Twin’s speed decreases, the time required to
reach the goal increases without bound, making the goal effectively unreachable
within a finite time.

In both cases, extreme conditions lead to an infinite stretch in time or space,
respectively. The Rocket Twin experiences an infinite stretch in time due to ap-
proaching the speed of light, while the Ground Twin experiences an infinite
stretch in space due to the continuously decreasing speed.

This analogy further illustrates the concept of space dilation in the travel sce-
nario, drawing a compelling parallel to the time dilation observed in special rela-

tivity.

5. Mathematical Formulations of Space Dilation

In this section, we develop mathematical formulations to describe the concept of
space dilation in the travel scenario. The key idea is that as the traveler’s speed
decreases, the time required to cover each subsequent unit of distance increases,

resulting in an effective stretching of the distance to the goal.
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5.1. Mathematical Formulation of Space Dilation

Using the harmonic series, we express the increasing travel time in the travel

scenario:
N-1
T= 37
DD (37)
Approximating for large M.
Tzln(N)+7—(ln(N—v0)+7)zln N (38)
N —v,
For Napproaching infinity:
In N (39)
N-v,) N-vy,
The term — approaches 0, but the total time 7 diverges, demonstrating
—v,
that the effective distance stretches to infinity [8].
5.2. Space Dilation Calculation with The Lorentz Factor
The effective distance Z, perceived by the traveler can be expressed as:
Ly=yL (40)
where L is the proper distance, and yis given by:
1
ym—— (41)
1— (VO — I’l)
2
Yo

However, in our travel scenario, we consider the speed v decreasing to near
zero. As the speed v decreases, the factor y increases, causing Z, to become sig-
nificantly larger than L.

As the traveler’s speed v, approaches zero, y approaches infinity, demonstrat-
ing that the perceived distance L, stretches infinitely, making the goal effectively

unreachable [9].

5.2.1. Specific Example

e [Initial Speed: v, =100 km/h

o Speed after 1 km: v, =99 km/h
¢ Speed after 2 km: v, =98 km/h

We calculate y for each distance:

For n=1:
y = ! S S S —
(100-1)’ \/1 99°  /1-0.9801 +/0.0199
1= 100? 100?
For n=2:
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1 1 1

727 \/ (100-2) ~1-09604 0,039 =024
100
Using the space dilation formula for n=1 and n=2:
For n=1:
Ly, =y,L, =7.071x1km=7.071 km
For n=2:

Ly, =y,L, =5.024x1km =5.024 km

e As Speed Approaches Zero
As the traveler’s speed decreases further, approaching zero, the space dilation

effect becomes more pronounced. For a very small speed v; we consider:

1 1 100

}/z ~ ~
| € 2 \/vg—ez \/1002—62
v, Ve
As ¢—>0:
100
100

Thus, the perceived distance Z, approaches infinity as the speed decreases to

an infinitely small value:

1
LozyLzL(z)XLzoo

Ve

5.2.2. Specific Example II
Consider a scenario where the goal is 100 km, the initial speed is 100 km/h, and
the speed reduction stops when 50 km to the goal remains.
o [Initial Speed: v, =100 km/h
¢ Speed Reduction: Decrease by 1 km/h for each kilometer until 50 km remain
e Remaining 50 km Speed: 50 km/h constant

First 50 km with Speed Reduction

For each kilometer n from 0 to 49:

v, =100 —n km/h

The time ¢, required to travel each kilometer is:

t,=—= ! hours
v, 100-n

The total time T, for the first 50 km is:
49 1

T =
% nz:OlOO—n

Approximating for large N using the harmonic series:
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100
Ty~ Pl In(100)+ 7 —(In(50)+y) = h{%j =1n(2)~0.693 hours

k=51

Remaining 50 km without Speed Reduction
For the remaining 50 km at a constant speed of 50 km/h:

vremaining = 50 km/h
The time 7, for the remaining 50 km is:
remaining = w = 1 hOU,I'
® 50 km/h
Total Time
The total time T, for the entire 100 km is:
Tt = T5o * Temaining = 0-693 hours +1 hour =1.693 hours

Distance Stretch Calculation

We will now calculate the effective distance stretch due to the speed reduction
in the first 50 km.

Using the space dilation formula with yfor n=1 and n=2:

For n=1:
)/12 1 = 1 = 1 z7071
\/ (100-1)> 1-0.9801 +/0.0199
©100°
Ly, =y, x1km=7.071km
For n=2:
Vs = ! L 1 504
\/ (100-2) V1-0.9604 0.0396
== =/
100

Ly, =y,x1km=5.024 km

The total effective distance for the first 50 km:
49
Leff, 50 = Z LO,n
n=0

We will approximate this sum:

L 59 50x 7, x1km

(&

where y, . is the average y for the first 50 km. For simplicity, we use the aver-
age yfor n=1 and n=2:
_7.071+5.024

e ¥ ~6.048
So,

€

Ly 50 = 50%6.048 km ~ 302.4 km

Thus, the effective distance stretch is approximately 302.4 km for the first 50

km, and the total distance stretch is:
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L L 5o +50 km =302.4 km + 50 km =352.4 km

off, total

Summary
o [Initial Speed: 100 km/h

¢ Distance Goal: 100 km
e Time Required: 1.693 hours (instead of 1 hour if initial speed was constant)
o Effective Distance Stretch: 352.4 km
In this example, the distance has stretched by approximately 252.4 km due to
the speed reduction, making the total effective distance 352.4 km.

6. Comparison with Special Relativity

Both the travel scenario and special relativity involve asymptotic behavior:

In special relativity, time stretches infinitely as an object’s speed approaches
the speed of light, preventing it from reaching c. In the travel scenario, space
stretches infinitely as the traveler’s speed decreases, preventing them from
reaching the goal.

The mathematical frameworks for both phenomena highlight how extreme
conditions (approaching the speed of light or approaching zero speed) lead to
infinite stretches in time or space, respectively.

The Rocket Twin in the twin paradox experiences an infinite stretch in time
due to approaching the speed of light. This time dilation effect slows down their
clock relative to a stationary observer, making the Rocket Twin effectively age
slower [10].

Similarly, in the travel scenario, as the Ground Twin’s speed decreases, the
time required to reach the goal increases without bound. This results in an infi-
nite stretch in the perceived distance to the goal, making it unattainable within a
finite amount of time.

Both scenarios demonstrate that as one approaches an extreme condition
(near-light speed for the Rocket Twin or near-zero speed for the Ground Twin),
the corresponding measure (time or space) stretches to infinity. This illustrates
the profound impact of asymptotic limits in physics, where certain boundaries

cannot be crossed due to the infinite resources required.

7. Real-World Analogies and Applications

The concept of space dilation and progressive reduction of speed can be applied
to various real-world scenarios and fields:
e Traffic Flow and Congestion:

Analogy: Imagine a car traveling through progressively heavier traffic as it
approaches a city center. The car’s speed decreases as traffic density increases,
similar to the traveler in the scenario reducing speed for each kilometer traveled.

Application: This can be used in urban planning to model and predict traffic
congestion patterns, helping to design better traffic management systems and
optimize traffic flow.

e Network Data Transfer:
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Analogy: Consider data packets traveling across a network where bandwidth
decreases due to congestion or limitations of intermediate routers. The data
transfer rate slows down as the network becomes busier.

Application: This can be applied in network engineering to optimize data
flow, prevent bottlenecks, and improve the efficiency of data transfer protocols.
¢ Supply Chain and Logistics:

Analogy: A delivery truck starts at a high speed on a highway but must slow
down as it enters urban areas, encounters traffic lights, or faces unloading times
at multiple stops.

Application: This concept can help in logistics planning to estimate delivery
times more accurately and optimize routes for delivery trucks, minimizing de-
lays and improving efficiency.

e Resource Allocation in Project Management:

Analogy: A project team starts with high productivity but faces increasing
complexity and resource constraints as the project progresses, causing the work
pace to slow down.

Application: This can be used in project management to model the diminish-
ing returns on productivity and plan resource allocation more effectively, en-
suring projects stay on schedule.
¢ Biological Processes:

Analogy: Consider the growth of a population of organisms where the growth
rate decreases as resources become scarce. Initially, the population grows rapidly,
but as resources dwindle, the growth rate slows down.

Application: This can be applied in ecology to model population dynamics
and resource consumption, helping in conservation efforts and sustainable re-
source management.
¢ Economic Growth:

Analogy: An economy grows rapidly at first but faces diminishing returns as
it approaches its potential output due to resource limitations, market saturation,
or regulatory constraints.

Application: This can be used in economics to model long-term growth
trends and predict economic slowdowns, aiding in policy-making and economic
planning.

e Battery Discharge in Electronics:

Analogy: A battery discharges quickly when it is fully charged but the dis-
charge rate slows down as the battery depletes, analogous to the traveler’s de-
creasing speed.

Application: This concept can be used in designing more efficient battery
management systems, improving the estimation of battery life in electronic de-
vices.

e Learning and Skill Acquisition:

Analogy: A person learns a new skill quickly at first but the rate of learning

decreases as they become more proficient, similar to the traveler’s speed de-

creasing with each kilometer.
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Application: This can be applied in education to design better learning pro-
grams that take into account the diminishing rate of skill acquisition and help
maintain motivation and progress.

e Investment Returns:

Analogy: Initial investments yield high returns, but as the market becomes
saturated or as investment opportunities diminish, the rate of return decreases.

Application: This can be used in finance to model the diminishing returns on

investment portfolios and to develop strategies that maximize long-term gains.

8. Conclusion

This paper introduces the concept of “space dilation” through a travel scenario
involving progressively reduced speed. By drawing parallels with special relativ-
ity, we highlight how both scenarios exhibit asymptotic behavior, leading to in-
finite stretches in time or space. The mathematical derivations using the har-
monic series provide a clear framework for understanding the increasing travel
time and effective distance stretching. The comparison with the twin paradox in
special relativity underscores the similarities between time dilation and space di-
lation. In both cases, extreme conditions lead to unattainable goals due to infi-
nite stretching of time or space. This novel concept enriches our understanding
of the interplay between speed, distance, and time in physics. By exploring space
dilation, this paper provides a new perspective on the fundamental concepts of
speed, distance, and time, making a noteworthy contribution to the field of
physics. The mathematical frameworks and conceptual parallels drawn in this
paper offer valuable insights and tools for further research and educational pur-

poses.
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