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Abstract 
In this paper, the evolutionary behavior of N-solitons for a (2 + 1)-dimensional 
Konopelchenko-Dubrovsky equations is studied by using the Hirota bilinear 
method and the long wave limit method. Based on the N-soliton solution, we 
first study the evolution from N-soliton to T-order ( 1,2T = ) breather wave 
solutions via the paired-complexification of parameters, and then we get the 
N-order rational solutions, M-order ( 1,2M = ) lump solutions, and the hy-
brid behavior between a variety of different types of solitons combined with 
the parameter limit technique and the paired-complexification of parameters. 
Meanwhile, we also provide a large number of three-dimensional figures in 
order to better show the degeneration of the N-soliton and the interaction 
behavior between different N-solitons. 
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1. Introduction 

As one of the three most attractive research directions in nonlinear science (so-
liton, chaos and fractal theory), soliton theory plays an important role in various 
fields of natural science. In recent decades, with the rapid development of com-
puter software, the research results of nonlinear partial differential equations 
(NPDE) are more and more abundant, especially some new analytical structures 
and new solving methods emerge in endlessly, such as the Hirota bilinear me-
thod [1] [2], the Grammian determinant method [3], the Lie group method [4], 
the Darboux transformation method [5]-[7], and the backlund transformation 
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[8] [9], etc. Meanwhile, some new analytical structures of NPDE, such as the 
breather, lump solution and rogue wave are widely investigated [10]-[14]. 

In the application field of solitons, the research on the solution of NPDE is no 
longer limited to the fluid field, and its applications in nonlinear optics, plasmas, 
condensed matter physics and other fields have also been continuously ex-
panded. Very recently, we found that the analytic structure related to hybrid be-
havior has been reported in many nonlinear systems, hybrid behavior between 
lump solution and 1-solitons, hybrid behavior between lump solution and 
breathers, and hybrid behavior between different solitons. 

In this paper, we focus on the N-soliton and hybrid behavior of a (2 + 
1)-dimensional Konopelchenko-Dubrovsky equations (KD):  

 ( )2 236 3 d 3 d 0,
2

x x
t xxx x x y x y

y
u u uu u u u x u u xβ α α

−∞ −∞
− − + − + ⋅ =∫ ∫  (1) 

where ,α β  are some arbitrary constants, which reflects richer physical mean-
ing in nonlinear shallow waves. 

As a generalized (2 + 1)-dimensional model, the KD equation has received 
widespread attention from the scientific community since its derivation, and re-
search results have been continuously enriched. KD equation is mainly used in 
the study of weak dispersion characterization in physics, but also has a wide 
range of applications in nonlinear optics and plasma physics. Many scholars 
have contributed to the field of atmospheric science by studying the behavior of 
nonlinear waves to further reveal subtle scattering effects and large-scale interac-
tions in the troposphere in the tropics and mid-latitudes, and understanding 
their dynamic behavior is important for understanding weather patterns. In 
2001, Lin and Lou gave its multi-soliton solution [15]; Zhi H obtained its travel-
ing wave solution using the hyperbolic tangent function method [16]; Cao ob-
tained the exact multi-parameter solution on the basis of Xu’s stability method 
[17]; by combining the lie symmetry group with the idea of homologous testing, 
Kang and others gave the non-traveling wave soliton hybrid behavior with arbi-
trary time function, soliton-like solution and elliptic periodic solitary wave hy-
brid behavior [18]-[20]. However, to our knowledge, the evolution behavior and 
interaction phenomenon of some higher-order soliton solutions of KD, includ-
ing hybrid phenomenon between high-order lump solution and soliton, hybrid 
behavior between lump solution and N-soliton, have not been studied and dis-
cussed. 

The outline of the paper is as follows: In Section 2, based on the bilinear form 
of KD Equation (1), we will study the evolution behavior of the N-soliton by 
employing the long wave limit method and the paired-complexification tech-
nique of parameters, including the emergence of lump solutions and breather 
solutions, the hybrid phenomenon of different soliton solutions, interaction of 
high-order lump solutions. In Section 3, we will study the interaction between 
the 1-order lump solution and the 1-soliton, 1-order lump solution and the 
2-soliton, and the 1-order lump solution and 1-order breather solution. Finally, 
the conclusion is given in Section 4. 
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2. Evolution Behavior of N-Soliton Solution 

In this section, the evolution behavior of the N-soliton solutions of the KD equa-
tion will be studied by employing the long wave limit technique, such as the 
emergence of T-order breather soliton and M-order lump solution. In order to 
facilitate subsequent discussions, we will initially simplify the above KD equa-
tion and make the following transformation:  

 d .
x

y y xu x v u v
−∞

= ⇔ =∫  (2) 

Bringing the above changes into (1) yields:  

 2 236 3 3 0.
2t xxx x y x xu u uu v u u u vβ α α− − − + + =  (3) 

Let’s make 0α =  and do the following transformation:  

 
( )

( )

0

0

2 ln

2 ln .

xx

xy

u u f

v v f

β

β

 = +

 = +


 (4) 

where f is the test function to be selected. Substituting (4) into (3), we get the bi-
linear of KD equation in the following form:  

 ( )2 4 2
0 3 0,x t x x yD D u D D D f f+ − − ⋅ =  (5) 

while the bilinear operator D−  represents the Hirota’s bilinear differential op-
erator [2]. 

2.1. The N-Soliton Solutions 

To obtain the N-soliton solution of (4), we apply the usual perturbation method 
to expand the test function f into the following power series:  

 ( ) ( ) ( )1 2 32 31 ,f f f f= + + + +    (6) 

where   is the small parameter. Substituting (6) into (4), and to merge similar 
terms according to the  th power, there are as follows:  

 

( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )

1 1

2 1 1 22

3 2 1 1 2 33

: , , , 1 1 0,

: , , , 1 1 0,

: , , , 1 1 0,

x y Z t

x y Z t

x y Z t

P D D D D f f

P D D D D f f f f

P D D D D f f f f f f

 ⋅ + ⋅ =

 ⋅ + ⋅ + ⋅ =

 ⋅ + ⋅ + ⋅ + ⋅ =

 






 (7) 

When 1N = , take ( )1 e , 1f η= =  in (4), according to (4), then there is  

 ( ) ( )1
1 1 e , 0, 2 ,if f f iη= = + = ≥  (8) 

where there is ( ) ( )0
1 1 1 1 1 1 1k m x p y q t rη γ= + + + + , and 

2
2 3 1

1 0 1 1 1
1

3 pq u m k m
m

= − + + . 

Therefore, substituting the above expression into (4) yields the 1-soliton solu-
tion.  
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( ) ( )

( ) ( )

2 2
21 1

0 1 1 1 1 1

2
21 1 1

0 1 1 1 1 1

1 1, , sech ,
2 2 2

1 1, , sech .
2 2 2

k mu x y t u k m x p y q t r

k m pv x y t v k m x p y q t r

β

β

  = + + + +  
 


  = + + + +   

 (9) 

When 2N = , take ( ) 1 21 e e , 1f η η= + =  in (4), we can get  

 
( ) ( ) ( )1 2 12

1 2 1 2 12

2

2

e , 0, 3 ,

1 e e e .

iA

A

f f i

F f

η η

η η η η

+ +

+ +

= = ≥

= = + + +
 (10) 

The following relationships are established:  

 

( ) ( )

( ) ( )
( ) ( )

12

2
02 3 1

0 1 1 1
1

4 22
1 2 1 1 2 2 2 1 1 2

4 22
1 2 1 1 2 2 2 1 1 2

3 , 1,2 ,

e .

i i i i i i

A

pk m x p y u m k m t r i
m

m m k m k m p m p m

m m k m k m p m p m

η γ
   

= + + − + + + + =       


− − − + = + − − +

 (11) 

Substituting (10) and (11) into (4), we can get the 2-soliton solution,  

 
( ) ( )

( ) ( )

1 2 1 2 12

1 2 1 2 12

0

0

2, , ln 1 e e e ,

2, , ln 1 e e e .

xx

xy

u x y t u

v x y t v

η η η η

η η η η

β

β

+ +Λ

+ +Λ

 = + + + +

 = + + + +


 (12) 

When 3N = , take ( ) 31 21 e e e , 1f ηη η= + + =  in (4), then we can obtain that  

 
( )

( ) ( ) ( )

1 3 13 2 3 231 2 12

1 2 3 12 13 23

2

3

e e e ,

e , 0, 4 ,

A AA

iA A A

f

f f i

η η η ηη η

η η η

+ + + ++ +

+ + + + +

= + +

= = ≥
 (13) 

and  

 
3 1 3 131 2 1 2 12

2 3 23 1 2 3 12 13 23

3 1 e e e e e

e e .

AA

A A A A

F f η η ηη η η η

η η η η η

+ ++ +

+ + + + + + +

= = + + + + +

+ +
 (14) 

Similarly, substituting the above expression into (4), the 3-soliton solution can 
be solved. 

Based on the Hirota’s bilinear Equation (3), the N-order soliton solutions of 
KD Equation (1) can be obtained  

 
( )

0,1 1
exp ,

NN

N i i ij i j
i i j

f f A
µ

µη µ µ
= = <

 
= = +  

 
∑ ∑ ∑  (15) 

where the 0,1µ=∑  represents summation over all possible combinations of  

1 20,1, 0,1, , 0,1Nµ µ µ= = = , and the ( )N
i j<∑  is over all possible combinations 

of the N elements with the specific condition i j< . By combining (3) and (4), 
we get the parameter relationship as  

 

( )

( ) ( ) ( )
( ) ( )

2
02 3 1

0 1 1 1
1

2 22 2

2 22 2

3 ,

exp .

i i i i i i

i j i i j j i j j i
ij

i j i i j j i j j i

pk m x p y u m k m t r
m

m m k m k m p m p m
A

m m k m k m p m p m

η γ
   

= + + − + + + +       


− − − =
+ − −

 (16) 
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where 0, 0i ip m≠ ≠  and , ,i i ik p γ  are some free parameters. Substituting (4) 
with (5) into (2), we can obtain the N-soliton solutions of KD Equation (1). 

In order to better show the evolution behavior of the N-soliton solution with 
the increase of the soliton number N, we give the spatial structure evolution dia-
gram in Figure 1, with different parameter values as 

1): ( )0 0 1 1 1 1
1 1, , , , , , , 1, ,1, ,0,1,0
4 5

u v k m p tγ β  = − 
 

, 

2): ( )0 0 1 2 1 2 1 2 1 2
3, , , , , , , , , , , 1,1,1, ,1, 1, 2,2,3,2,1,0
4

u v k k m m p p tγ γ β  = − − 
 

, 

3): 
( )0 0 1 2 3 1 2 3 1 2 3 1 2 3, , , , , , , , , , , , , , ,

3 1 12,2,1, ,2,2,1.1, , ,1, 1,2,1,2,2,0
2 2 2

u v k k k m m m p p p tγ γ γ β

 = − 
 

. 

 

 

 

Figure 1. Spatial evolution images of N-soliton solutions u and v at 0t = : (a) 1N = ; (b) 2N = ; (c) 3N = . 

2.2. From N-Soliton to T-Order Breather Soliton 

The purpose of this section is to construct high-order breather soliton of KD. 
Since Nf  contains free parameters ,i ik p  and iγ , we cannot get the breather 
soliton of KD Equation (1) when these parameters take some different values. 
However, the paired-complexification of parameters , ,i i ik p γ  can yield smooth 
breather soliton of KD on a zero background. 
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Based on the idea of the paired-complexification of parameters, we take the 
following parameter relations in (17),  

 
( )

1 2 1 2

1 2 1

2 , , ,

, , 1,2, , ,
M j j j j M j j j j

M j j j j j j

N M m m a a I k k b b I

p p c c I j Mγ γ

∗ ∗
+ +

∗ ∗
+ +

= = = − = = −

= = − = = 

 (17) 

where I means imaginary units. By combining (4), (5), (15) and (17), we can ob-
tain the T-order breather soliton of KD equation. 

For example, to construct the 1-order breather soliton, we take 2T =  in (4), 
then,  

 1 2 12 1 2
2 1 e e e e .Af η η η η+= + + +  (18) 

According to (18) and taking 2 1 11 12m m a a I∗= = − , 2 1 11 12k k b b I∗= = − , 

2 1 11 12p p c c I∗= = − , 2 1 0γ γ γ= =  in (16), we get  

( ) ( )( )1
2 1 22e cosh ln cos ,f M Mϕ ϕ ϕ= + +  

where  

 
( ) ( )
( ) ( )

12

1 11 11 11 12 12 11 11 12 12 0

2 12 11 12 12 11 11 12 12 11 0

,

,

e ,A

a x a b a b y a a t

a x a b a b y a a t

M

ϕ ω ω γ

ϕ ω ω γ

= + − − − +

= + + − + +

=

 (19) 

and the parameters 11 12 11 12 0, , , ,a a b b γ  are some arbitrary real numbers. 
Then, the 1-order breather solution can be obtained via inserting 2f  into 

transformation (4),  

( )
( ) ( )( ) ( ) ( )

( ) ( )
11 1 2 11 1 12 2

1 2

2 cosh ln cos 2 sinh ln 2 sin
, , .

cosh ln cos

a M M a M M a
u x y t

M M

ϕ ϕ ϕ ϕ

ϕ ϕ

+ + + + −
=

+ +
 (20) 

The 1-order breather solution (20) contains some free parameters, and we can 
get some 1-order breather solution with different spatial structures by selecting 
different parameter values. 

Similarly, taking 4T = , we can get the 2-order breather solution of KD Equa-
tion (1). In order to better show the evolution behavior of the T-order breather 
soliton, we give the spatial structure evolution diagram in Figure 2, with differ-
ent parameter values as 

1): 
( )0 1 2 1 2 1 2 1 2, , , , , , , , , ,

1 1 1 1 11,1, 1, , , 2 , 2 ,0,0, ,0
2 2 2 2 2

u k k m m p p t

I I I I

γ γ β

 = − + − − + − − 
 

, 

2): 
( )0 0 1 2 1 2 1 2 1 2, , , , , , , , , , ,

1 11,1,1,1,1 2 ,1 2 , , ,0,0,2,0
2 2

u v k k m m p p t

I I I I

γ γ β

 = + − − + − − 
 

, 

3):  
( )0 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4, , , , , , , , , , , , , , , , , ,

10,1,1,1,1, 1 1 , 1 1 ,2 2 ,2 2 ,2 2 ,2 2 ,1 2 ,1 2 ,0,0,0,0, ,0
2

u k k k k m m m m p p p p t

I I I I I I I I

γ γ γ γ β

 = − + − − + − + − + − 
 

, 
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Figure 2. Spatial evolution images of T-breather solutions u and v at 0t = : (a) and (b): 1T = ; (c) and (d): 2T = . 
 

4): 
( )0 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4, , , , , , , , , , , , , , , , , ,

1 1 1 1 10,2,2,2,2, 1 1 , 1 1 ,2 ,2 , , ,1 ,1 ,0,0,0,0, ,0
2 2 2 2 2

v k k k k m m m m p p p p t

I I I I I I I I

γ γ γ γ β

 = − + − − + − + − + − 
 

. 

By further analysis, we can see that the position of the 1-order breather solution 
on the ( ),x y  plane is determined by 11a  and 11 11 12 12a b a b− . When 11 0a =  
and 11 11 12 12 0a b a b− ≠ , 1-order breather solution is perpendicular to the Y-axis; 
when 11 0a ≠  and 11 11 12 12 0a b a b− = , 1-order breather solution is parallel to the 
Y-axis; when ( )11 11 11 12 12 0a a b a b− ≠ , the slope of 1-order breather solution in  

the ( ),x y  plane is 11

11 11 12 12

a
a b a b

−
−

. Similar to 1-order breather solution, the posi-

tion of 2-order breather solution on the plane ( ),x y  is determined by 11a , 12a ,  

11 12 12 11a b a b+  and 11 11 12 12a b a b− . When 11 12 0a a= = , 2-order breather solution 
is perpendicular to the Y-axis; when ( ) ( )11 11 11 12 12 12 11 12 12 11 0a a b a b a a b a b− = + =  
and ( ) ( )11 11 12 12 11 12 11 11 12 12a a b a b a a b a b+ ≠ − , 2-order breather solution is parallel 
to the Y-axis; when ( ) ( )11 11 11 12 12 12 11 12 12 11a a b a b a a b a b− ≠ + , the cross structure of 
the solution of 2-order breather in the ( ),x y  plane can be obtained. 

2.3. From N-Soliton to M-Order Lump Solution 

According to the long wave limit technique, we take ( )1i jk k O=  and let ik  
tend to 0 in (21) and (4). Therefore, we get  

 ( ) ( )
( )

( ) ( )1

0,1 1
1 1 exp 1 ,i

NN
N

N i i i i j i j ij
i i j

f k k k B O kµ

µ
µ θ µ µ +

= = <

= − + + +∑ ∏ ∏  (21) 

with  

 ( )
( ) ( )

( ) ( )

2
1

0 1
1

3 3
def

4 22 2

3 3
1 2

4 22 2
1 2 1 1 2 2 1 2 2 1

3 ,

4
exp 1 1 ,

4 .

i i i

i j i j
ij i j ij

i j i i j j i j j i

ij

pm x p y u m t
m

k k m m
A k k B

m m k m k m p m p m

m mB
m m k m k m p m p m

θ
  

= + + − +  
 


 ≈ − = +

+ − −

 = − + − −

 (22) 

Since u and v is given by transformation (2), we have therefore deduced the 
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following rational solutions,  

 

( ) ( )

( )

2
, , , ,1 , , , ,

, , , , , , , , , ,

1 1
2 2!2

1 ,
!2

N NN N N

N i ij r ij ps r
i j i j p si r i j r i j p s

MN N

ij kl mn sM
i j m n s i j k l m n

f B B B

B B B
M

θ θ θ

θ

= ≠ ≠

≠

= + + + +

+ +

∑ ∑∏ ∏ ∏

∑ ∏
 





 

 (23) 

where ( )
, , , ,
N

i j m n∑


 denotes the summation over all possible combinations of 
, , , ,i j m n

, which are taken different values from these numbers 1,2, , N .  
Choosing 1,2,N =   in (24), and substituting it into (2), we can get the 
N-order rational solution of KD Equation (1). 

To obtain M-order lump solution for KD Equation (1), select 2N M=  and 
*

M i i i im m a b I+ = = − , *
M i i i ip p c d I+ = = − , *

M i i i in n e f I+ = = − , 0ir =  
( )1,2, ,i M=   in Equations (1) and (2), where I represents the imaginary unit 
and ∗  indicates that the complex number is conjugated taking. 

For example, when 2N = , take *
2 1 1 1m m a b I= = − , *

2 1 1 1p p c d I= = −  in 

2F , By simple calculations, we can obtain  

 2 1 2 12 ,F Bθ θ= +  (24) 

where  

 1 1
1

1 1

0, 0.
a b

b
c d

≠ ≠  (25) 

Substituting (15) into (3) gives the 1-order lump solution solution of the Equ-
ation (1) (see Figure 3(a) and Figure 3(b)):  

 

( )
( )( ) ( )

( )

( )
( )( ) ( ) ( )

( )

2 2 2 2 2 2
1 1 1 1 1 1 1 1 1 1

0 22 2
1 1

2 2
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 22 2
1 1

4
, , 4 ,

2
, , .

a b a b a b
u x y t u

b d a c a c b d a d b c
v x y t v

ξ ζ ξ ζ

β ξ ζ

ξ ξ ξ ζ

β ξ ξ

 − − + + ∆ −
 = +
 + + ∆


− − + + ∆ − +
= +

+ + ∆

 (26) 

When 3,4N = , we have  

 
3 1 2 3 12 3 23 1 31 2

4 1 2 3 4 12 3 4 13 2 4 14 2 3 23 1 4 24 1 3

34 1 2 12 34 13 24 14 23

,

.

f B B B
f B B B B B

B B B B B B B

θ θ θ θ θ θ
θ θ θ θ θ θ θ θ θ θ θ θ θ θ

θ θ

= + + +

= + + + + +

+ + + +
 (27) 

Similar to the calculation of 2N = , when 4N = , 2M = , taking  

3 1 1 1p p a b I∗= = − , 4 2 2 2p p a b I∗= = − , in (24), we can get 2-order lump solution 
(see Figure 3(c) and Figure 3(d)). The values of related parameters in Figure 3 
are shown as follows: 

1): 0 1 1 1 1
1 2 120, , , 1, , 1, 0
2 5 5

u a b c d tβ= = = = − = = = ; 

2): 0 1 1 1 1
1 1 10, , , , 2, 1, 0
2 5 2

v a b c d tβ= = = = = = = ; 

3) and 4):  

0 0 1 1 2 2 1 1 2 2
1 1 1 1 1 12, 2, , , , , 0, , 0, , 1, 0
2 2 2 2 2 2

u v a b a b c d c d tβ= = = = = = = = = = − = = . 
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Figure 3. Spatial evolution images of M-order lump solutions u and v at t = 0: (a) and (b) M = 1; (c) and (d) M = 2. 
 

Moreover, when 2N M= , taking ( )1,2, ,M i i i ip p a b I i M∗
+ = = − =   in (24), 

we can obtain the M-order lump solution of the KD equation. 
In fact, we can note that when ( ) ( )11 11, 0,0a b → , the period of the 1-order 

breather solution approaches infinity, and the smooth breather solution is 
transformed into the 1-order lump solution. Conversely, higher order lump so-
lutions can also be derived from higher order breather solutions. 

3. From N-Soliton to L-Order Hybrid Solution 

In this section, we mainly study the high-order hybrid solution of KD (1) by 
combining the long wave limit technique and the paired-complexification of pa-
rameters, including the hybrid solution between the 1-order lump solution and 
1-soliton solution, the hybrid solution between the 1-order lump solution and 
2-soliton solution, the hybrid solution between the 1-order lump solution and 
1-order breather solution. 

3.1. A Hybrid Solution between the 1-Order Lump Solution and  
1-Soliton 

In order to construct the hybrid solution consisting of 1-order lump solution 
and 1-soliton solution, taking 3N = , 1 2 Iγ γ π= =  in (4) and 3f  can be writ-
ten as follows:  

 

( )

( )

3 1 13 2 23 1 2 12 13 231 2 1 2 12

0) 0) 0) 0)
1 1 2 2 1 1 2 2 121 2 1 2

0) 0) 0) 0)
1 1 2 2 1 1 2 2 12 13 233 1 2 1 2

3 1 e e e e 1 e e e

1 e e e

e 1 e e e ,

A A A A AA

k k k k A

k k k k A A A

F f η η η η ηη η η η

θ γ θ γ θ θ γ γ

θ γ θ γ θ θ γ γη

+ + + + + ++ +

+ + + + + +

+ + + + + + + +

= = + + + + + + +

= + + +

+ + + +

 (28) 

where  

 
( )

( ) ( )

2
02 3 1

0 1 1 1
1

0

3

, 1,2 .

i i i i i i

i i i

pk m x p y u m k m t r
m

k i

η γ

θ γ

  
= + + − + + + +     

+ =

 (29) 

By combining 
( )

( )
0

e 1, 1,2i iγ = − =  and simplifying, we can obtain  

 ( )
1 1 2 2 1 1 2 2 12

3 1 1 13 2 2 23 1 1 2 2 12 13 23

3 1 e e e

e 1 e e e ,

k k k k A

k A k A k k A A A

F f θ θ θ θ

η θ θ θ θ

+ +

+ + + + + +

= = − − +

+ − − +
 (30) 

letting 1 20, 0k k→ → , we get  
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( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2
1

0 1
1

3 3 def1 2 1 2
12 1 2 124 22 2

1 2 1 1 2 2 1 2 2 1

3 3 def1 3 1 3
13 1 134 22 2

1 3 1 1 3 3 1 3 3 1

3 3
2 3 2 3

23 42 2
2 3 2 2 3 3 2 3 3 2

3 ,

4exp 1 = 1 ,

4exp 1 = 1 ,

4exp 1

i i i
pm x p y u m t

m

k k m mA k k B
m m k m k m p m p m

k k m mA k C
m m k m k m p m p m

k k m mA
m m k m k m p m p m

θ
 

= + + − + 
 

−
→ + +

+ − −

−
→ + +

+ − −

−
→ +

+ − −

def
2 232 = 1 ,k C













+


 (31) 

and  

 ( ) 3
3 1 2 12 13 23 13 2 23 1 1 2 12 e .f B C C C C B ηθ θ θ θ θ θ= + + + + + +  (32) 

Taking * *
2 1 1 1 2 1 1 1,m m a b I p p c d I= = − = = −  in (31) and (32), and substituting 

it into (2), we get a hybrid solution between the 1-order lump solution and the 
1-soliton (see Figure 4). In Figure 4, we give the spatial structure evolution dia-
gram of the hybrid solution with time t, where the values of the parameters are 

1 1 1 1 2 2 0 0

1 2 3 3

1 2 4: , 2, 2, 1, , , 0, 0,
2 5 5

71, 0, 0, , 0;
10

u a b c d a c u v

k k kβ γ

= = = − = = = = =

= = = = − =
 

 

 

 
Figure 4. Evolution structure diagram of the hybrid solutions u and v between 1-order lump solution and 1-soliton at different 
times: (a) 20t = − ; (b) 0t = ; (c) 20t = ; (d) 15t = − ; (e) 0t = ; (f) 15t = . 
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1 1 1 1 2 2 0 0

1 2 3 3

1 1: , 2, 2, 1, , 1, 0, 0,
2 2

71, 0, 0, , 0.
10

v a b c d a c u v

k k kβ γ

= − = = − = = = = =

= = = = − =
 

From Figure 4, we find that the lump solution and 1-soliton solution do not 
affect each other’s motion during the interaction process, such as the motion 
speed and amplitude of the lump solution, the shape of the soliton solution, etc. 
This phenomenon is also known as the complete elastic collision [21]. 

3.2. A Hybrid Solution between the 1-Order Lump Solution and  
2-Soliton 

To obtain the hybrid solution consisting of 1-order lump solution and 2-soliton 
solution, taking 4N = , 1 2 Iγ γ π= =  in (4) and letting 1 20, 0k k→ → , we 
have  

 

( )
( )
( ( ) ( )

) ( )

3

4

3 4

4 1 2 12 13 23 13 2 23 1 1 2 12

14 24 14 2 24 1 1 2 12

1 2 23 24 1 13 14 2 12 13 23

14 23 13 24 14 24 34

e

e

e exp ,

f B C C C C B

C C C C B

C C C C B C C

C C C C C C A

η

η

η η

θ θ θ θ θ θ

θ θ θ θ

θ θ θ θ
+

= + + + + + +

+ + + + +

+ + + + + + +

+ + +



 (33) 

where ( )1,2i iθ = , 3η , 12B , ( )1,2; 3ijC i j= =  are given by (29), the ( )34exp A  
is determined by (5), and  

 

( )

( ) ( )
( )

2
02 3 1

4 4 4 4 0 1 1 1 4 4 2 1 1 1
1

3 3

4 22 2

3 , ,

4
1,2; 4 .j i j

ij

i j i i j j i j j i

pk m x p y u m k m t r p p a b I
m

k m m
C i j

m m k m k m p m p m

η γ ∗  
= + + − + + + + = = −     

−
= = =

+ − −

 (34) 

Then, substituting (33) and (34) into (2), we get a hybrid solution between the 
1-order lump solution and the 2-soliton (see Figure 5). In Figure 5, we give the 
spatial structure evolution diagram of the hybrid solution with time t, where the 
values of the parameters are 

1 1 2 3 1 1 2 3

0 0 3 4 3 4

3: 2, 1, 1, 1, 1, , 2, 2,
2

1 10, 0, 2, , , 0, 0;
4 4

u a b a a c d c c

u v k kβ γ γ

= − = = − = = = = =

= = = = = = =
 

1 1 2 3 1 1 2 3

0 0 3 4 3 4

3: 2, 1, 1, 1, 1, , 2, 2,
2

2 20, 0, 2, , , 0, 0.
5 5

v a b a a c d c c

u v k kβ γ γ

= − = = − = = = = =

= = = = = = =
 

3.3. A Hybrid Solution between the 1-Order Lump Solution and  
1-Order Breather Solution 

Unlike the previous hybrid solution of 1-order lump and 2-soliton, here we 
make the following transformation to obtain a new hybrid solution between the 
1-order lump solution and 1-order breather solution:  
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Figure 5. Evolution structure diagram of the hybrid solutions u and v between 1-order lump solution and 2-soliton at different 
times: (a) 10t = − ; (b) 0t = ; (c) 10t = ; (d) 10t = − ; (e) 0t = ; (f) 10t = . 
 

 * * * *
2 1 1 1 4 3 2 2 2 1 1 1 4 3 2 2, , , .p p a b I p p a b I m m c d I m m c d I= = − = = − = = − = = −  (35) 

We substitute ijB  in (22) and ijC  in (34), combined with (35), into the fol-
lowing equation:  

 

(
) ( )

( )

34

3 4 3

4

13 23 14 23 13 24 14 24 13 2 14 2 23 1

24 1 1 2 12 13 23 13 2 23 1 1 2 12

14 24 14 2 24 1 1 2 12 1 2 12

e

e e

e .

Af C C C C C C C C C C C

C B C C C C B

C C C C B B

η η η

η

θ θ θ

θ θ θ θ θ θ θ

θ θ θ θ θ θ

+

= + + + + + +

+ + + + + + + +

+ + + + + + +

 (36) 

Next, in the same situation as before, we substitute (36) into (4) and take the 
relevant parameters to obtain the hybrid solution between the 1-order lump so-
lution and 1-order breather solution. In order to better demonstrate its spatial 
structure, we provide a demonstration diagram in Figure 6, with the relevant 
parameters as follows: 

1 1 2 2 1 1 2 2

0 0 3 4 3 4

2, 2, 2, 1, 1, 2, 2, 2,
1 10, 0, 2, , , 0, 0.
5 5

a b a b c d c d

u v k kβ γ γ

= − = = − = = = = = −

= = = = = = =
 

From Figure 6, we can see that over time, the lump solution and breather so-
lution interact with each other, and their shapes remain unchanged before and 
after each other, which indicates that this is an elastic collision. 
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Figure 6. Evolution structure diagram of the hybrid solutions u and v between 1-order lump solution and 1-order breath-
er solution at different times: (a) 10t = − ; (b) 0t = ; (c) 10t = ; (d) 10t = − ; (e) 0t = ; (f) 10t = . 

4. Conclusion 

This article is mainly divided into two parts. One part is to use the long wave 
limit method to obtain a series of solutions to the KD equation. Starting from 
the N-soliton solution of the KD equation, the first step is to perform parameter 
complexation to obtain the breather solution of the KD equation. Then, by li-
miting the parameter ik , the lump solution of the KD equation is obtained; the 
other part is based on the series of solutions, selecting different test functions to 
obtain hybrid solutions of the KD equation, such as the 1-order lump with 
1-soliton, 2-soliton and 1-order breather solution. By analyzing the spatial evo-
lution diagram of the hybrid solutions, we found that the three types of hybrid 
solutions mentioned above are all elastic collisions, and before and after the in-
teraction, the velocity and shape of the waves do not change. The KD equation is 
a relatively classic class of nonlinear equations, and this article analyzes its dif-
ferent types of solutions, hoping to provide valuable information for the study of 
mathematical physics. 
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