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m for the undefined terminology and notation here. Given a graph G, we denote its
vertex set, edge set and maximum degree by V(G), E(G) and A(G) (or
simply V, E and A), respectively. A cycle of length k is called a k -cycle, two

cycles C, and C, are said to intersecting (resp., adjacen?) if C, and C, share at
least one vertex (resp., one edge). A 3-cycle is also called a triangle. For a cycle C
of G anedge xyeE(G)\E(C) is called a chordof Cif x,yeV (C).

A K -total-coloring of graph G is a coloring of V UE using K colors such
that no two adjacent or incident elements receive the same color. A graph Gis
k -totally-colorable if it admits a K -total-coloring. Obviously, at least A + 1
colors are necessitated to color G totally. Behzad [2] and Vizing [3] indepen-
dently put forward the following conjecture, which is well known as the 7ota/
Coloring Conjecture (TCC).

Conjecture Every graph is (A + 2)-totally-colorable.
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Clearly, TCC is true for A < 2. Rosenfeld [4] and Vijayaditya [5] solved it for
A = 3. Kostochka solved the cases of A = 4 [6] and A = 5 [7] successively. For
planar graphs, more results are known, TCC is true for A =7 [8], and A = 8 [9].
So the only open case for planar graphs is A = 6. While TCC remains unsolved
for general planar graphs Gwith A = 6, it is known to hold for some special cases,
as follows.

Theorem 1. Let G'be a planar graph with A = 6. Then G'is 8-totally-colorable
if one of the following conditions holds.

(1) G contains no adjacent triangles (see [10]).

(2) G contains no chordal k -cycles for some k €{4,5,6} (see [11]).

(3) For every vertex X of G, there is an integer k, €{3,4,5,6,7,8}, such that
X isnotinany K, -cycle (see [12]).

(4) vi+ Z(V? +v§)+3v§ -|-4Vé3+ <24, where Vv* denotes the number of ver-
tices of degree n thatlie on k distinct triangles in G (see [13]).

(5) G contains no any subgraph isomorphic to a 4-fan (see [14]).

(6) Gis claw-free (see [15]).

(7) Gis recursive maximal (see [16]).

In this paper, we obtain the following result.

Theorem 2. Let Gbe a planar graph with A = 6. If every 7-cycle of G contains
at most two chords, then Gis 8-totally-colorable.

On the other hand, Shen et al. [17] conjectured that every planar graph is (A +
1)-totally-colorable, for 4 <A <8. This first result was given in [18] for A > 14,
which was finally improved to A = 9 in [19]. Some related results can be found
n [20]-[30].

Now, we define some more definitions and notations. A vertex of degree Kk, at
most K or at least Kk is called a Kk -verfex, k™ -vertex or a k" -vertex, respec-
tively. A K -face (resp., k™ -face, k™ -face) is a face of degree K (resp., at most
k, at least k). A face f = (vl,vz,u-,vk) with consecutive vertices V,,V,,---,V,
along its boundary is called a (d (vp),d(vy),--,d (v, )) -face. Denote by f, (V)
the number of K -faces incident with v, by f (v) the number of (4,5,6)

-faces incident with V.

2. Proof of Theorem 2

Let G= (V, E, F) be a minimal counterexample to Theorem 2, such that
[\/| + | E| is minimum. Thus every proper subgraph of G admits an 8-total-coloring.
Embed G into the plane, and denoted face set of G by F. We first show some
structure properties of G.

Lemma 3. ([10]) (1) Gis 2-connected.

(2) Gcontains no edge uv with min {d (u).d (V)} <3 and d(u)+d(v)<8.

By Lemma 3(1), if f is a face of G, then the boundary of f isa cycle. By
Lemma 3(2), 023 and if v is 3-vertex of G, then the three neighbors of v
are all 6-vertices.

Lemma 4. ([13]) (1) Gcontainsno (3,6,6)-triangle.
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(2) Gcontains no (4,4,6) -triangle.

(3) Gcontains no (4, 57,57) -triangle.

Lemma 5. ([13] [14]) If (v,,V,,V;) is a triangle in G, where d(v,)=4,
d(v,)=5 and d(v,)=6,then

(1) both v,v, and v,v; are only incident with one triangle, ie. (Vv;,V,,V;).

(2) V,v; is only incident with one (4,5,6)-triangle, e. (V;,V,,V;).

(3) v, isnot adjacent to any 3-vertex.

Lemma 6. ([13]) (1) G contains no 4-face incident with more than one 3-vertex.

(2) G contains no 5-face incident with more than one 3-vertex.

We shall complete the proof of Theorem 2 by using the discharging method.
According to the Euler’s formula [\/| —|E| +|F| =2, we have

> (2d(v)-6)+ > (d(f)-6)=-12<0.

veV feF

For each xeV UF, we define ch(x) to be the initial charge of X. In par-
ticular, ch(x)=2d(x)-6 (xe€V ), ch(x)=2d(x)-6 (xeF ). Obviously,
> eCh(x)==-12. Then, we will apply the following discharging rules to
reassign a new charge denoted by ch’(x). If we can get ch’(x)>0, then we

obtain an obvious contradiction to 0< ZXEVUF ch’(x)=-12, and complete the

proof.
Foraface f =(v;,v,,---,v,) of G weuse

(d (Vl)’d (Vz)v”'vd (Vk))_) (C17C21"'1Ck)
to denote that v, sends ¢, to f for i=1,2,---,K. Define the discharging rules
that we need as follows.

R1.For f =(v;,V,,V;,V,,V;), we have
(3,6,4*,4*,6)—)(0,
(4+74+14+14+14+)_>(_1_1_1l11j'
R2.For f =(v,,V,,v;,V,), we have
(3,6,4+,6)%(o,§,1,§j,
4'2'4
(4*,4*,4+,4+)—>(1,1,3,3)
2222
R3. For any 5-vertex V and f =(v,,v,,v;), let

n(v)= (ch ()21t (v)j / f,(v). In addition,
(4,56)—> (%ﬁ(Vz),E—U(Vz)J ,

2

w00 (15.5)

4'4

(5’5'5)_’(’7(\’1)’77(\’2)"7(\’3))’
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(5:5,6) = (7(v1),7(v,),3=-7(v,)=71(v,)).
(5,6,6)—)(n(vl),s_n(W),S_n(Vl)]»

2 2

(6,6,6) > (1,1,1).

For every vertex V and every face f, we will check that ch’(v)>0 and
ch’(f)>0.Denoteby c(v— f) the total charge from v to f.
Let feF.If f isaé6'-face, then ch’(f)=ch(f)=d(f)-6>0.If f is

a 5-face, then ch'(f)2—1+ min{4x%,5x%}:0 by Lemma 3, Lemma 6(2)

and R1. If f 1is a 4-face, then ch'(f)2—2+min{2x%+%,4x%}:0 by

Lemma 3, Lemma 6(1) and R2.

Suppose f =(v;,V,,V;) isa 3-face. If (v,,v,,v;) isnota (5,5,5)-face, then
ch’(f)>-3+3=0 by Lemma 3, Lemma 4 and R3. Now we consider the case
that (v,,v,,v;) isa (5,5,5) -face, that is, v;, v, and v, are all 5-vertices. By

4 .
R3, v, transfers at least 5 to each 3-face incident with v; (i=1,2,3). By Rl
and R2, v, transfers at most % to each 4'-face incident with v, (i=1,2,3).

Thus if f,(v;)<3, then C(Vi—>f)2(4—2x;j/3:1 (i=1,2,3), we have

ch’(f)>-3+3x1=0. Otherwise, without loss of generality (WLOG), assume
fy(v,) >4, it follows that both v, and v, must be incident with at least two
5'-faces, ie. f (v,)=2 and f. (V;)=2. Therefore,

1 7 .
o> f)24-2x> 3== (i=23),
C(VI_> ) X4/ 6 (I )

we have ch'(f)> a4, 17 2
56 6 15

Let veV .If v isa 3-vertex, then ch’'(v)=ch(v)=2d(v)-6=0.If v isa
4-vertex or 5-vertex, then ch’(v)>0 according to the above discharging rules.

Suppose V is a 6-vertex. Let V,,V,,--,V, be all the neighbors of v and
f,, f,,---, f; Dbe all the faces incident with Vv, where f, is incident with v, ,
Vp.isand me{l,2,---,6}. In general, each subscript of this paper is taken mod-
ulo 6. First, we give two lemmas.

Lemma 7. If (v;,v,,,v) and (V VH,V) are two triangles in G, where
d(v,)=4, d(v,,,)=5 and d(v)=6,thenboth v, and v, , are5"vertices.

Proof. By Lemma 3 and Lemma 4, we have min {d (Vj ),d (Vj+l)} >4 and max
{d (vj ),d (Vj+1)} >5. Assume to be contrary that d (VJ- ) =4 or d (Vj+1) =4.
WLOG, suppose that d (Vj ) =4 .Let N(v;)={v,;,V,u,U,} and
N (Vi,1) ={V;,V,Us,U;,Us } . We only need to consider the case that v; #V, and
Vi, #V;,; by Lemma 5, see Figure 1(a).

The proof consists of two steps. First, we show that G has a partial
8-total-coloring in which only v, is not colored. Second, we show how to extend
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it to an 8-total-coloring of G. If ¢ is a (partial) 8-total-coloring of G, VeV , let

S(v)={e(w)|xeN(v)}, S[v]=S(v)u{p(e)}. Consider a proper subgraph

G'=G-vyv,, of G G’ hasa 8-total-coloring ¢:
V(G)UE(G')—>L={12,,8}.

Erase the colors on V,. Clearly, |S (v; )|:3, |S[Vi+1] =5 and |S[V]|:7. Let
L\S[v]={a}.If S(v;)nS[v;,]# D, then there are at most 7 forbidden colors
for VV,,;, so VV;, can be properly colored. Thus we can assume that
S(v;)NS[Vi, ]=D (e S(v;)US[vi,]=L), so aeS(v;) or aeS[v,,]. If
aeS(v;), then we color vy

[ B

. with @(w,

1) and recolor wv, with « .

Otherwise, we color Vv, with ¢(w;), and recolor vv; with « . Hence, G
has such an 8-total-coloring.

Suppose now that f is a partial 8-total-coloring of G in which only v, is
uncolored. If we cannot extend f to G, then there are exactly 8 forbidden col-
ors for Vv,. WLOG, suppose that f (u,)=1, f(u,)=2, f(v;,)=3,

f(v)=4, f(vu)=5, f(vu,)=6, f(vv,,)=7, f(w;)=8, see Figure
1(b). Alsolet L\S[v]={a}. Obviously, {1,2,3,4}=(S[v,;]nS[Vv]). Otherwise,
we can choose a color fe{1,2,3,4/\S[v,;] or Be{1,2,3,4}\S[v], recolor
V,v,,; or Vv with S color v, with 7 or 8. Note that

f(w,,,)e{1,2,5,6}.

u, i, u

Figure 1. Configurations for the proof of Lemma 7, where vertices marked by e have no
other neighbors.

Suppose f(wv,,)e{l,2}. If 7eS[v] or 8¢S[v,,], then we exchange
f(vv,,) and f(w,),or f(w;) and f(wv,,), color v; with 7 or 8. Oth-
erwise, S[v;,;]={1,2,3,4,7,8} and {1,2,3,4,7,8} = S[v], it follows that
S[Vi.] = S[v], we can recolor wv,, with a, vv,, with f(w,,), color v,
with 7. Suppose  f (w,,;)€{5,6}. WLOG, assume f (w;,,)=5 (ie
S[vi.]={1,2,3,4,57} and {1,2,3,4,5,8} < S[v]). Then
{6,8} = {f (us), f(u,), f(Us)}, for otherwise, we can recolor v,,, with 6 or 8,
color v; with 3. Note that « €{6,7}.

If a=7 (ie S[v]={1,2,3,4,56,8}), then 5&{f (u;),f(u,), f(us)}. Oth-
erwise, we can recolor wv,,, with 7, v, with 5, vv;,, with 3, and color v,

with 7. Now we exchange f(w;) and f(vy,

w.1)» recolor v, with 7, color

v, with 3. In the rest of this proof we assume that o =6, then
S[v]={1,2,3,4,5,7,8} and {f (Wj), f (VVj+l)}ﬁ{5,6,8}=® , this situation is
very complicated. First, we have 5&{f (u;), f (u,), f (Us)}, for otherwise, we can
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recolor wv,,; with 6, v;,; with 5, and color v; with 3. WLOG, suppose that
f(viuy)=1, f(vu)=2, f(vu)=4, f(u)=5, f(u)=6,f(uy)=8,
see Figure 1(c). Second, we have {5, 6,8} cS [V j:| , for otherwise, we can choose
a color ﬂe{5,6,8}\3[vj], recolor w; with 4 wv; with f(ij), color v,
with 8 (here, we need to further recolor vv,,, with 6 when S =5, and recolor
V,V,,, with 3 and v, with 7 when f (ij):7 ). Similarly, {5,6,8}c S[VM].
Let f (V v M) =y .Interms of y, there are the following two cases.

Case 1. y<{5,6,8}.

Then f (VV i ) €S [V j+1]. Otherwise, we can exchange f (VV j) and
f (V v i+1) , recolor vv, with f (VV i ) , color v, with 8 (here, we need to further
recolor wv,,, with 6 when y =5, and recolor v,v,,;, with 3 and v,, with 7
when f (VVJ- ) =7). Similarly, f (VVM) €S [VJ- ] Thus S [vj J cS [Vm] , We can
choose a color fe L\S[VM], recolor Vv, with g wv; with y v with
f (VV j), color v, with 8 (here, we need to further recolor vv,,, with 6 when
7 =5,and recolor vv,,, with3and v, with7when f (VV]- ) =7).

Case2. y¢{5,6,8}.

Then f (Vj)e{5,6,8} If ye {f (WlueN (VJ)}, then we choose
ﬂe{1,2,3,4,7}\{f (u)lu eN (VJ-)}, recolor v; with B wv; with f (Vj), W,
with f (VV j), color v, with 8 (here, we need to further recolor vv,,;, with 6
when f (Vj
f(w;)=7). Otherwise, y g{f (u)lueN (vj)} If f(w;)eS[v,.], then
S [VJQ S [VH] , we choose a color felL\S [VM] , recolor Vv, with B v,
with , wv; with f (V j), v, with f (VV j), color v, with 8 (here, we need to
further recolor vv;,; with 3 and v,,, with 7 when f(vvj):7). Otherwise,

) =5, and recolor Vv,v;,; with3and v,,; with7 when

f(vvj)gs[vm] Now we recolor V,v;,, and vv; with f(vvj), v; with y,
w; with f (V i ) , color v; with 8 (here, we need to further recolor vv,,, with 6
, with3and v, with7when f (ij ) =7).
All of the above show that Gis 8-totally-colorable, a contradiction. O

when f (VJ- ) =5, and recolor V.V,

1+

Lemma 8. Suppose f; =(V;,V;,;,V) isa triangle with d(v)=6, we have

()If d(v,)=4 and d(v,,)=5, then c(vafi)slf:.

(2)1f d(v;)=d(v,,)=5, then c(vafi)s%.
Proof. (1) Note that f,(v;,;)<4 by Lemma 5(1), we have
1 7 5 7_13
C(Vi+l_) f|)2(4—2j/4:§ byR4,SO C(V—) fI)SE—gzg

(2) If f,(v;)<3 and f;(v,,,)<3, then C(Vi—>fi)2(4—2x;j/3=1 and

c(vi, > fi)2(4—2xéj/3:l, so c(v— f;)<3-1-1=1. Otherwise, WLOG,

assume f;(v;)>4. Then fo. (Vi,1)=2 by the choice of G, we have

1 7
Lo f)2|4-2x> | 3=2,
C(V|+l |) ( ><4)/ 6
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s0 C(V—>fi)33—£—z=£.smce max 1,2 :E,
5 6 30 30) 30
Now, we begin to show that ch’(v)>0 for 6-vertex V. Note that f, (v) is

0or1byLemma?7, f;(v)<4 by the choice of G.In termsof f,(v), there are

31
f)<—. O
c(vo f) 20

the following four cases.

Case 1. f (v)<1. Note that v transfers at most % to each 3-face inci-
dent with v by Lemma 8, at most % to each 4"-face incident with v by Rl

and R2. So ch'(v)=6- f3(v)x§—(6— f (V))XZ:___ fy(v)>0.

Case 2. fy(v)=2.If f, (v)=1, then another 3-face is a (5+,5+,6) -triangle

by Lemma 7, it follows that ch’(v)>6 (18 381 4 ><§ = 4 >0. Otherwise,
8 30 4 120

fy(v)=0, then Vv transfers at most % to each 3-face incident with v by

Lemma 8 and R2. Hence, Ch'(v)26—2xg—4x%:%>0.
Case 3. f,(v)=3.If f,(v)=1,then
Ch'(v)26—2—2x£—3x§=L>0.
8 30 4 120

Otherwise, f,(v)=0,wehave ch’'(v)> 6—3x%—3><%= 0.

Case 4. f,(v)=4. Note that either f,(v)="f, (v)=1 or f (v)=2.1If
f,(v)=1, then Ch'(v) > G—E—Bxﬂ— maX{E,ZXE} :£> 0 . Otherwise,
8 30 4 4

f,(v)=0, we have ch’(v)z6—4x§—max{§,2xi}:l>0.
4 4" "4 4

3. Conclusion

In conclusion, the proof of the Theorem 2 is now complete.
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