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Abstract

In this paper, the evolutionary behavior of N-solitons for a (2 + 1)-dimensional
Konopelchenko-Dubrovsky equations is studied by using the Hirota bilinear
method and the long wave limit method. Based on the N-soliton solution, we
first study the evolution from N-soliton to 7-order (T =1,2) breather wave
solutions via the paired-complexification of parameters, and then we get the
N-order rational solutions, M-order (M =1,2) lump solutions, and the hy-
brid behavior between a variety of different types of solitons combined with
the parameter limit technique and the paired-complexification of parameters.
Meanwhile, we also provide a large number of three-dimensional figures in
order to better show the degeneration of the N-soliton and the interaction
behavior between different N-solitons.
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1. Introduction

As one of the three most attractive research directions in nonlinear science (so-
liton, chaos and fractal theory), soliton theory plays an important role in various
fields of natural science. In recent decades, with the rapid development of com-
puter software, the research results of nonlinear partial differential equations
(NPDE) are more and more abundant, especially some new analytical structures
and new solving methods emerge in endlessly, such as the Hirota bilinear me-
thod [1] [2], the Grammian determinant method [3], the Lie group method [4],
the Darboux transformation method [5]-[7], and the backlund transformation
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[8] [9], etc. Meanwhile, some new analytical structures of NPDE, such as the
breather, lump solution and rogue wave are widely investigated [10]-[14].

In the application field of solitons, the research on the solution of NPDE is no
longer limited to the fluid field, and its applications in nonlinear optics, plasmas,
condensed matter physics and other fields have also been continuously ex-
panded. Very recently, we found that the analytic structure related to hybrid be-
havior has been reported in many nonlinear systems, hybrid behavior between
lump solution and 1-solitons, hybrid behavior between lump solution and
breathers, and hybrid behavior between different solitons.

In this paper, we focus on the N-soliton and hybrid behavior of a (2 +
1)-dimensional Konopelchenko-Dubrovsky equations (KD):

X

U, —U,, —6/uu, +§o¢2u2uX —3(j wuydx) +3au, - [ u,dx=0, (1)
y

where ¢, are some arbitrary constants, which reflects richer physical mean-
ing in nonlinear shallow waves.

As a generalized (2 + 1)-dimensional model, the KD equation has received
widespread attention from the scientific community since its derivation, and re-
search results have been continuously enriched. KD equation is mainly used in
the study of weak dispersion characterization in physics, but also has a wide
range of applications in nonlinear optics and plasma physics. Many scholars
have contributed to the field of atmospheric science by studying the behavior of
nonlinear waves to further reveal subtle scattering effects and large-scale interac-
tions in the troposphere in the tropics and mid-latitudes, and understanding
their dynamic behavior is important for understanding weather patterns. In
2001, Lin and Lou gave its multi-soliton solution [15]; Zhi H obtained its travel-
ing wave solution using the hyperbolic tangent function method [16]; Cao ob-
tained the exact multi-parameter solution on the basis of Xu’s stability method
[17]; by combining the lie symmetry group with the idea of homologous testing,
Kang and others gave the non-traveling wave soliton hybrid behavior with arbi-
trary time function, soliton-like solution and elliptic periodic solitary wave hy-
brid behavior [18]-[20]. However, to our knowledge, the evolution behavior and
interaction phenomenon of some higher-order soliton solutions of KD, includ-
ing hybrid phenomenon between high-order lump solution and soliton, hybrid
behavior between lump solution and N-soliton, have not been studied and dis-
cussed.

The outline of the paper is as follows: In Section 2, based on the bilinear form
of KD Equation (1), we will study the evolution behavior of the N-soliton by
employing the long wave limit method and the paired-complexification tech-
nique of parameters, including the emergence of lump solutions and breather
solutions, the hybrid phenomenon of different soliton solutions, interaction of
high-order lump solutions. In Section 3, we will study the interaction between
the 1-order lump solution and the 1-soliton, 1-order lump solution and the
2-soliton, and the 1-order lump solution and 1-order breather solution. Finally,

the conclusion is given in Section 4.
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2. Evolution Behavior of N-Soliton Solution

In this section, the evolution behavior of the N-soliton solutions of the KD equa-
tion will be studied by employing the long wave limit technique, such as the
emergence of 7-order breather soliton and AM-order lump solution. In order to
facilitate subsequent discussions, we will initially simplify the above KD equa-

tion and make the following transformation:
J';uydx:vc»uy:vx. (2)
Bringing the above changes into (1) yields:
U, — Uy, —64uu, —3v, +ga2u2ux +3au,v=0. (3)
Let’s make o =0 and do the following transformation:

2
u=u, +E(In f),

4)

Xy

v=v0+%(ln f)

where fis the test function to be selected. Substituting (4) into (3), we get the bi-
linear of KD equation in the following form:

(DD, +u,D} -Df =3D} ) f - f =0, (5)

while the bilinear operator D_ represents the Hirota’s bilinear differential op-

erator [2].

2.1. The N-Soliton Solutions

To obtain the N-soliton solution of (4), we apply the usual perturbation method
to expand the test function finto the following power series:

f=1+ef(1)+52f(2)+63f(3)+---, 6)

where ¢ is the small parameter. Substituting (6) into (4), and to merge similar

terms according to the e th power, there are as follows:
e:P(D,,D,,D,,D,)(f¥-1+1- 1) =0,

¢ :P(D,,D,, D, )(F# -1+ £ 0 41. f<2>)=o,

(7)
€:P(D,,D,,D;,D,)(F¥ 1+ P 104 101041 £9) =0,
When N =1, take £ =e’,e¢=1 in (4), according to (4), then there is
f=f=1+en, {0 =0,(i>2), (®)
2
where there is 7, =k, (mx+ p,y+qt+15)+ 7", and g =-uom, +k’m? +3%.
)

Therefore, substituting the above expression into (4) yields the 1-soliton solu-
tion.

DOI: 10.4236/jamp.2024.127147

2454 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.127147

X Y. Li, Y. Ji

kzm? 1 1
u(x,y,t)=u, +12—ﬂlsech2 (Ekl(mlx+ py+ qlt)+5rl}

9)
k’m, p 1 1
V(X y,t) =V, Jr%ﬁlsech2 (Ekl(mlx+ Py + qlt)+§r1j.
When N=2,take & =¢"+em ,€=1 in (4), we can get
£ gntnthz £ O,(i > 3)1
(10)
F=f,=1+e" +e” +en™2*hz,
The following relationships are established:
2
n =k {mix+ piy+[—u0m1 +km? +3&jt+riJ+yi(°),(i =12),
m
: 4 . an
e,A12 _ ml mz (klml - kzmz) _(_pzml + plmz)
2 4 2"
m;m, (k1m1 + kzmz) _(_pZml + p1m2)
Substituting (10) and (11) into (4), we can get the 2-soliton solution,
2 M+ +A
u(x y.t)=u, +—In(1+e”1 +e' 4 gt )XX,
4 (12)

2
V(X Y, ) =V, +=In(l+e +e% +enhz) |
s :
When N =3,take f® =g”t+g” +¢™ ,6=1 in (4), then we can obtain that
f (@ _ ehtiathe | omtistAs | gl tiisthey

1
£ :e')1+’iz+773+'°&z+/'\13+/'\237 £ :0’(i 24)7 (13)

and

F=f,=1+e™+e™ +e™ +ehtethe y altisthg

+13+ A +mp+m3+ A+ A3+ A
+ @2t ey | a2t Aathigthey

(14)

Similarly, substituting the above expression into (4), the 3-soliton solution can
be solved.
Based on the Hirota’s bilinear Equation (3), the N-order soliton solutions of
KD Equation (1) can be obtained
N )
f=fy= Z eXp{ZﬂiUi +ZAj:ui:ujJ! (15)
2#=0,1 i=1 i<j
where the Z;I:O,l represents summation over all possible combinations of
=01 pu,=01- 1,=01, and the ZLNI.) is over all possible combinations
of the N elements with the specific condition i< j. By combining (3) and (4),

we get the parameter relationship as

2
7 =k, [mix +py+ [—uom1 +kZm? +3&jt +r ] +79,

ml
mfm? (km, —k;m; )" —(pm; — pym, ) "

o[-

mfmf(kimi +kjmj)2 _(pimj —p;m; )2.
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where p,#0,m =0 and ki, p,,; are some free parameters. Substituting (4)
with (5) into (2), we can obtain the N-soliton solutions of KD Equation (1).

In order to better show the evolution behavior of the N-soliton solution with
the increase of the soliton number N, we give the spatial structure evolution dia-

gram in Figure 1, with different parameter values as

1 1
1): (UO,VO,kl,rnl, p1,71,,31t):[112,11_5,0,11()) >

2): (u[)iVOlklikZImllmZI p]_y pz&yll}/ZIﬂit):(1111]”%111_1’_2121312111Oj’

(UO’VO’kl'kZ’k3'm1’m2’m3' Pir Py p3’7/1'72’7/3'ﬂ1t)

3):
=(2,2,1,3,2,2,1.1,3,1,1,—1,2,1,2,z,oj
2 2 2

Figure 1. Spatial evolution images of N-soliton solutions zand vat t=0:(a) N=1;(b) N=2;(c) N=3.

2.2. From N-Soliton to T-Order Breather Soliton

The purpose of this section is to construct high-order breather soliton of KD.
Since f, contains free parameters k;, p; and y;, we cannot get the breather
soliton of KD Equation (1) when these parameters take some different values.
However, the paired-complexification of parameters k;, p;,7 can yield smooth

breather soliton of KD on a zero background.
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u(x,y,t)=

ZaM(\/Mcosh((p1 + |HN)+COS(¢2 ))+2a11\/msinh(go1 +1In N)—Zalzsin((pz)

Based on the idea of the paired-complexification of parameters, we take the
following parameter relations in (17),
N=2M,m, ;=mj=a;—a,l,ky, ; =kj=b;-b,l, 17)
Pusj = P =Cu=Cipl, 7 =7, (1 =12+ M),

where /means imaginary units. By combining (4), (5), (15) and (17), we can ob-
tain the 7-order breather soliton of KD equation.

For example, to construct the 1-order breather soliton, we take T =2 in (4),
then,

f,=1+e™ +e” yefzen'n, (18)
According to (18) and taking m,=m/ =a;, —a,l, k, =k =b,-b,l,
P, = pl* =Cy —Cpl, ¥, =y =y, in(16), we get

f, = 2en (Ncosh(qyl +In N)+cos((p2)),
where

O = X+ (ailbll - aizblz) y- (anwn —a,0;, )t +70s
(23 :aizx+(anb12+alzb11)y_(a11w12+a12a’11)t+7ov (19)
M =eh2,
and the parameters a,;,a,,,0,,,b,,,7, are some arbitrary real numbers.
Then, the 1-order breather solution can be obtained via inserting fz into

transformation (4),

. (20)

\/ﬁcosh(go1 +In N) +¢0s(¢,)

The 1-order breather solution (20) contains some free parameters, and we can
get some 1-order breather solution with different spatial structures by selecting
different parameter values.

Similarly, taking T =4, we can get the 2-order breather solution of KD Equa-
tion (1). In order to better show the evolution behavior of the 7-order breather
soliton, we give the spatial structure evolution diagram in Figure 2, with differ-

ent parameter values as

(uo’kl-kz’mllmzv Prs p2171’721ﬁ’t)
].): >
= 1,1,—1,1+ I,E— | ,—2+£|,—2—1|,0,0,£,0
2 2 2 2 2
(Uo'vo'kvkzvml’mzl Prs p2171172’,3't)
2): 1 1 ;
=111111+ 2|,1—2|,—E+ |,—E— 1,0,0,2,0

3):
(Uo’klvkpkavkmmllmzlma!mzu Pis Pas P3s p4,71,72,73,7/4,ﬁ.t)

:(0,1,1,1,1,—1+1I,—l—ll,2+2| ,2-21,2+21,2-21,1+21 ,1—2I,0,0,0,0,%,Oj’
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Figure 2. Spatial evolution images of 7-breather solutionsuandvat t=0:(a) and (b): T=1;(c)and(d): T=2.

4):
(Vo’k11k2'k3vkmml’m2'm31m41 Pyr Py Pss p4,71,)/2,73,74,,3,t)
=[O,2,2,2,2,—1+1I ,—1-11,2+1,2-1 ,1+£I,l—ll,1+ I, 1-1 ,O,O,O,O,E,OJ .

2 22 2 2

By further analysis, we can see that the position of the 1-order breather solution
on the (X,y) plane is determined by a, and a;b,—a,b,. When a,=0
and a;b, —a,b, #0, 1-order breather solution is perpendicular to the Y-axis;
when a; #0 and a;b;, —a,b, =0, 1-order breather solution is parallel to the
Y-axis; when aﬂ(aﬂb11 —aizblz):to, the slope of 1-order breather solution in

—8y

a0, —a,b,
tion of 2-order breather solution on the plane (X, y) is determined by a,, a,,

the (X, y) plane is . Similar to 1-order breather solution, the posi-

a,h,+a,b, and a b, -a,b,. When a, =a, =0, 2-order breather solution

is perpendicular to the Y-axis; when a, (@b, —a,b,)=a,(a,b, +a,b,)=0
and ay,(ayby, +a,b,)#ay, (ayb, —a,by, ), 2-order breather solution is parallel

to the Y-axis; when a,, (b, —a,b,)#a,(a,b, +a,h;; ), the cross structure of
the solution of 2-order breather in the (X, y) plane can be obtained.

2.3. From N-Soliton to M-Order Lump Solution

According to the long wave limit technique, we take k;/k; =O(1) and let k;
tend to 0 in (21) and (4). Therefore, we get

N (N)
fu = 2 TT(-0)" (1+ k6 ) [ Texp(1+ su;kik; By )+ O (KM, (21)

4=01i=1 i<j

with

3p?
0 =mx+ piy+[—u ml+—1jt,
m

4kikjmi3m? def
exp(A) ~1- 2 2 7 7 =1+kkBy,  (22)
mm; (km, +k;m; ) = (pm; - p;m,)
B, - 4m’m3

2"

mlzmzz (klml + kZmZ )4 _( plmZ - p2m1)

Since z and v is given by transformation (2), we have therefore deduced the
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following rational solutions,

N 1) N 1 N
fu=TT16+528; 16 ++57 2 BB, [I 6+
i=1 2 ij r#i,j 212 i,j,p.s r#i,j,p,s
y (23)
1 g‘i BB, B " 0,
[ R . +eee,
M !ZM ij,mn i " s¢i,j,H~-,m,n °
where zghj)mn denotes the summation over all possible combinations of

i, j,---,m,n, which are taken different values from these numbers 1,2,---,N .
Choosing N =1,2,--- in (24), and substituting it into (2), we can get the
N-order rational solution of KD Equation (1).

To obtain M-order lump solution for KD Equation (1), select N=2M and
My =m =a-bl, py,=p =¢-dl, n,,=n=¢-fl, =0
(i =12,---\M ) in Equations (1) and (2), where 7 represents the imaginary unit
and * indicates that the complex number is conjugated taking.

For example, when N =2, take m,=m =a -bl, p,=p =c —d,| in

F, , By simple calculations, we can obtain

F, =66, +By,, (24)
where
‘% 2L¢QQ¢O. (25)
1

Substituting (15) into (3) gives the 1-order lump solution solution of the Equ-
ation (1) (see Figure 3(a) and Figure 3(b)):

U(X,y,t):uo +4(ai _bl )(é:l _4’1 )+<a'1 +b12)A_4a1b1§1§1,
p& + ¢ +4) (26)
V(X, yat):Vo + (bldl _aicl)(él _érl )+(a101 +b1d1)2A_2(aid1 +b1C1)§1§1.
ﬂ<§lz +§12 +A)

When N =3,4, we have
fy = 6,0,0; + B,0; + By, + By, 0,,
f, =0,0,6,6, + B,,6,6, + B.,6,0, + B,,0,6, + B,,6,0, + B,,6,0, (27)
+By,00, +B,B;, + B;;By, + BBy,

Similar to the calculation of N =2,when N=4, M =2, taking
p,=p =3, -bl, p,=p,=a,-b,l,in (24), we can get 2-order lump solution
(see Figure 3(c) and Figure 3(d)). The values of related parameters in Figure 3

are shown as follows:

1 2 12
1): uO:O’a’l:E'blzg’Cl: 1,dl—€,ﬂ:1,t:0;
1 1 1
2): VO =0,a1 :E'bl :g,Cl :E,d1:2,/3=l,t:0,
3) and 4):
1 1 1 1 1
U0 —2,VO —2,ai—E,b1 :—,a2 :E,bz :E,Cl :O,dl :E,CZ :O,dz :—E,ﬂ:l,tzo.
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Figure 3. Spatial evolution images of A-order lump solutions zand vat ¢=0: (a) and (b) M= 1; (c) and (d) M= 2.

Moreover, when N =2M , taking Py, =P =a —b1(i=12,--,M) in (24),
we can obtain the M-order lump solution of the KD equation.

In fact, we can note that when (a;,b;)—>(0,0), the period of the 1-order
breather solution approaches infinity, and the smooth breather solution is
transformed into the 1-order lump solution. Conversely, higher order lump so-

lutions can also be derived from higher order breather solutions.

3. From N-Soliton to L-Order Hybrid Solution

In this section, we mainly study the high-order hybrid solution of KD (1) by
combining the long wave limit technique and the paired-complexification of pa-
rameters, including the hybrid solution between the 1-order lump solution and
1-soliton solution, the hybrid solution between the 1-order lump solution and
2-soliton solution, the hybrid solution between the 1-order lump solution and

1-order breather solution.

3.1. A Hybrid Solution between the 1-Order Lump Solution and
1-Soliton

In order to construct the hybrid solution consisting of 1-order lump solution
and 1-soliton solution, taking N =3, y, =y,=I1z in (4) and f, can be writ-
ten as follows:

F = f3 =1+e™ 4" 4 htnthe 4 ol (1+ ehths | a2t e'h*'i2+A12+A13+A23)
1+ ek1‘91+710) + ekz‘92+7g) T eklaﬁkzaz*?f)*?g)*AH (28)

Lo (1 Lol | oty +ek1'91+k292+710)+73)+A12+/‘13+A23),

where

2
7n:&[mx+pd+{—%my+%nﬁ+3£L}+nJ+%m
m

(29)
2k6+7%,(1=12).
(0) .
By combining €' =-1,(i=12) and simplifying, we can obtain
F = f3 =1—glt _ gk | glititkabr+hy,
+em (1_ plhtAs _ gkalathos 4 okilikalp+An+Ag+An ), (30)
letting k, — 0,k, - 0, we get
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2
6 =mx+ piY"‘(_uoml "’3&}’
m,
—4klk2ml3m§ def
exp(A,) > 1+ —— Z - =1+kk,By,,
m1mz(k1m1+k2m2) _(plmz_ ernl) (31)
_ 33 .
exp(A;) >1+—— 4k1k3:nl il - 14 k,C
m; m, (k1m1 + ksms) _( pim; — p3m1)
_ 3.3 .
exp(Ay) =1+ —— 4k2k3£nzm3 - = k,C,s,
m, m; (kzmz + k3m3) _( p,m; — p3m2)
and
f,=6,0,+ By, +(Cy,Cp +Cis6, +Cyi) + 6,0, + By, )€™, (32)

Taking m, = mf =a -bl,p,= pf =c,—d,l in (31) and (32), and substituting
it into (2), we get a hybrid solution between the 1-order lump solution and the
1-soliton (see Figure 4). In Figure 4, we give the spatial structure evolution dia-

gram of the hybrid solution with time £ where the values of the parameters are
1 2 4
u:a, :E’bl =2,c,=-2,d, =14, :E’CZ =g,u0 =0,v, =0,

7
=1k =0k, =0,k,=——,7, =0;
B 1 2 3 10 73

0.75—

®

Figure 4. Evolution structure diagram of the hybrid solutions # and vbetween 1-order lump solution and 1-soliton at different
times: (a) t=-20;(b) t=0;(c) t=20;(d) t=-15;(e) t=0;(f) t=15.
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v:a1:—%,blzz,clz—Z,dlzl,a2 :%,c2 =1u,=0,v, =0,
7

=1k =0k, =0,k, =——,7, =0.
B 1 2 3 10 73

From Figure 4, we find that the lump solution and 1-soliton solution do not
affect each other’s motion during the interaction process, such as the motion
speed and amplitude of the lump solution, the shape of the soliton solution, etc.

This phenomenon is also known as the complete elastic collision [21].

3.2. A Hybrid Solution between the 1-Order Lump Solution and
2-Soliton

To obtain the hybrid solution consisting of 1-order lump solution and 2-soliton
solution, taking N=4, y,=y,=I7x in (4) and letting k, ->0,k, >0, we
have
f, =00, + B, +(CyyCpy + Cy0, +Cyy0, + 6,0, + B}, )€™
+(CCyy +Cub, +C,0, + 6,0, + B, )™
+(6,0,+(Cp +Cyy )6, +(C3 +Cpy )0, + B, +C1,Cyy
+ C14C23 + C13C24 + C14C24 )e%“74 exp ( A34 )’

(33)

where Hi(i:1,2), ns> By, Cij(i=1,2;j=3) are given by (29), the exp(AM)
is determined by (5), and
2
774:k4[m4x+ p4y+[—u0ml+kfmf+3%jt+r4J+7§°),pz:pl":ai—bll,
1
34
~4k . m’m’ ) _ (34)
Gi=—- - (i=12j=4).
mm; (km, +k;m; ) = (pm; - p;m,)

Then, substituting (33) and (34) into (2), we get a hybrid solution between the
1-order lump solution and the 2-soliton (see Figure 5). In Figure 5, we give the
spatial structure evolution diagram of the hybrid solution with time ¢ where the

values of the parameters are
ua =-2,b=%a,=-la,=1c =14d, =g,c2 =2,0,=2,

1
Uy=0,v,=0,8=2k; ==k, 22173 =0,7,=0;

NG

v:a1=—2,h1 =1,a2 :—1,a3 :1,()1 =1’d1=g’02 =2,C3 =2,

2 2
uO :O!VO :O:ﬁzznka :g’k4 :g’y3 :O’}/4 :O

3.3. A Hybrid Solution between the 1-Order Lump Solution and
1-Order Breather Solution

Unlike the previous hybrid solution of 1-order lump and 2-soliton, here we
make the following transformation to obtain a new hybrid solution between the

1-order lump solution and 1-order breather solution:
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(@ (e) ®

Figure 5. Evolution structure diagram of the hybrid solutions uz and v between 1-order lump solution and 2-soliton at different
times: (a) t=-10;(b) t=0;(c) t=10;(d) t=-10;(e) t=0;(f) t=10.

P, = pI:ai_blll P, = p;:az_bzlimz:mzzcl_dll’m4:mgzcz_dzl- (35)

We substitute B; in (22) and C; in (34), combined with (35), into the fol-
lowing equation:
f = eA34 (ClSCZS + C14C23 + C13C24 + C:ZI.4(:24 + C:1392 + Cl492 + C2391
+Cy,0, + 6,0, + B, )€™ +(C,Cpy + Cp6, + Cyuf + 6,0, + B, )€™ (36)
+(CCyy +Cub, +C,0, + 6,6, + B, )™ + 6,6, + B,

Next, in the same situation as before, we substitute (36) into (4) and take the
relevant parameters to obtain the hybrid solution between the 1-order lump so-
lution and 1-order breather solution. In order to better demonstrate its spatial
structure, we provide a demonstration diagram in Figure 6, with the relevant
parameters as follows:

a=-2b=2a=-2b,=1c=1d,=2,,=2,d,=-2,
1 1

uO :01\/0 :O:ﬂ:21k3 :g’k4 :€’73:O’}/4 =0.

From Figure 6, we can see that over time, the lump solution and breather so-
lution interact with each other, and their shapes remain unchanged before and

after each other, which indicates that this is an elastic collision.
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Figure 6. Evolution structure diagram of the hybrid solutions zand vbetween 1-order lump solution and 1-order breath-
er solution at different times: (a) t=-10;(b) t=0;(c) t=10;(d) t=-10;(e) t=0;(f) t=10.

4. Conclusion

This article is mainly divided into two parts. One part is to use the long wave
limit method to obtain a series of solutions to the KD equation. Starting from
the N-soliton solution of the KD equation, the first step is to perform parameter
complexation to obtain the breather solution of the KD equation. Then, by li-
miting the parameter k;, the lump solution of the KD equation is obtained; the
other part is based on the series of solutions, selecting different test functions to
obtain hybrid solutions of the KD equation, such as the 1l-order lump with
1-soliton, 2-soliton and 1-order breather solution. By analyzing the spatial evo-
lution diagram of the hybrid solutions, we found that the three types of hybrid
solutions mentioned above are all elastic collisions, and before and after the in-
teraction, the velocity and shape of the waves do not change. The KD equation is
a relatively classic class of nonlinear equations, and this article analyzes its dif-
ferent types of solutions, hoping to provide valuable information for the study of

mathematical physics.
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