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Abstract 
Complex model, say C3, of “para-space” as alternative to the real M4 Min-
kowski space-time for both relativistic and classical mechanics was shortly 
introduced as reference to our previous works on that subject. The actual aim, 
however, is an additional analysis of the physical and para-physical pheno-
mena’ behavior as we formally transport observable mechanical phenomena 
[motion] to non-real interior of the complex domain. As it turns out, such 
procedure, when properly set, corresponds to transition from relativistic to 
more classic (or, possibly, just classic) kind of the motion. This procedure, we 
call the “Newtonization of relativistic physical quantities and phenomena”, 
first of all, includes the mechanical motion’s characteristics in the C3. The al-
gebraic structure of vector spaces was imposed and analyzed on both: the set 
of all relativistic velocities and on the set of the corresponding to them “Gali-
lean” velocities. The key point of the analysis is realization that, as a matter of 
fact, the relativistic theory and the classical are equivalent at least as for the 
kinematics. This conclusion follows the fact that the two defined structures of 
topological vector spaces i.e., the structure imposed on sets of all relativistic 
velocities and the structure on set of all “Galilean” velocities, are both diffeo-
morphic in their topological parts and are isomorphic as the vector spaces. As 
for the relativistic theory, the two approaches: the hyperbolic (“classical” SR) 
with its four-vector formalism and Euclidean, where SR is modeled by the 
complex para-space C3, were analyzed and compared. 
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Partial Equivalence of SR and Newton’s Theories, Algebra of Relativistic and 
the Corresponding Galilean Velocities 

1. Introduction 

1) This paper is, to a measure, a continuation of our previous two works [1] 
and [2], where the second, wider published on the Internet only, was not in-
tended to have an exact form of a publication but rather to serve as a “private 
communication”. 

The main goal of the present work is more specific and is intended to indicate 
some interesting relationship or perhaps even equivalence of two mechanics: 
Newtonian (actually, “semi-Newtonian” that, possibly, slightly differs from the 
classic Newtonian) and relativistic (SR) when both considered in complex (para) 
spaces. 

According to the range of SR we, basically, restrict both theories to kinematics 
while a comparison of the corresponding two dynamics (here, we will mean “re-
lativistic dynamics” as SR is extended to a theory of accelerations as well) is now 
in preparation. Nevertheless, some results on the dynamics comparison are men-
tioned at end of this paper. 

Of course, equivalence of the mentioned two theories doesn’t take place when 
the classical mechanics is considered as theory of a real model and SR as the 
theory of the real Minkowski’s M4 space-time. 

The two frameworks are too much different to model equivalent (or, at least, 
closely related) theories. 

What is our main “trick” is unifying the theories by introducing their com-
mon complex model C3 (see [1] and [2]).  

Here, in order not just to repeat the content of my previous works, I only pro-
vide quite short introductory text for explanatory purposes in Sections 2 - 4. 

Thus, we start with complex extension of the real Lorentz M4  M4 transfor-
mation, where M4 is the real Minkowski space-time. The extension, which ap-
peared to be very natural, initially implied the extension of M4 to complex 
space-time, say C4. Next, we found that complex time, here modeled by C1, is not 
the primitive notion. As it turned out the time is definable in SR understood as 
theory of the complex model C3. The latter model we called “para-space”. For 
some additional references to other authors who considered different complex 
models for physical space and time, see [1] and [2]. 

The, here considered, complex para-space C3 (and not “space-time”) model 
turned out to have the unifying properties with the ability to serve as efficient 
model for both mentioned above theories. Namely, real parts of certain under-
lying complex physical (or as we call them “para-physical”) quantities behave 
like relativistic quantities (distances or velocities, by example) while the (signed) 
absolute values of the same complex have properties like the Galilean counter-
parts of those relativistic. The latter stands as a basis for our further considera-
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tions throughout this paper having as the main aim to show some equivalence of 
classical and relativistic mechanics. But, needless to say, the C3 para-space model 
would, hypothetically, also serve as a model for quantum mechanics (QM) (see, 
[3], Appendix 3) and possibly for the classical electrodynamics. Independently, 
the author met also with (a single only) opinion that this simple complex C3 
model may, possibly, be a “new model for physics” in general! 

The mentioned model is considered to be the following triple: <C3, d(,); ℘ > 
[shortly C3], where C3 is the common vector space over the field of complex 
numbers, d(,) is the Euclidean metric on C3, and ℘ is the Poincare group of all 
the Euclidean (and not hyperbolic) C3  C3 isometries. 

2) As for the adopted C3 model we consider it to be more than just arithmetic 
space of the triples of complex numbers endowed with a mathematical structure. 
Unlike with usual mathematical understanding it in the complex analysis and 
other physical applications we will consider it dynamic as opposite to static real 
models. In the theory that we try to introduce, the real models including real 
manifolds can be endowed with a structure that determines a geometry or to-
pology, which, by a here adopted assumption, deals with “static structures’. Un-
like static geometries the geometry in complex spaces (or manifolds) here is 
considered in a wider sense as containing a mechanics i.e., motion of a given 
kind. According to the here introduced viewpoint, the motion is due to the im-
aginarity [considered as the source of the motion (or energy in a wider sense)] 
being the obvious part of complex space, but here obtaining additional dynamic 
interpretation not often (if at all) met in literature. 

We claim the physical motion within the interior of the C3 is equivalent to 
[circular] rotations about origins (or other points as well) of the complex planes 
when, for example, these planes form algebraic bases for the underlying vector 
space C3. Thus, the physical content is given to the C3 topological vector space 
(obviously, here the topology is induced by the metrics d(,)) by the proper sub-
group, say L ⊄℘, of the Poincare group consisting from the “boosts” only (In 
this work, however, the “boosts” instead of the hyperbolic rotations are circular 
rotations.). To obtain such dynamic effects with real spaces one must to resort to 
hyperbolicity [changing the signature of the originally Euclidean space (R4, for 
example)] such as, for example, the hyperbolic Minkowski’s space-time M4 [4] 
or its “deformations” toward some [real] manifolds as met in general relativity. 
This, however, is done for the prize of losing naturalness and significant clarity 
typical for the Euclidean geometry. 

This may appear unfamiliar to some readers but the dynamicity within the 
such understood [as dynamic] complex space’s interior may be visualized (or 
assumed to be so) as literal motion of the “points”. For example, according to 
our assumption, all the points on the radial line OB’ (see Figure 1 in the text be-
low) move along that line with the [Galilean] speed “ctanθ”, where θ is an angle 
between the line OB’ and the real, horizontal, axis. Thus, as the angle’s θ magni-
tude increases the speed of underlying points increases too. 
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This view, according to which points within a mathematical (but now this is 
rather a kind physical) model “move”, is dictated by the assumption that the 
modeled reality which is represented by our (para)space (that we can observe the 
real part only) behave similarly. The moving [physical] points may eventually 
explain phenomena of existence of physical fields such as gravitational or elec-
tric. Whatever physical body if placed at such moving points will likely move 
along with them. If instead of straight line (such as the OB’ line) we consider 
continuous curves, such as hyperbola or other, the curvature of that line will in-
duce acceleration which would mean that we encounter a field of forces. 

The hyperbolic analogy [4] to above-described “motion of points” in, say C3, 
is “motion” of all points of M4 in the direction of time-axis or some points in a 
direction of any other word-line. One, eventually, may choose one of the two 
different interpretations of dynamicity: hyperbolic or elliptic. The elliptic [circu-
lar] version has, however, this advantage over the hyperbolic that, besides pro-
viding more clarity, it sheds some additional light on nature of time reducing 
this notion to the notion of speed [motion] which, in turn, has the geometric 
roots. More on that time’s genesis one can find in both [1] and [2]. 

3) Sections 2 and 3 contain very short exposition of the basis of the created 
theory. In short we discuss the extension of the M4  M4 Lorentz transforma-
tion to its complex C4  C4 version together with some justification. We gave 
there an “old version” (unfortunately, already published in [3] in 2016) of the 
extended transformation (formula (3)), which, prima facie, seemed to be a kind 
of obvious and then the corrected version (formula (4)) together with a short 
justification. Also, in Section 3, we shortly discuss an illustration (Figure 1) of 
two kinds of mechanical motions, one, observable, along the real axis of the com-
plex plane and second, the “natural one” (Galilean), across the interior of the 
plane, which can only be “observable mentally” in the mathematical model. The 
provided explanations are rather short and reader not familiar with that frame-
work is advised to turn to either of the papers [1] or [2] as well as to other my pa-
pers on this subject, published in Academia and ResearchGate in the Internet, see 
for example [5] and [6]. 

In Sections 4 and 5, we define and consider mechanical speeds whose primary 
definition is geometric, [formula (5)], with no use of time (Here, realize that the 
speed of light c, present in (5), can be identified with geometric notion of the 
orthogonality [angle π/2] whenever we assume c = 1 = sinπ/2), since the natural 
[Galilean] direction of the light is parallel to the imaginary axis (the considered 
angle θ that defines a speed equals π/2)). Next, we justify and define the Galilean 
speeds as given by formulas (7)-(9). Since those Galilean speeds turned out to 
have (but, actually, not to be) the same magnitudes as the well known in SR 
proper speeds we discuss it and compare the two [equivalent] theories (this and 
SR theory of the M4) with this respect in Section 5 and partially, already, in Sec-
tion 4. 

The main subject, the actual new material that was not considered in any of 
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my previous works (but to explain it properly Sections 2 - 5 were necessary pre-
requisites) is included in Sections 6, 7 and 8. 

Thus, in Section 6 we define composition of the Galilean, initially one-di- 
mensional, velocities (for simplicity, considered as “speeds”) by means of the 
binary operation i.e., “addition” compatible with the Lorentz-Einstein addition. 
Unfortunately, this, so defined, “addition” (see formula (13)) cannot, as origi-
nally expected, be the arithmetic addition for the reason the arithmetic addition 
is not compatible with the Lorentz-Einstein. This “inconvenient” fact seems to 
put into question the Galilean character of the constructed Newtonian (for arbi-
trarily high speeds) theory in the complex C3 space. With the discussion of this 
difficulty and eventual ways out of it we deal in Section 7. 

There, we call the theory containing notion of “Galilean speeds” with non- 
arithmetic addition “semi-Galilean” or “semi-Newtonian”. That non-arithmetic 
addition seems to be the only theory’s property that makes it different from the 
classical Newtonian. On the other hand, for all relatively small velocities [or 
speeds], only being at play till, say, beginning of twenty century, that non- 
arithmetic operation “reduces” to the arithmetic. This means that physical in-
struments, as available that time, could possibly be unable to notice any differ-
ence which might only be present within underlying measurement errors. Be-
sides, higher Galilean velocities that we consider in this paper cannot be ob-
served in real spaces by means of physical instruments and only can be accessed 
within mathematical model. 

These theoretical recognitions inclined us to set the hypothesis that the 
semi-Newtonian theory with the defined non-arithmetic addition of the veloci-
ties is the actual Newtonian, the “fact” which, probably, was overlooked in the 
past. 

Meanwhile, in Section 6, we consider this nonarithmetic addition’s properties. 
It turns out that the set of all Galilean speeds endowed with the defined addition 
forms the Abelian group isomorphic with the group of all the relativistic speeds 
endowed with the Lorentz-Einstein addition. Since to each speed’s magnitude 
corresponds exactly one angle (the speed’s argument in the complex plane of the 
speeds [considered as points]) from the open [if we, temporarily, exclude speeds 
of light represented by the interval’s endpoints] interval, say A = (−π/2, π/2) we 
also define, in Section 6, two-argument “addition” on the set A, compatible with 
the Lorentz-Einstein addition of relativistic speeds. 

The, so obtained, Abelian group of the angles is isomorphic with both groups 
of the relativistic and Galilean speeds. Thus, all the three Abelian groups are 
isomorphic and therefore algebraically equivalent. Moreover, in sub-sub-Section 
6.2.2 of sub-Section 6.2 we define multiplication of the elements of each the con-
sidered three groups by real numbers so that each group became the vector space 
over the common field of real numbers. This multiplication by arbitrary real 
numbers was an extension of the defined in [4] multiplication of relativistic 
speeds by positive integers. It is important that the latter multiplication by the 
naturals is compatible with the Lorentz-Einstein addition. 
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Finally, the three obtained vector spaces turn out to be isomorphic i.e., alge-
braically “identical”, too. 

Since, as we realized, the defined algebraic operations on the intervals (−π/2, 
π/2), (−1, 1) and (−∞, ∞) are continuous with respect to their natural topologies 
and, moreover, their mutual isomorphisms also turn out to be homeomorphisms 
[and even diffeomorphisms], we finally concluded in sub-Section 6.3 that the 
three considered sets of the angles and of the two types of the velocities, as en-
dowed with the topological-vector spaces structures, are both algebraically and 
topologically equivalent. This inclines to the conclusion that the two theories of 
them: relativistic and semi-Newtonian kinematics as well as “geometric” theory 
of the space A of the angles are equivalent. 

In Section 7, we look closer at this thesis, giving some additional arguments 
for that. 

In that Section, we pursue the considerations in more general framework as 
“Newtonization” of relativistic physical quantities and phenomena. Since such 
procedure also is performed in classic SR by means of the four-vector formalism 
we discuss and compare the two approaches in terms of hyperbolic versus ellip-
tic [circular, Euclidean] formalisms. 

Finally, in Section 8, we stated, as the main conclusion, the assertion of equi-
valence of the relativistic and classic kinematic theories with the suggestion of 
equivalence of the corresponding dynamic theories as well. 

2. Short Preliminary Considerations 

We start with the common real Lorentz M4  M4, transformation defined as: 

 

( )

( )

1 22 2

1 22 2 2

1

1

x ut x u c

y y
z z

t ux c t u c

′− = −

′=
′=

′− = −

 (1) 

where the quadruple (x, y, z, t) ∈ M4 describes the position of a point in coordi-
nate system at rest while the quadruple (x', y', z', t') describes the corresponding 
point in M4 whose coordinate system move along the x-axis with the velocity (u, 
0, 0), so the corresponding speed equals u. 

We make the following trigonometric substitutions: 

 ( )1 22 21 cos and sinu c u cθ θ− = = , (A) 

where θ is some angle. 
Now, transformation (1) takes on the equivalent trigonometric form: 

 

2

cos

cos

x ut x
y y
z z
t ux c t

θ

θ

′− =
′=
′=

′− =

 (2) 
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where, initially, a geometric and an associated physical meaning of the “angle” θ 
are not known yet. 

At this stage, we tried, in our previous papers, to find out what would, even-
tually, happen or what would be physical consequences (if any?) if we complete 
the coefficient cosθ, present in (2), by its, so natural from a pure mathematical 
viewpoint, complement “isinθ”, where i2 = −1. 

But then according to Euler’s formula we have: 

[ ]cos sin expi iθ θ θ+ = , 

which, geometrically, describes the circular rotation by the angle θ on complex 
plane which appears as natural extension of the underlying real x-axis. As for the 
physical consequences of this extension they turned out to be astonishing. 

Look now at the so extended (complex) Lorentz transformation: 

 

[ ]

2

exp

exp

x ut x i
y y
z z

t ux c t i

θ

θ

′− =

′=
′=

′− =   

 (3) 

where −π/2 < θ < π/2 and here, |θ| as the absolute value of the angle θ, has to be 
chosen because time cannot be reversed. 

Now, first, that immediately comes to the attention is the length invariance in 
(3) due to the fact that for the absolute value we have |exp[i|θ|]| = 1 which, in 
turn, corresponds to geometric fact of invariance of lengths with respect to (cir-
cular) rotations. This would mean that there is no contraction of length when 
“anything” is in the motion and the Lorentz contraction is only due to “staying 
in the real space” as in such a case transformation (3) reduces back to (2). In the 
complex domain the Lorentz contraction as “observed” in the real subspace of 
the complex either space-time C4 or “para-space” C3 is the result of orthogonal 
projection of the invariant lengths (of a “rocket”, for example) situated in the 
interior of complex domain into the real space. For that, see Figure 1 where the 
projection of the interval OB’ is the shorter Interval OA. 

The big gain of naturalness, when within the complex model, strongly sug-
gests hypothesis that, very likely, our physical space, say described by R3, should 
be considered immersed in the larger complex C3 space (“time” turns out to be a 
separate issue, see [1]) whose existence cannot be proven in an empirical way 
but there arise rational (mathematical) necessities to adopt the hypothesis as the 
very convenient one. Notice at this point that, as it often turns out, convenient 
and simple theories usually are true. 

As this is discussed in more details in [1] formula (3) is only the first approach 
to build the correct version of the complex Lorentz transformation as derived 
from its real origin (1). 

Here, to mention only that, at second approach, transformation (3) had to be 
replaced by the following C4  C4 transformation: 
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[ ]

( )2

exp

cos exp

x ut x i
y y
z z

t ux c t i

θ

θ θ

′− =

′=
′=

′− =   

 (4) 

The latter differs from (3) only by the time transformation. Reasons for that 
change can be found in [1]. Here, only notice that right-hand side of fourth row 
in (4) expresses not the rotation but instead the orthogonal projection of the real 
time (along the horizontal time-axis) onto the radial line [of time] which makes 
the angle θ with the horizontal real time measured by rest observer. Time, say tc 
= (t'cosθ)exp[i|θ|] is complex but its (real) absolute value |tc| = t'cosθ, is the, so 
obtained, familiar proper time that is time along the radial line OB’ in Figure 1 
i.e., time measured by the moving clock, say “in the rocket”. For geometric illu-
stration of this time transformation [in the complex plane of the complex time] 
phenomenon see Figure 3 in [1]. 

That Figure depicts complex plane of the time. Anticipating the latter refer-
ence let me only mention that the complex time α' is the image under the projec-
tion [the fourth row of the complex Lorentz transformation (4) with x = 0] of 
real time at rest β and the absolute value |. | of the complex time α’ is the familiar 
proper time, so that |α'| = |β|cosθ and both β and |α'| are arbitrary time epochs. 

This, here touched only, set of accounts can be found in [1]. In this reference, 
one can also find the final version of the complex Lorentz transformation in 
both: C4  C4 and C3  C3 versions. 

There were several reasons [1] for the reduction of the complex space-time C4 
to the complex para-space C3. 

One of the important reasons was that we obtained the complex Lorentz C4  
C4 transformation [formula (23) in [1]] in the form that the time transformation 
part did not explicitly contained any space-like variable and the space part of the 
transformation did not contain any time variable so time and space in the com-
plex space-time were separated ! 

Besides, within the whole SR theory as theory of the C3, the complex time can 
be defined and its theory can be viewed as a theory of single separate complex 
model C1. In other words time turns out not to be a primitive notion and can be 
derived from the geometry (!) of the para-space C3. 

3. Motion in the Complex Plane of the Positions 

In the, here (and in our previous works) created, theory of mechanic motion in 
complex spaces we, in general, do not consider the common space-time point 
events as basic elements of the theory’s model but, instead, we only consider “posi-
tions” as points of the corresponding three-dimensional complex para-space C3 
and, if needed, separately, “moments” [time epochs] as points of the time’s com-
plex plane C1. 

As for the complex “position plane”, which extends the real x-axis of the cor-
responding R3 or M4 space, and for mechanical motion within it, the following 
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Figure 1 illustrates that. 
Here, we restrict the motion to one real direction only along the real x-axis 

(within the corresponding, say R3) with a constant speed u. We analyze the 
complex counterpart of this motion in one complex plane of the positions, 
whose real axis is the mentioned x-axis from R3. The extension of this motion to 
the whole C3 is immediate as the rules of the motion (with velocity’s coordinates, 
say ux, uy, uz in place of one only ux = u considered here) on each of the three 
complex coordinate planes are the same. 

The (“first”) complex coordinate plane, that the considered motion takes place 
within, is illustrated in the following Figure 1. 

Figure 1 is explained, in more detail, in [1] and [2]. Here, since we don’t 
want, unnecessarily, repeat those paper’s considerations we only need (for a ba-
sic exposition) to mention that the radial axis xc,θ is thought of as the former 
(before the considered motion started) x-axis, “now” being after the rotation by 
the angle θ, while x' is thought of as becoming from the former radial line (not 
present in Figure 1) making with the former horizontal line the angle (-θ). The 
rotation is equivalent to the speed u [see formula (5) in following text]. 

That the former x-axis [initially, at rest] gained, becoming the xc,θ radial line 
whose points may be considered as moving in the right-up direction with the 
speed u. Of course, also the imaginary axis ix'* is formed from a previous radial 
line from the first quadrant, that was passing through the same origin (as all the 
here considered lines), and making the angle θ with the former imaginary axis, 
say ix*. Thus, Figure 1 illustrates the situation after the rotation took place as the 
rotation (and the corresponding speed u) is considered to be the result of an ac-
tion of an acceleration. Notice that a given at a time moment acceleration is, in 
turn, equivalent to an angular speed at the same moment. Here, a length of time 
of the acceleration’s action is neglected. 

The situation before the rotation took place is, however, not sketched in Fig-
ure 1 but was only described. 

 

 
Figure 1. Complex plane of the position. 
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Suppose we consider a “rocket” whose back end is situated at the origin O. 
When the rocket is at rest it is positioned along the real horizontal axis and its 
front end is situated at point B. When in motion [with the velocity (u, 0, 0) so, in 
this case, the speed is simply u and therefore we will always call this velocity 
“speed”] the same rocket is rotated by the angle θ toward the interior of the 
complex plane taking on the new position with (at the moment t = 0) the same 
end-point at O and the front-point B’ which is described by the complex 
non-real number B’. Now, the actual rocket, especially at any time-moment t > 
0, is invisible for both human senses and physical instruments. What only can be 
observed is its “shadow” that (at the time moment t = 0) spreads between the 
real points O and A so that the observed rocket is the orthogonal projection of 
the actual, but invisible rocket which is something like a “complex physical ob-
ject”. 

There is then a good reason to consider such an object (if to assume it “ex-
ists”) not as strictly “physical” but rather a kind of “paraphysical” which, in this 
case, has a physical [observable] component i.e., the rocket spread out between 
the points O and A and “contracted” according to the Lorentz contraction phe-
nomenon. 

Remark 1. Here, an ontological problem, doubts or, very likely, denial would 
occur, much depending on a kind of philosophy a given reader follow. The latter 
doubt will certainly take place if one considers an “existence” as only “physical 
existence”, ignoring for example an existence of numbers or any other mathe-
matical items. Also, the view (rooted especially in Hume’s philosophy, which is 
very typical among many physicists) according to which “to be is to be ob-
served” with strong tendency to identify each phenomenon with its observation, 
will create a prone to reject the hypothesis on an existence of, say “para-physical 
objects” and phenomena. Fortunately (or not?), such views are not the only phi-
losophical (because they always are “philosophical” even if one doesn’t like this 
fact or any so called “philosophy”) views.  

Parallelly to this Lorentz phenomenon (of the contraction), the metric of the 
x’-line is (according to moving observer, i.e., “situated” along OB’ line) con-
tracted by the constant (at all points of x’) coefficient cosθ. 

Geometrically, this contraction is due to orthogonal projection of the “new” 
complex xc,θ -axis [i.e., “radial axis” along OB’ line], with invariant [according to 
the moving observer] metric, to the real x’-axis. This projection geometrically 
explains the Lorentz contraction phenomenon. 

Notice, that such an explanation does not exist in the classical SR (as the 
theory of the Minkowski’s M4 model) and notice too that “SR” considered as 
theory of the complex models contains, besides all the facts described by the 
classical SR, descriptions of some additional facts and explanations of some 
known facts such as, for example, the universality of speed of light (see, [1] or 
[2]).  

For each single motion with speed u, consider two distinct trajectories in the 
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complex model illustrated by Figure 1. 
One is the observed path along the real 0A line and the other along 0B’ line 

within the interior of the complex plane. The direction of the first we will call the 
“observable [real] direction” and of the second the “natural direction” which, 
nevertheless, is beyond the reach of human senses and of physical instruments 
while still present within the easily accessible mathematical model. 

If we consider motion of a rocket, our assumption is that, at the initial time 
epoch tc,θ = 0, its actual, unobserved, length spreads out between the points 0 and 
B’, whereas the observed “image” of this rocket’s length spreads between 0 and 
A. 

According to the Lorentz contraction, as illustrated by Figure 1, the image is 
shorter than the actual rocket by the proportion |0A|/|0B'| = cosθ where, ac-
cording to the primary assumptions (A), 

( )1 22 21cos u cθ −= . 

As one can say, the measured [if that experiment ever “happened”], by physi-
cal instruments, length |0A| of the rocket is just the length of the observed 
“rocket’s shadow” whereas its “true” invariant length is |OB'| = |OB| and the 
|OB| is the length of the rocket when at rest. 

4. On Galilean Speeds along the Natural (Complex)  
Directions 

Let us now reinterpret a bit Figure 1. Instead of the “rocket” spread out between 
some points consider a classical particle at the moment t = 0 situated at point B' 
while its real “image” has position A. 

The image of this particle moves along the real x’-axis with the relativistic 
speed u. 

In accordance with the first assumption of (A), which follows formula (1), we 
have: 

 sinu c θ= . (5) 

The question now is, what is the speed of the “actual particle’ as it moves 
along the radial line 0B’? 

To answer this, notice two facts, one of geometric and the other of analytic 
nature. 

First, the “two objects” (actually it is the same particle considered [“ob-
served”] at point A and at point B' separately) are “instantaneous” in at least two 
meanings: geometric as both always lying on the same vertical line connecting 
them and analytic, since for the real parts we always have: 

Re B Re A A′ = = . 

Second, the ratio of the distances is: 

 OB OA secθ′ = . (6) 

The conclusion from these two facts is that the [real] speed Uθ along the 
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[complex] radial xc,θ-axis 0B’ (known in literature as the proper velocity or celer-
ity, but with no complex space framework nor geometric interpretation) is big-
ger than u and from (6) it follows that: 

 secU uθ θ= , (7) 

where according to the admitted convention if θ = 0 then 

 0u U= .  (7*) 

Realize that since, in accordance with (A), secθ numerically equals the Lorentz 
factor, the proper velocity Uθ here was obtained geometrically with no use of 
[proper] time. 

Remark 2. The premises for conclusion (7) are both the geometric and ana-
lytic “instantaneity” described above. 

The above considerations do not yet require any primary use of the concept of 
time since the instantaneity is defined independently of this concept (Here notice, 
that this instantaneity cannot be so defined in the real M4 Minkowski model.) 

Nevertheless, as it is shown in [1], the times which elapse for either of the 
“two” objects to shift from 0 to A and from 0 to B’, will turn out to be the same. 
Thus, the instantaneity in the sense of “same time” also takes place but will be a 
conclusion rather than a premise. For more on that, see [5].   

Combining (7) with (5) we also obtain: 
 tanU cθ θ= . (8) 

As mentioned, the real speed Uθ = |Uc,θ|, is known as the “proper speed” where 
Uc,θ = Uθexp[iθ] is the corresponding “complex speed”. 

As for the complex speed Cc,θ of a light beam that is sent ahead from the con-
sidered rocket, which itself moves with speed Uθ in 0B' radial direction, the same 
as before geometric argument yields to the conclusion that since |0B'|/|0A| = 
secθ, we have: 

 , seccC C cθ θ θ= = , (9) 

where c is the ordinary relativistic [“small”] speed of light in vacuum of the real 
subspace. 

Consequently, we have, for the complex speed of light: 

 [ ], expcC C iθ θ θ= . (9*) 

In the complex quantities’ framework, an overwhelming suggestion yields to 
the conclusion that the proper speeds Uθ as defined by (7) or (8) and Cθ defined 
by (9) should be considered “Galilean” or “Newtonian” since they are speeds of 
(para)-physical bodies which move along complex paths such as the 0B’ path. 
The metrics of the paths are invariant [no Lorentz contractions], so each of the 
radial trajectory [as seen by observers situated on them] is a Euclidean line. 

Notice, that the source of boundness of the relativistic speeds u [including 
speed c of light in R3] is the Lorentz contraction of distances, which, geometri-
cally, are projections of Euclidean distances in any OB’-like radial line onto the 
real x’-axis. Parallelly, any speed Uθ or Cθ along that radial line projected (or, 
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analytically, multiplied by cosθ) into the real x’ direction results in its bounded 
relativistic counterparts u or c. Realize that c as the projection of Cθ is always the 
same, regardless the angle [speed] θ. This and the Euclidean character of all the 
radial lines inclines one to treat the speeds Uθ and Cθ as Galilean (or Newtonian). 

The relativistic speeds and contracted distances may roughly be considered as 
deformations of the Galilean and the Euclidean, respectively. 

Notice that each Galilean (proper) speed Uθ is finite but unbounded. As θ  
π/2, we have, according to (5) and (8) u  c and Uθ  ∞. 

In the papers [3] [5], the last infinite limit, I considered to be the [actual] “Ga-
lilean speed of light” Cπ/2 = C = ∞. This is just in spirit of the Newtonian theory 
and supports the “Newtonian version” of Einstein’s universality of speed of light 
(“Any finite speed Uθ is “infinitely smaller” than the infinite speed of light C = 
Cπ/2.). The “direction” of this (full) speed of light is vertical since, in this case, θ = 
π/2. 

Remark 3. At this point, once the infinite values (of the light speed and of the 
corresponding infinitely distanced “positions” which the photons “reach”) enter 
to the creating theory, a kind of necessity arises as to complete the theory’s mod-
el by corresponding “infinite objects” i.e., mathematical objects “situated at in-
finity”. This may lead to the construction of 3-D complex projective space that 
we propose to denote by ℘3 (while the real projective space by P3). The main 
part of the well-known construction (see [7] or any other text book from the 
projective geometry) relies on adding to the points of the C3 (more generally, to 
the points of Cn, n = 1, 2, …) the so called “invalid points” i.e., “points at infini-
ty”, say {0, c1, c2, c3}∈℘3, where (c1, c2, c3) ∈ C3. The invalid points are also iden-
tified with the directions here represented by directions of the vectors, say [c1, c2, 
c3] from C3. 

In such the model light could approach an invalid point situated infinitely far 
from its source. According to an adopted convention, at an invalid point would 
also be situated the “position” of any photon after any nonzero amount of 
[purely imaginary] time elapsed. 

(This will not happen if the elapsing (complex) time has a nonzero real part, 
see [2]). 

The ordinary “finite” points from the corresponding (open) C3, say (c1, c2, c3) 
∈ C3 are in℘3 identified with any quadruple proportional to the quadruple {1, 
c1, c2, c3} ∈℘3. 

The whole corresponding ℘3, as the physical model, we propose to name the 
“closed para-space” which topologically is compact and, possibly, represents 
some (para)reality with a “transcendent part” situated infinitely far from us? Such 
a reality is out of any empiric reach but still can be, at least partially, “seen” by 
human minds, which use for this purpose (as a “mental instrument”) an elegant 
and efficient mathematical model. 

In my opinion, the actual need to introduce such projective extension [as the 
model for “closed (para)physical space”] of the “open” complex C3 space is mo-
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tivated by the fact that such the ℘3, or ℘n (n = 1, 2, …) spaces, in general, have 
the best mathematical properties of all other geometric models. It is the “richest” 
and the most unified ([7]) geometric space of all the finite dimensional “flat” 
spaces and, actually, of all the geometric spaces. For that, see for example [7]. 

And there is [“just”] a believe among many, including myself, that the best, 
mathematically, model will, sooner or later, turn out to be the best for physics 
and possibly also for other applications of mathematics. 

Nevertheless, there is one drawback of such a model. The ℘3 model is not 
endowed with metrics which may be the serious obstacle for physicists. An easy 
remedy for that disadvantage is to apply a “partial metrics” as the one whose 
domain is restricted to the valid [finite] points only. Other, similar way out from 
the difficulty is to consider, as the model for physics, the cartesian product C3 x 
℘3 of the open and closed versions of the para-space.  

As mentioned, the Galilean speeds Uθ, are known in SR under the name 
“proper” but the novum of this presentation relies on different [basically geome-
tric] derivation of them and, first of all, on their Newtonian interpretation 
mainly motivated by the “Euclidean consequences” of introducing the complex 
extensions. 

Regardless their unbounded nature, the Galilean speeds never exceed the cor-
responding semi-Galilean speeds of light Cθ, for any θ such that |θ| < π/2. 

Recall that, unlike the (infinite) “Galilean speed of light” Cπ/2 = ∞, we call all 
finite speeds of light Cθ, for |θ| < π/2 “semi-Galilean” treating them as the slant 
projections of the infinite Galilean into the OB' like slant radial lines (Figure 1). 
Physically, they are the same as speeds of the light sent ahead or backwards from 
the rocket that moves along that slant line with the speed Uθ,. 

Their magnitudes are defined by (9). 
This semi-Galilean speed of light is known in SR as the time-like coordinate of 

four-velocity. 
In this case, we always have Cθ > Uθ, and the “quadratic difference” between 

the two is (independently of θ) the same in the sense that we always have: 

 2 2 2C U cθ θ− = . (10) 

For more on that, see [3] or [5]. 
Notice too that, in SR terminology, as considered in the hyperbolic settings, 

the left-hand side of (10) represents the [invariant] squared hyperbolic norm of 
four-velocity. In the Euclidean framework presented here, (10) rather relates to 
the universality of semi-Galilean speed of light as the squared “difference” be-
tween the two speeds is always the constant c2. Thus, (10) represents the “gene-
ralized Einstein’s universality of the velocity c”. 

5. More on Velocities 

In classic SR the proper velocities [or speeds, here Uθ, and Cθ] are obtained in a 
quite different way than we did (geometrically), by purely analytic considera-
tions, as the convenient convention with no explicit reference to Newtonian 
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theory. 
Recall, shortly, some basic facts to compare the ideas presented here, asso-

ciated with the complex Euclidean C3 model for SR, with the common “hyper-
bolic” approach to SR as related to its M4 model. 

For simplicity, we will consider one real direction motions, and thus we ana-
lyze the C1 model in place of C3 and M2 (with one axis being the time axis) in 
place of M4. So only one coordinate Uθ of the velocities (Uθ, 0, 0) will now be 
analyzed. 

As the starting point for the comparison of both approaches to [the same] SR, 
consider any pair (c, u), where c is the usual relativistic speed of light and (u, 0, 
0) any relativistic (with u bounded by the speed of light c) velocity, which in this 
specific unidimensional case reduces to its speed u. 

In SR [considered as the M4 “s theory] there is adopted the following hyper-
bolic trigonometric speed’s representation u = ctanhλ, where the “rapidity” λ is 
the hyperbolic angle corresponding to speed u. 

By contrast, in association with our Euclidean model (here it is the complex 
plane C1), we applied the trigonometric substitution u = csinθ, where θ is the 
circular angle, the argument of a corresponding complex physical quantity (here 
the complex Galilean speed Uc,θ so that Uθ = |Uc,θ| and θ = arg(Uc,θ)). 

As it is the common procedure with the full four-dimensional M4 develop-
ment of SR, the four-velocity (Cθ, Uθ1, Uθ2, Uθ3) is obtained from the quadruple 
(c, u1, u2, u3) (where the triple (u1, u2, u3) denotes an ordinary relativistic veloci-
ty) by multiplying (c, u1, u2, u3) by the Lorentz factor 

( ) ( )21 1u u cγ = + . 

With the simplified two dimensional versions of the SR models we have in-
stead (for “two-speeds”) 

( ) ( )( ), ,C U u c uθ θ γ= , 

and depending on the model (M2 or C1) applied, we may substitute: 

( ) ( )cosh or secu uγ λ γ θ= = . 

The two representations of the same Lorentz factor must be equal, although 
the corresponding hyperbolic and circular angles λ and θ are not and are differ-
ent kinds of mathematical objects. 

The question may occur which of the two representations brings more infor-
mation on the nature of the obtained velocities Uθ and Cθ. 

It should be clear that the second representation as Uθ = ctanθ and Cθ = csecθ 
(see (8) and (9)) reveals the Galilean (Newtonian) nature of Uθ and Cθ, while the 
first does not suggest anything like that. 

In the first case, however, the invariance of the “two-speeds” with respect to 
its magnitude immediately follows as according to the (hyperbolic) squared 
norm’s definition in M2 we have 

 ( ) 2 2 2 2, constant, indepent of
h

C U C U cθ θ θ θ θ= − = =  (B) 
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due to hyperbolic trigonometric identity cosh2λ − sinh2λ = 1. 
In C1 the norm has a different definition, but equality (B) holds too, this time 

due to the circular trigonometric identity sec2θ − tan2θ = 1. 
However, in the latter case, equality (B), instead of the squared norm, ex-

presses the universality of speed of light in its generalized form in any of the 
complex plane directions θ. For more on this see [3]. 

In both cases the right-hand side of equality (B) does not depend on velocity 
Uθ nor Cθ, but in the second (“circular”) case, (B) seems to bring some addition-
al information (some generalization of the basic axiom of SR, between others) 
exhibiting, in possibly new way, the association between the relativity principle 
[the independence from θ i.e., from the speed] and the speed of light universality. 

The association is then expressed both by the hyperbolic version of SR and by 
the speed of light universality in the second (circular) version here being under 
the consideration. 

The latter indicates possible existence of “logical” dependence of the univer-
sality of the speed of light on the relativity principle. 

Both laws may possibly (?) be consequences of some necessity of mathemati-
cal nature (such as some trigonometric identities or extrema in other cases as 
met in physics). 

6. On Speeds Algebraic Operations 
6.1. Galilean Speeds Composition 

Proper velocities are unbounded but, as mentioned in SR literature, they seem 
not to be understood as Galilean (Newtonian) velocities. Unlike in this paper, 
they are not considered as associated with the complex quantities, where real 
parts of these quantities are the relativistic speeds. 

Recall, that in our framework proper velocities are equal to the signed abso-
lute values of the complex velocities. 

As it is known, however, composition of proper velocities is not arithmetic 
sums of them. Of course the same happens with them when considered as the 
“Galilean” speeds, which in our complex framework can be verified as follows: 

Let’s for the relativistic speed of light in vacuum assume c = 1. Then we con-
sider any two relativistic speeds as 

sin , sin for 2 , 2u vα β α β= = − π < < π . 

Their Galilean counterparts (proper velocities) are 

tan , tanU Vα β= = . 

Recall, for the composition of relativistic speeds the Lorentz-Einstein addition 
is given by: 

 ( ) ( )sin sin sin sin 1 sin sin sinα β α β α β θ⊕ = + + ⋅ = , (11) 

where 

 ( )arcsin sin sinθ α β= ⊕ . (12) 
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One can easily check for any simple specific example that: 

( )arctan tan tanα β θ+ ≠ . 

Thus, the arithmetic addition of the Galilean speeds is not compatible with the 
Einsteinian addition of relativistic speeds. This fact, of course, may put into doubt 
the interpretation of the quantities U and V as “Galilean” speeds. 

In this paper the adjective “Galilean” mainly was motivated by geometric con-
siderations in the Euclidean complex plane and motivation for this name, first of 
all, was based on the invariance of length of physical bodies as positioned along 
the radial direction (see Figure 1 in text of this paper with the length invariance: 
|OB| = |OB'|). 

A partial remedy for the problem of “non-Galilean” behavior of the composi-
tion of the “Galilean” velocities may be adoption of the following definition for 
“addition” of the Galilean quantities ctanα, ctanβ, with c = 1: 

 ( )( )*tan tan tan arcsin sin sin tanα β α β θ⊕ = ⊕ = . (13) 

The later addition “⊕*” is then generated by the Lorentz-Einstein addition 
“⊕“ and is compatible with it.  

Now, it is seen that the results of both the additions, as given by (11) and (13), 
are related as tanθ/sinθ = secθ = γ, where the γ is the usual Lorentz factor. 
Therefore, the defined by (13) “sum” of proper speeds is again legitimate proper 
speed. 

This is the reason we call this proper speed “Galilean” again, treating the re-
sult tanθ as a composition [or “sum”] of the speeds tanα and tanβ. 

Notice, that, as it is common to know (see for example [8]), the same “addi-
tion” of proper speeds is differently defined than that by (13) and different non-
trigonometric formula is used as its definition. In my opinion, however, defini-
tion (13) is simpler and somewhat more explanatory i.e., (13) shows better the 
geometric “mechanism” of this addition, which has its source in the mathemati-
cal structure of the complex plane and, possibly, also in a relation between rela-
tivistic and Newtonian motions. 

6.2. Algebraic Structure on Sets of Relativistic Speeds, Galilean 
Speeds and on the Related Set of Circular Angles 

6.2.1. Additions 
Consider, first, the pair (E, ⊕), where E is the set of all relativistic speeds in R3 
i.e., 

 { }: , so sinE u c u c u c θ= − < < = , (14) 

where c = 1 is the (relativistic) speed of light in vacuum and the angles θ (argu-
ments of the corresponding complex quantities) satisfy: 

 2 2θ−π < < π , (15) 

where ⊕ is the operation of Lorentz-Einstein addition defined, when trigonome-
tric form is applied, by formula (11). 
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It is a well-known fact that (E, ⊕) is an Abelian group. We will call it the E- 
group. 

We yet will consider two other Abelian groups which are isomorphic to the E- 
group. 

1) First, consider the corresponding to E set A of the angles θ (the arguments) 
such that: 

 { }: 2 2A θ θ= −π < < π . (16) 

In A we define addition “ **⊕ “ of the angles as follows: 

( ) ( ) ( )** arcsin sin sin 1 sin sin arcsin sin sinα β α β α β α β⊕ = + + ⋅ = ⊕   . (17) 

Since this angles’ addition is generated by the relativistic speeds addition ⊕, 
the pair (A, **⊕) is an Abelian group isomorphic with the group (E, ⊕). 

Isomorphism of the two groups is given by the mapping: Φ() = arcsin() so 
that 

 : E AΦ → , 

and 

( ) ( ) ( )**u v u vΦ ⊕ = Φ ⊕ Φ , 

where, recall c = 1, u = sinα, v = sinβ. 
Recall that, Φ() is the one-to-one surjection (−1, 1)  (−π/2, π/2) so that it is 

an isomorphism. 
2) Consider yet the set G of all the Galilean speeds, given as: 

{ }:G U U= −∞ < < ∞ , 

where, upon c = 1, U = tanθ, with −π/2 < θ < π/2. 
In G the addition “⊕*” is defined by (13). 
It can easily be seen that the pair (G, ⊕*) is also Abelian group isomorphic 

with the group (E, ⊕). 
The mapping which establishes this isomorphism is 

 ( ) ( )tan arcsinΛ = , (18) 

which is an injective and surjective mapping: 

( ) ( ): 1,1 ,Λ − → −∞ ∞ . 

Upon the substitution sinα = u, sinβ = v, and definition (18), it follows from 
formula (13) that: 

( ) ( ) ( )*u v u vΛ ⊕ = Λ ⊕ Λ . 

By the transitivity of isomorphisms all the three groups A, E and G are iso-
morphic so algebraically identical. 

Additionally realize, as interesting (though obvious) facts, that for the trigo-
nometric representations of speeds we have: 

( ) ( ) ( )( )1 1 *sin sin tan tan tan tanα β α β α β− −Λ + = Λ Λ ⊕Λ = ⊕ , 

and, moreover: 
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 ( )**sin sin sinα β α β⊕ = ⊕ , (19) 

 ( )**tan tan tanα β α β⊕ = ⊕ . (20) 

The algebraical identity of the three groups and the last two identities suggest 
that it may be convenient to consider as basic model, for all the three “speeds”, 
group of angles (A, **⊕) as both the speed’s additions may (according to (19), 
(20)) be reduced to the angles’ addition **⊕. 

Recall at this point, that the [geometric objects] angles are equivalent to both 
[physical] speeds: relativistic and Galilean (proper) speeds. 

6.2.2. Scalar Multiplications 
1) Even more interesting facts than the above algebraic identity of the three 

additive groups of the speeds and angles are: firstly the possibility of introducing 
a vector space structure in the groups A, E and G, and secondly the fact that the 
three obtained vector spaces are isomorphic. 

The, here introduced, multiplication of relativistic speeds by scalars from the 
field R of real numbers is based on multiplication by nonnegative integers as de-
fined in [9]. 

Here, we also sketch some easy extension of that multiplication to multiplica-
tion by arbitrary reals from R. 

First, however, realize that any reasonably defined multiplication “⊗” of, say u 
∈ E by a positive integer scalar must be compatible with the Einstein addition ⊕ 
in the sense that, for example, 

 2 u u u⊗ = ⊕ . (21) 

Then, inductively, one can define, 

 ( )1n u n u u⊗ = − ⊗ ⊕   , (22) 

provided one already has defined the product (n − 1) ⊗ u. 
The procedure of computing this way consecutive products n ⊗ u is very 

cumbersome and finally impossible even if it is well defined. 
This, fortunately, becomes easy if we apply the following very useful repre-

sentation of any relativistic speed u as the following algebraic quotient (see, [9]): 

 ( ) ( ){ } ( ) ( ){ }1 1 1 1 1 1u u u u u= + − − + − +       . (23) 

and 

( ) ( ) ( ) ( ){ } ( ) ( ) ( ) ( ){ }1 1 1 1 1 1 1 1 1 1

u v

u u v v u u v v

⊕

= + − ⋅ + − − + − ⋅ + − +              
. (24) 

Some computation will show that the right-hand side of (24) equals 

( ) ( )1u v uv+ + . 

Now, as it follows from (24) and the inductive definition above (conditions 
(21) and (22)) the product of u by any positive integer k = 0, 1, 2, … is simply 
given by: 
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 ( ) ( ){ } ( ) ( ){ }1 1 1 1 1 1
k k

k u u u u u⊗ = + − − + − +       , (25) 

(see [9]). 
From (25) it immediately follows that: 

0 0u⊗ =  
and 

( ) ( )1 u u− ⊗ = −  
hence for any negative integer, say (−k) (k > 0), we have 

( ) ( ) [ ]1k u k u− ⊗ = − ⊗ ⊗ . 

The last three equalities one easily obtains just by setting the values 0 or (−1) 
in place of k in (25). 

Thus, multiplication of speeds u by any integer number is defined. 
Extend coefficient k in (25) to arbitrary rational and then to arbitrary real 

numbers. 
First, define 

( )1 if and only ifm u v m v u⊗ = ⊗ = , 

for any integer m ≠ 0. 
Then if, in (25), k = (n/m) then 

 ( ) ( )1n m u n m u⊗ = ⊗ ⊗   . (26) 

The rule that 

( ) ( )r k u rk u⊗ ⊗ = ⊗  
used in (26), can immediately be verified by applying the representation (25). 

Hence, (26) allows to multiply any speed u ∈ E by an arbitrary rational num-
ber q. 

As for the reals, according to the standard extension, any real number r ∈R, 
one can represent as the limit: 

limn nr q→∞= , 

where the sequence {qn} of rational numbers can be, for example, the sequence 
of consecutive decimal approximations of r. 

Now, continuity of algebraic expression (25) (when k is considered real) with 
respect to k allows to define, for any real r: 

 ( )lim asn nn
r u q u q r

→∞
⊗ = ⊗ → . (27) 

In the rest of these considerations we will assume that k in (25) is any finite 
real scalar. 

The immediate consequence of the above is, that 

1 as and 1 ask u k k u k⊗ → →∞ ⊗ → − → −∞ , 

where 1 is the (real) speed of light. 
To verify this, it is enough to take the limits at the right-hand side of (25). 
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Also, it can easily be verified that the group (E, ⊕) of relativistic speeds, to-
gether with the multiplication ⊗ by scalars from R is a vector space. 

Verification of vector spaces axioms based on the representation (25) is 
straightforward so here we only check distributivity of this scalar multiplication 
with respect to the Einstein addition. 

So we will show that: 

 ( ) ( ) ( )r u v r u r v⊗ ⊕ = ⊗ ⊕ ⊗ . (28) 

This can be seen as follows. According to formula (14) we have: 

( )

( ) ( ) ( ) ( ){ }{ } ( ) ( ) ( ) ( ){ }{ }
( ) ( ) ( ) ( ){ }{ } ( ) ( ) ( ) ( ){ }{ }
1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1

r r

r r r r

r u v

u u v v u u v v

u u v v u u v v

⊗ ⊕

= + − ⋅ + − − + − ⋅ + − +              

= + − ⋅ + − − + − ⋅ + − +              
 

Realize that, according to (24), the third extreme right hand side of the fore-
going equality is identical to 

( ) ( )r u r v⊗ ⊕ ⊗ . 

Therefore (28) holds. 
Also other axioms of vector space theory can readily be verified. 
Hence, the triple (E, ⊕, ⊗) is a vector space over the field R of finite reals. 
E is not an algebra since any product of any kind of speeds is not a speed. 
2) Definitions of scalar multiplication of any k ∈ R by elements of G and A as 

generated by the scalar multiplication in E (as defined by (25)) is rather 
straightforward. 

Definition 1. If k ∈ R, and θ ∈ A then for their product we adopt: 

 ( )**   arcsink k uθ⊕ = ⊗ , (29) 

where u = sinθ, and k ⊗ u is defined by (25).  
Definition 2. Let k ∈ R and U ∈ G (so that U = usecθ, where u = sinθ). 
Then we define 

 ( )* * tan tan arcsink U k k uθ⊗ = ⊗ = ⊗   . (30) 

 
Remark 4. Realize that both definitions of multiplying k by elements of E and 

G rely, in a sense, on either taking sine or tangent of the angle θ' = k **⊗ θ, 
so that three possible theories of the models, say A, E and G can, likely, be re-

duced to one that investigates the vector space (A, **⊕, **⊗), i.e., to a “geome-
tric” theory. 

This methodology is, however, of rather theoretical value as indicates the rela-
tionship between pure “geometry” and the two mechanics. In practice, when 
computations matter, we rather consider the Lorentz-Einstein addition and re-
lated scalar multiplication in E as generating two remaining algebraic structures 
of G and A. 

It could be said that one may choose among the two possibilities as for the ba-
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sis (basic language) for the three theories to unify them. 
The “geometric” approach that chooses the theory of the model (A, **⊕, **⊗) 

as a primary theory is probably the way Nature “acts” (possibly, thru a Creation 
Process?), but it is not a convenient method from any human epistemological as 
well as computational viewpoint. 

The way of getting knowledge (not that of creating a reality) rather requires 
considering as a basic model the triple (E, ⊕, ⊗) since all the operations in the 
remaining models are induced by the ⊕, ⊗ operations. 

Creating (A, **⊕, **⊗) without knowing any model from the remaining two 
seems to be extremely difficult if not impossible for humans (?)  

a) It can easily be verified that multiplication by scalars in the sets A and in G 
as defined by (29) and (30) respectively, together with the corresponding addi-
tions, impose on A and on G algebraic structures of vector spaces. 

For example, let us check for both the triples (A, **⊕, **⊗) and (G, ⊕*, ⊗*) 
distributivity of scalar multiplications over the corresponding additions. 

Both the rules are based on the rule (28) as (primarily) satisfied in (E, ⊕, ⊗). 
So, now let us substitute r = k, u = sinα, and v = sinβ (so, c = 1), and let k be 

any real number. 
As α, β ∈A we proceed in A as follows: 

 

( ) ( )
( ) ( )
( ) ( )

( ) ( )

**

**

** ** **

arcsin sin sin

arcsin sin sin

arcsin sin arcsin sin

 

k k

k k

k k

k k

α β α β

α β

α β

α β

⊗ ⊕ = ⊗ ⊕  
= ⊗ ⊕ ⊗  
= ⊗ ⊕ ⊗

= ⊗ ⊕ ⊗

 (31) 

The last equality is based on definition (29). 
Concluding, we have obtained that: 

 ( ) ( ) ( )** ** ** ** ** k k kα β α β⊗ ⊕ = ⊗ ⊕ ⊗ , (32) 

in A. 
b) As for the distributivity rule to be satisfied in (G, ⊕*, ⊗*) we proceed as 

before. 
Set for U, V ∈ G: U = tanα, V = tanβ, (c = 1). 
Then, to show that 

 ( ) ( ) ( )* * * * *tan tan tan tank k kα β α β⊗ ⊗ = ⊗ ⊕ ⊗ , (33) 

we proceed as follows: 

( ) ( )( )
( ) ( )( )
( ) ( )

( ) ( )
( ) ( )

* *

**

** ** **

* * *

tan tan tan arcsin sin sin

tan arcsin sin sin

tan arcsin sin arcsin sin

tan

  tan tan

k k

k k

k k

k k

k k

α β α β

α β

α β

α β

α β

⊗ ⊗ = ⊗ ⊕

= ⊗ ⊕ ⊗

 = ⊗ ⊕ ⊗ 
 = ⊗ ⊕ ⊗ 

= ⊗ ⊕ ⊗
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what was to be shown. 
In the latter sequence of equalities we were using the rules (30), (13), (25), 

(28), (31), the first two equalities in (31), and finally we applied (32). 

6.3. In Light of the above This Is Clear that the Three Vector  
Spaces We Encountered are Isomorphic with the Following 
Isomorphisms 

( ) ( )arcsin : for 1E A c→ = , 

and 

( )tan arcsin : E G→ . 

Besides the identical algebraic structure, the sets A, E, G bear the same topo-
logical structure as the three open intervals (−π/2, π/2), (−1, 1) and (−∞, ∞) are 
homeomorphic [and also diffeomorphic] and that the defined above algebraic 
operations are continuous (as defined by the compositions of real continuous 
functions) with respect to the natural topologies on the intervals. 

That means that the three sets A, E and G have all imposed identical structure 
as topological (metric) linear spaces and therefore it can be said that, to a degree, 
the three corresponding theories reduce to the same one that is, for example, to 
the SR theory of the model, say (C3, ℘, A3). 

(Here, ℘ is the Poincare group of all isometries of the C3, and A3 is the carte-
sian product A × A × A of the defined above vector spaces (A, **⊕, **⊗) with 
the coordinate-wise defined algebraic operations **⊕, **⊗ [as for the scalar mul-
tiplication it is used that all the three coordinates of A3 are **⊗ multiplied by the 
same real number] The elements of A3 are the “three-arguments” of the under-
lying complex vectors that belong to the C3.) 

Recall at this point that the endpoints of the closures of the considered inter-
vals represent speeds of light (which, geometrically, correspond to the orthogo-
nality (π/2 angle)). 

These endpoints (including ±∞ [the Galilean speeds of light]) are very natural 
as parts of the three corresponding topological (and not always metric) spaces, 
but, when one would try to endow them with the algebraic structures of vector 
spaces, difficulties with continuity may be encountered, so that, for simplicity, I 
limited the considerations to the open (finite and one infinite) intervals as to the 
topological (metric) vector spaces. 

As already mentioned, the unidimensional spaces can be extended to the full 
three-dimensional, as their third Cartesian power, and together with the whole 
considered C3 para-space [plus the Euclidean metrics on it and the “Poincare 
group” of all the C3  C3 isometries that generate the geometry of the model] 
may be considered as equivalent models for both SR and a theory that might be 
named “semi-Newtonian theory” (SN) at least when reduced to kinematics only. 
That theory differs from, say “legitimate Newtonian” (possibly only) by the rule 
of adding (high) speeds which does not rely on the usual arithmetic addition of 

https://doi.org/10.4236/jamp.2024.127146


J. K. Filus 
 

 

DOI: 10.4236/jamp.2024.127146 2444 Journal of Applied Mathematics and Physics 
 

velocities’ coordinates. 

7. On “Newtonization” of Relativistic Physical Quantities 

The procedure mentioned in title of this Section has, to a measure, its counter-
part in standard SR known as the theory of four vectors within the hyperbolic 
geometry. However, in SR, the four-vector’s concept, has rather no direct refer-
ence to the Newtonian concepts which, in turn, follow the Euclidean rules. 

In the language of this and other my papers on the subject, the procedure of 
Newtonization relies, between others, on replacing (mainly for conceptual pur-
poses) relativistic velocities, say u, v, … and other relativistic quantities, by their 
corresponding Galilean counterparts, say U, V, …, which, when reduced to one 
dimensional cases, relies on transferring the motion along the real x-axis to the 
(radial) r-axis that form correspondingly angles, say α, β, … with the x-axis (re-
call that, in this case, u = csinα, v = csinβ, … and the Newtonization, when 
speeds are considered on the [different] r-axes, relies on replacing the speeds re-
lativistic magnitudes csinα, csinβ, … by the Galilean magnitudes ctanα, ctanβ, …). 
As mentioned before, in SR numerically the same action has, typically, been 
taken but within different (four-vectors), possibly equivalent (numerically, but 
not conceptually), framework that we do not apply in the C3’s theory. 

The main motivation for the classical SR construction is changing the coordi-
nate system, say from x-axis (when the considered case is unidimensional) to 
another, also real, x’-axis, which moves with respect to the original one with 
speed u. We, instead, change x-axis for the corresponding [to u] r-axis lying in 
the interior of the complex plane. 

In classical SR, this change is forced by the fact of shortening time t to the 
“proper time”, say τ, related to the “previous time t” as t = (secα)τ. This forces 
one to differentiation various quantities over dτ rather than over dt. 

Anyway, both approaches, the “classic” SR and our approach, yield the same 
increment of physical quantities by 

 ( ) ( )21 1 cosh secu u vγ λ α= − = =  (see [10]). 

(The second, equally important, motivation of SR theory in M4 is the necessity 
of working with the invariant four-vectors (here, four-velocities) i.e., as the 
magnitudes of all the four-vectors are invariant while changing coordinate sys-
tems by applying the Lorentz boosts.). 

It looks like both the theories work with the same physical quantities but their 
understanding and the motivations for turning to the four-velocities or to the 
(semi)-Galilean speeds are different. 

In both, the key to interpreting increased or decreased (comparing to results 
of direct physical measurements) quantities, [mostly by the Lorentz factor γ(u) = 
secα, whenever u = csinα] is invariance of the norms (hyperbolic or Euclidean 
correspondingly) of some of them when one coordinates system is replaced by 
other. 
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In this work, the basic quantity that is invariant with respect to the motion is 
Euclidean length to which in SR corresponds, not as natural, space-time interval 
with its invariant hyperbolic “length”. As usually the Euclidean length is inva-
riant upon the (circular and not hyperbolic) rotation (by the, related to speed u 
= csinα, angle α). 

The length preservation under circular rotation in (complex) Euclidean space 
appeared to me the very natural background to the Newtonian version of me-
chanics especially that, parallelly, the speeds along the rotated axis (“proper 
speeds” in SR) seem also be natural (Galilean). 

“The same” length, when only considered by SR on the real line, is shorten 
according to the Lorentz contraction, so here the two theories (or rather the two 
different models of the same theory) “disagree”. 

At this point, within standard SR, the connection with Newtonian mechanics 
as based on Euclidean ideas had, probably, been lost. This is, probably the reason 
the Newtonian concepts or Newtonian (Galilean) interpretations of the quanti-
ties such as, for example, “proper velocity” have been overlooked. As it was often 
articulated in my works, the physical results of both the considered theories (SR 
and ours) are basically the same. The differences rely on different models ap-
plied and consequently (often) on different interpretations of the notions. 

Why we consider the “proper velocities” as Galilean? Let me compare the two 
approaches that yield these quantities. 

In SR one of the primary realizations was shortening the time in moving coor-
dinate system (as observed from a stationary coordinate system) which made it 
necessary for defining velocities as the invariant four-vectors. 

This (upon differentiation of invariant (at rest) distances over “shorter” [proper] 
time) resulted with higher velocities whose Newtonian sense was, probably, 
overlooked. 

Our claim then is that speeds and times along various radial lines (that in SR 
correspond to the moving real coordinate systems with various speeds but all in 
the same direction) are natural and, possibly, Newtonian quantities. 

Unlike these quantities, some SR quantities, such as lengths and speeds that 
are measured along the (one) real line are “artificially” contracted while other, 
such as time, are, in turn, “artificially” extended. 

The latter facts are the subject of SR (in M4) as this theory deals with real 
spaces (space-times) only. The requirement of considering this part of physics in 
real domains implies the necessity of dealing with hyperbolic geometry with a 
little artificial (non-Euclidean) metrics, which, actually, is not a “metric” in the 
usual topological sense as met in mathematics. My impression is that whenever 
the SR theory is considered as theory of M4 model, with the hyperbolic rotations 
instead of the circular, talking about some quantities like for example proper 
speeds being four-velocities as at least closely related to their Newtonian coun-
terparts appears be inappropriate and, consequently, their Newtonian character 
is lost. 
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On the other hand, in the complex C3 model one meets an overwhelming im-
pression that the, here mentioned, quantities are Newtonian (as [signed] abso-
lute values of the corresponding complex quantities) while their relativistic 
counterparts are simply their real parts so that relativistic mechanics is kind of 
“distorted” classical. 

This is, however, not as simple. For example, as it was elaborated in previous 
Section, the “Newtonian” speeds or velocities whenever composed do not arith-
metically add up. 

Moreover, they do “add up” but the addition is generated by the Lorentz- 
Einstein addition as defined by (13). Now, it looks like the SR generates (at least 
partially) the classical theory. 

Resuming, at least as for the velocities, Newtonian (Galilean) quantities are 
subjected to some “relativistic” structure? 

What then to say about the theory of these complex quantities (actually, their 
[signed] absolute values only) in C3. 

This question provokes another question. 
Why to assume that arithmetic addition of the Galilean velocities is the neces-

sary condition for preservation true classical character of the theory of Newto-
nian quantities? 

Of course, this assumption, probably, had to be seen by 18-th and 19-th cen-
turies’ scientists as the only possibility, and maybe they were wrong. Maybe for 
the really legitimate classical theory the proper addition of the velocities is not 
the arithmetic? Maybe its relation to SR is more complex than it prima facie 
seemed to be. 

Taking these questions into account we proposed above to call the above 
theory of all the mentioned Newtonian “items” in the interior of the C3, (whose 
structure is, however, not necessarily Newtonian [or, possibly, not the “naïve- 
Newtonian”?]) the “semi-Newtonian theory”. And, perhaps, this semi-Newto- 
nian theory is the actual Newtonian (or rather just “classical”), possibly over-
looked so far? 

(Realize too, that for regular, not very, high velocities, the arithmetic and the 
semi-Newtonian addition (13) almost does not differ so that, practically in the 
past history, the difference was indiscernible.) 

Now, one possibly can say, that SR is the “projection of the semi-Newtonian 
theory” (as valid in C3) into the real subspace R3. Consequently, the considered 
quantities could be called (semi) Galilean or (semi) Newtonian but, perhaps, 
they still should be understood as a legitimate classical? 

As for the possible reason, why the Galilean speeds (when collinear one- 
dimensional motion in real subspace is considered) do not add arithmetically 
when composed, realize that, even if on the real x-axis all the relativistic speeds 
have the same direction, all the corresponding (not equal to each other) complex 
speeds in the corresponding complex plane have the directions different! 

The latter fact was not realized in 18 and 19 centuries and the assumption of 
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arithmetic additivity of velocities, as the only reasonable possibility, was then 
very natural. 

Thus, after deeper analysis, the two theories SR and the semi-Newtonian seem 
to be mutually dependent on each other. 

On the other hand, one also may consider speed addition in C3 determined in 
the semi-Newtonian theory as regular but simply overlooked fact. 

And suppose that such the nonarithmetic addition say, “⊕*”, of, say here, 
“semi-Galilean” speeds U, V was the primarily known addition. 

Then from (13) one can “determine back” the Lorentz-Einstein addition “⊕” 
by: 

 ( )*sin arctanu v U V ⊕ = ⊕  , (13*) 

(where c = 1) which is given by the inverse transformation to the one applied in 
(13). 

In other words, the two additions can be considered equivalent. 

8. Conclusions 

1) So far we considered the “Newtonization” in the frameworks of kinematics 
(as in SR velocities are constant in time), both relativistic and semi-Newtonian 
(“classical”). Within this set of problems, one may conclude that the two theories 
(“classical” and relativistic), if considered as theories of the C3 model, are equiv-
alent. This equivalence is supported by isomorphism and homeomorphism (with 
continuity of the underlying algebraic operations) of the linear-topological spac-
es of relativistic and Galilean velocities considered in Sections 4 and 6.        

Remark 5. Some questions, however, may arise on how to consider the whole 
SR [the both versions] as the theory of C3 instead of M4. 

For example, the length or norm in C3 is invariant while in SR modeled by M4 
we rather talk about the invariance of space-time intervals. The latter belongs to 
M4 theory with the hyperbolic norm while the “regular” length in M4 is con-
tracted. Besides, M4 is not immersible in the C3. A way out from this difficulty is 
to transport the classic SR quantities to the C3 in a proper manner. For example, 
the space-time interval from M4 is “replaced” by the complex quantity, where 
instead of its time component in M4, the imaginary part of such “complex inter-
val” (the invariant Euclidean “length” of it is its absolute value) will be present in 
the new (C3) model’s setting. 

Also, some real SR’s quantities like proper speeds (or velocities) the “new SR” 
should consider as the absolute values of underlying complex values representing 
underlying physical quantities. Others, such as “observed lengths”, are the real 
parts of the given complex. With this approach, the real [observable] part of a 
complex length is subjected to the Lorentz contraction while its absolute value is 
invariant. 

Here realize that the classical SR theory is preserved. On one hand the Lorentz 
contraction is described in the very natural way and on the other the invariance 
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of the “space-time interval” under the hyperbolic rotation is replaced by the in-
variance of regular length under usual circular rotation. 

Consequently, we also resigned from the four-vector formalism as irreverent 
in the new complex settings. 

As one can see, at this point, we could omit the description of the mechanics 
by the Minkowski model with no loss of the corresponding physical content. 

What happens at this point, mathematically, is that we replaced the usual Min-
kowski’s plane, say M2 with its vertical time coordinate, by C1 plane with, in-
stead, vertical imaginary (length) coordinate. Under these conventions, all the 
underlying physical phenomena, as considered by SR, are described within the 
C3, possibly even more clearly. Recall yet, that within the theory of the here con-
sidered C1 plane, time can be defined as the product of geometry [angles of the 
rotations] of the complex plane and thus one, if she likes, can return to the M2 
model once imposing back the hyperbolic norm. We may talk about hyperbolic 
and circular (Euclidean) versions of the same SR considered as two distinct de-
scriptions of the same physical theory. 

Now, the above assertion on equivalence of the considered two kinematic theo-
ries (by Newton and by Einstein) seems to be more convincing.             

2) Anticipating my future work, which now is in preparation, I only present, 
shortly in below, some main results of the material I plan to develop more in de-
tails in a near future. From these results it will follow that the two mentioned 
theories (i.e., SR as the theory of the Minkowski real model M4, and as the theory 
of the complex para-space C3) are equivalent also in their dynamic parts i.e., 
when accelerations and forces are of concern. One can realize the equivalence at 
least in the sense of systematic obtaining the same numerical results for the same 
specific physical problems. But possibly, it is not only that. 

Look then at some formulas that will be obtained, to compare them with the 
formulas known in classic (extended) SR. Those new are now given below with-
out proofs, just to signalize future, yet unpublished, results. 

First, consider the Einstein’s version [11] of Newton’s motion equations in 
terms of the four-vectors: 
 d df pµ µ τ= , (34) 

where fμ is the four-force and pμ is the four-momentum given by: 
 0d dp m xµ µ τ= , (35) 

where xμ ∈M4 and τ is the proper time. From above two formulas it follows: 

 2 2
0d df m xµ µ τ= . (36) 

Formulas (34) and (36) represent the Newtonian equations Einstein formu-
lated within the four-vector formalism. 

Compare them with “the same” Newtonian equations as formulated in the 
complex C1 model’s formalism since we consider the one dimensional motion, 
originally along the real x-axis. 

Recall again, the “Newtonian motion” in the complex model is considered 
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along the complex line OB’ i.e., along the xc,θ axis, see Figure 1. To set up the 
“Newtonian problem” (an initial value problem for the Newtonian differential 
equation) in the real framework, we consider instead of the complex line xc,θ the 
real line rθ = |xc,θ| along which the unobserved Newtonian motion is to be consi-
dered. Here, by |xc,θ| we mean the (signed) absolute values of the complex num-
bers xc,θ. 

Notice also, that as we consider the “dynamic version of SR”, which is a bit 
beyond the regular “kinematic SR”, the speeds and velocities considered before 
constant, as well as the accelerations, now became non-constant functions of 
times (either the proper time τ [“along” the radial time-axis (see [1] Figure 3) or 
the time t' “along” the horizontal time-axis) and this is essential over which time 
(τ or t') the differentiation is performed. 

Compare the following two, say, “semi-Newtonian” equations, in the complex 
model’s formalism, with the known formulas (34) and (36). 

 ( ) ( )0d dF m Uτ τ τ= . (37) 

Realize, that in (37) the product Pr(τ) = m0U(τ), where the rest mass m0 is a 
constant, is the momentum of the considered body at time epoch τ in the radial 
direction so that Pr is exactly the same as the spatial part of the four-vector pμ 

present in (34) and (35). 
Moreover, the following formula: 

 ( ) ( )2 2
0d dF m rθτ τ τ= , (38) 

is numerically the same as the spatial part of (36) for the motion along the real 
x-axis. 

Also, F(τ) is the same as the spatial part of the four-force fμ. 
So, basically, the operations on right hand sides of the known in (extended) 

SR formulas (34) and (36) are equivalent to the (slightly different) operations on 
right-hand sides of (37) and (38), respectively. According to my best knowledge, 
those last two differential equations, are given, in this context, possibly, the first 
time. 

Also, the numerical results i.e., the solutions (for the same, in the spatial parts 
of (34), (36), initial value problems) of the underlying differential equations (34), 
(36) yield, finally, the same as Equations (37) and (38), solutions to the same 
physical problems. 

At this point yet notice that the solutions, say U(τ) and rθ(τ) of an initial value 
problem for Equations (37) and (38) are solutions for the (semi)Newtonian mo-
tion which is unobserved as taking place within the complex plane outside the 
horizontal real line. The same can be said about the solution of the equation 
(34), say uμ(τ)= pμ(τ)/m0 in its spatial part which exactly equals U(τ). 

Nevertheless, the spatial part of the solution xμ(τ) one has to obtain from the 
solution rθ(τ) of the same initial value problem (for the equation (38)) by mul-
tiplying the latter by cosθ. 

Geometrically, the final solution x(τ) = rθ(τ)cosθ is the orthogonal projection 
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of the Galilean position, of the considered moving physical body, to the horizontal 
real axis. This value x(τ) is exactly equal to the spatial part of the four-vector xμ (τ) 
that, in turn, belongs to M4. Thus, both the dynamics’ theories yield the same 
numerical solutions. 

Resuming, the “Newtonization” of SR considered as the theory of C3 model, or 
adopting the “four-vector formalism” for SR in M4 turn out to yield the equiva-
lent theories of the same physical phenomena also for the dynamic version of 
SR. The existing differences are only caused by the different mathematical mod-
els applied. The similarities relay on the fact that in the two different frameworks 
the same (para)physical quantities i.e., the “Newtonian versions” (in the spatial 
parts of underlying four-vectors) of relativistic velocities, momenta, accelera-
tions, and forces are under consideration. 

At end, as an example, notify the simple relationship between the (semi) 
Newtonian and relativistic (observable) forces: 

( ) ( )secF fτ τ θ= , 

where f(τ) is the real (observable) force acting along the horizontal direction (in 
one complex plane model) and F(τ) is its Newtonization. 

An easy justification of this fact is left as an exercise. 
Also, recall again that the quantity “secθ” is numerically equal to the Lorentz 

factor. 
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