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Abstract

A function which is reflexive is called by pre-mean, a more generalized defi-
nition of a mean. In this paper, we define a new pre-mean and study its
properties, and then using the given invariant curve we consider the problem
of convergence of Gauss iteration of a kind of pre-mean type mappings gen-
erated by the exponential and logarithmic functions.
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1. Introduction

Mean value is an important fundamental concept in mathematics. For thousands
of years, many forms of mean have been proposed, such as the arithmetic mean
A:RP 5> R:

X+ X
J==——"

A(Xl,...lx 0

p

the geometric mean G :(O,+oo)p —(0,00):

G(Xl"“’xp): p X1"'va

the harmonize mean H : (0,+oo)p — (0,00):

H (Xl,"',Xp):%.

X, X

p

Although there are various mean forms, they all meet the following definitions
([11):

Let | cR bean open interval. If the function M : 1P — | satisfies
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min{xl,---,xp}sM(x,y)ﬁmax{xl,---,x } X, X, €l (1)

p

then M is called a mean on the interval Z When the above inequalities strictly
hold, Mis called strict mean.

Theorem 1. ([2] [3]) If the mean M and N of interval I are continuous, that is,
any x,yel, x#y, wehave

max (M (x,Y),N(x,y))-min(M (x,y),N(x,y)) < max(x,y)—min(x,y),

then

1) For any neN, Gauss iteration (M,N )n of the mapping (M,N) is the
mean type map on |2,

2) There is a continuous mean K: 1% — 1, so that ((M N )n)
to (K,K).

3) Kis (M N ) -invariant mean, and is the unique (M N ) -invariant mean.

o
n=

converges
=0

4) If (M,N) is a strict mean mapping, that is, M and N are a strict mean,
then Kis also a strict mean.

5) If M and N are (strictly) increasing for each variable, then Kis also (strictly)
increasing for each variable.

The above theorem provides the relationship between invariant equations and
convergence of iteration of mean-type mappings. By studying the problem of
invariant equations, we can study the dynamic behavior of mean-type mappings.
There are many works to study kinds of invariant equations with different
means ([4]-[8]). For the pre-mean-type mapping, the results have been still few.
Next we will introduce some definitions for the pre-mean.

Obviously, it can be seen from the inequalities (1) that any mean satisfies the

reflexivity, Ze.

M (X, x)=X%, xel.

However, not all the functions that satisfy the reflexivity are means. In other
words, there are functions in the interval 7 that satisfy the reflexivity but not be
means. In 2006, Matkowski ([9]) gave the definition of pre-mean as follows

If the function M : 1P — | satisfies reflexivity, Mis called a pre-mean.

This indicates that a mean must be a pre-mean, but a pre-mean is not neces-
sarily a mean, and the pre-mean is a generalized function than the mean. For

example, the function M :R?> - R is defined as

which satisfies reflexivity, but M (In%,Oj = In§> max{ln%,O} does not sa-

tisfy the definition of mean, so this function is a pre-mean but not a mean. But if
a pre-mean is (strictly) increasing with respect to each variable, then it must be a
(strict) mean ([9] [10]).

In this paper, we will consider the convergence of iterates of pre-mean type
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mappings of the form (E[p'q] El[:f,'lﬂ) with 2,1€(0,1), p,geR, p=#q,

A !
where E/[I’;’lq] 'R* >R satisfies

1
, ™ +(1-2)e™ \r-u
ng”ﬂq] (X, y) = m(m] v XY eR.

2. Some Definitions and Auxiliary Results

Lemma 1 Suppose p,qeR, p=q and A,ue (0,1) , then
1) Egpﬂq] is the pre-mean.

2) ng’/;q] is the mean ifand onlyif A=x or pg<o0.
1

[p.q] eP \ra ..
Proof 1) If VxeR, make x=y, then EM: (X,X): In =X, so it is
, e®

a pre-mean.
1
6™ +(1-2)e” ]pq

28 TRTAE T pet
e+ (1-2)e” ¢

2) Firstly, for the case A=pu, Eg?pq](x,x):ln(

X<y, p>q,then (p-q)x<(p-q)y and

e px+qy < eqx+ py .

It can be obtained after doing a simple calculation on the above formula
(AeP +(1-2)e™ )e® <(1e™ +(1-2)e¥ )e”,

that is

1

Ae™ +(1-2)e” \ra
Inf ——— <Vy.
A6 +(1-2)e¥
Similarly, in th T et ol Lol L
imilarly, 1n the same way, we ge P v ——— , Le.
Y PR T e v (1 2)e”
S
<<In AP +(1-2)e” P-q<
A% +(1-2)e? v

For the case of p<q, it can be proved similarly. From the definition of the

P +(1-2)e”

1
p-q
W} c(xy). EPT isameanat 2= u.

mean value, the In[

Secondly, for the case pgq<0, it is obvious that the function qu] is in-
creasing with respect to each of the variables, so it is a mean. The proof of the “if”
part has been finished. To prove the “only if” result, assume that A= or
pg <0 and consider two possible cases.

Case p>0 and q>0.

If ng’f] were a mean, there is

Eg',’f](ln(x),o)<0 and ng’/;q](o,ln(x))<0, xe(0,1)
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that is

P _ _ p
ﬂ,xq+(l l)<l and A+(1 l)xq 1 (0.1).
HX +(1—,u) y+(l—y)x
Let x— 0, then
) and =<1 (2)
1-p
If p—q<0,then
p _
/1Xq+—(1/1)>1 and M>l xe(0,1).
HUX +(l—,u) ,u+(l /1)
Let x— 0, then
AN and ey (3)
1-p u

So, if and only if A = u, Equations (2) and (3) hold.
Case p<0 and <0.

Since
EM, (X y)+E1 lplqj(x,y)

1
+(1-2)e™ (1 u)e ¥+ e
+(1-u)e” (1 A)e ™+ e

1
_ [ 287+ @=2)e” &P (1 p)e® + pe™ |pa
| e 4 (1- ,u)eqy a(x+y) (

X+Yy,

—1)e™ + 1eM

_ 1 Ine(P-a(xy) _
P-q
then EL P ‘L( Y)=X+y- Egi’lq] (X,y) . Therefore, if Egpﬂq] were a mean, that
is, for all X<y we have
x<EPU(x,y)<y,

thenby ELP ﬂ(x y)=X+y-— EM (X,y), we have

x<E[}TN(xy)<y,
that is, El[:f,’lﬂ would be a mean, which contradicts the previous case. []

Lemma 2 Let p,qeR, p=q, A,ue (0,1) , then the arithmetic mean A is

invariant with respect to the pre-mean type mapping (ELP‘?], ECP q]) that is

Ao (BRI ELP ) = A

Proof For all X,y eR, we have
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Ao(EFTELRT)(x,y)
1

In(/le"x +(1-2)e” (1-p)e ™ +ue™ qu

e +(1-p)e? (1-2)e™+pue™
2
1
n 2™ +(1-2)e™ Pt (1—p)e® + pe™ \p-o
ue® +(1-p)e? i) (1-1)e™ +2e™
2

— 2 ineP e JXEY _a(x ),

0

To consider the convergence of iterates of the pre-mean but not mean map-
pings, we now give the definition of invariant curves.

Let M,N:12>1, K:I? >R be some functions, let Jc1, f:J—I
be a function on J. If there is

F(M(xf(x)=N(xf(x), xel,

we say that the graph of the function fis an invariant curve with respect to the
map (M B\ ) , briefly, (M N ) -invariant curve ([2]).

To explore the connection between the pre-mean map and its invariant curve,
Lemma 3 is introduced.

Lemma 3 Let p,qeR, p=q, A,ue(01), then

(1) For every ae R, the graph of the function f(Xx)=2a-x,xeR, thatis,

H, ={(x,2a— X)| X eR},

is ( ELT], ELP 1:‘11 ) -invariant curve, and in particular (Egpﬂq] JEL? 1:‘11 ) (H,)<=H,.

(2) The point (a,a) is the only fixed point of the mapping (E,[I'?/;q], El[:f,'liﬂ)
intheset H,.

(3) The family of sets {H,:a >0} forms a partition of R’, that is
H,nH, =@ forall abeR and a=b,and |J, ,H, =R%.

Proof Fix aeR, we have

x+ f(x)
A(x,f(x)):—2 =a,

and using Lemma 2, we get

A(EPT (x, 1 (%)), B2 (% £ (%)) = A(x £ (x)) =4,

that is
ELZ (6 FOO)+ BT (3 F () x+f(x)
2 2 ’
ELP(x, f(x))=2a—EPd(x, T (x)),
therefore,

F(ER (% £ (%)) = EL2LY (x, £ (%),

According to the definition of invariant curves, the function f(x)=2a-x
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is the invariant curve of (ER‘,Q], El[: ff_qg) Therefore, the first result is correct

and the other two parts are obvious. [

3. Convergence of Iteration of the Pre-Mean Mappings

Using Theorem 1 and Lemma 2, we can get the following:
Theorem 2 If A=u or pq<0, the iterative sequence

(( EET] JEL f{_ﬂ )n ) is pointwise convergent on R’ and
n=0

. al el-pg]\" X+Y X+Yy
lm(ngﬂq], El[j,lj],) (x, y) :[ > g ), X,y eR.
It is difficult to consider the convergence problem for the case A= u and

pq>0. Lemma 3 tells us that, H, is the invariant curve of (Eg‘ff], E[’p"q]).

a 1-2,1-p1

We will study the convergence problem of the restrictions of this map to the in-
variant sets H,,aeR.

Theorem 3 Let p,qeR, p=q,4,ue(01). Forevery acR and neN,
we have for all x e R it holds

(Lo, ELPY (x.2a-x) = (( i)' (x).2a-( 123, ) (x)j, @)

where the function f[g‘?;]];a is defined as
f[gﬁi]];a (X) = EET] (X, 2a-— X), X e R,

that is

1
px _ p(2a-x) \p-q
f[[f/‘f]]_a(x)zln re” (1= 4)e — , xekR.
b ,ueqx+(l—,u)eq( ax)

Proof. For the convenience of writing, write E =E"#, f, = [ . Because
E,[{’/f‘] (x,y)+ Elljf,‘lj‘ﬂ =X+Y,
there is,
(EE‘;’?], El[jjy'l’_’ﬂ)(x, y)=(E(x,y).x+y-E(xY)), xyeR
When n =1, the Equation (4) is correct, in fact
(ng’f], El[jfy’l’_“},)(x,2a—x) =(E(x,2a-x),2a—E(x,2a-x))
=(f,(x),2a-f,(x)).
Suppose (4) holds for some n=k e N, that is
(B EL2 D) (n2-0) = (1 (), 22 1 ()
then forall xeR
(E[”"‘] El[jl"y'liﬂ)kﬂ(x,Za—x)

A

Aot

elpal El[ifj{fﬂ)k (E(x,2a-x),2a-E(x,2a-x))

E(x,2a-x)),2a- £, (E(x,2a-x)))

£ (
f.(f,(x)).2a— f,(f, (x))) = (£ (x),2a- £ (x)),

(
(
(
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that is to say, when n=Kk+1, (4) is still established, the certificate is finished.
O

To further study the theorem 3, we obtain the following
Corollary 1 Let p,qeR, p#q, A,ue(01),if
(22-1) 2
(22-1)p-(2u-1)q| _,
| P

then there is an open set U c R? containing the diagonal A =(x,x)|xeR
such that

X+ X+
i (€2 EL209) ()= (252 552 ) (p)ev

Proof. According to theorem 3, we can obtain that
[w (a) E(aa)=a,

as well as

1

() (0= |n(ﬂepx (1-2)e Zanq

ﬂeqx +(1_Iu)e2a X

_ 1 ~ Zp(l_l)ep(Za—X) e 2q (1—y)eq(2a’x)
p-q ae™ +(1_,1)ep(2eH) e +(1_ﬂ)eq(2a—x)

So,

( £ [Pl )( )= (22-1)p-(2u-1)q
[#.ulia p—q '

It can be seen that any real number a, a are the fixed point of f[[ﬂp!q] and
( f[[;’/f]]a)(a) is independent of the value of a.

Since ( f Ep ‘}]a ) (a) <1, according to the compression mapping principle,

||m(f[PQ] ) (x )_f[PQ] (a)= .5

n—w [i#]a 2

1

which complete the proof. [
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