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Abstract

As an extension of overlap functions, pseudo-semi-overlap functions are a
crucial class of aggregation functions. Therefore, (/, PSO)-fuzzy rough sets
are introduced, utilizing pseudo-semi-overlap functions, and further ex-
tended for applications in image edge extraction. Firstly, a new clustering
function, the pseudo-semi-overlap function, is introduced by eliminating the
symmetry and right continuity present in the overlap function. The relaxed
nature of this function enhances its applicability in image edge extraction.
Secondly, the definitions of (/, PSO)-fuzzy rough sets are provided, using (/
PSO)-fuzzy rough sets, a pair of new fuzzy mathematical morphological op-
erators (IPSOFMM operators) is proposed. Finally, by combining the fuzzy
C-means algorithm and IPSOFMM operators, a novel image edge extraction
algorithm (FCM-IPSO algorithm) is proposed and implemented. Compared
to existing algorithms, the FCM-IPSO algorithm exhibits more image edges
and a 73.81% decrease in the noise introduction rate. The outstanding per-
formance of (£, PSO)-fuzzy rough sets in image edge extraction demonstrates
their practical application value.

Keywords

Pseudo-Semi-Overlap Functions, Fuzzy Rough Set, Fuzzy Mathematical
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1. Introduction

Zadeh introduced fuzzy sets in 1965 [1], and Pawlak explored rough sets in 1982
[2]. In 1990, Dubois and Prade combined fuzzy sets and rough sets using the
fuzzy operators min and max to create fuzzy rough sets [3]. Since then, numer-

ous scholars have explored the theory of fuzzy rough sets and their practical ap-
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plications in depth. In 2002, Radzikowska et al employed a broader method for
fuzzily rough sets and introduced a fuzzy rough set that relies on 7-norm and
fuzzy implication [4]. Subsequently, Qiao [5] and Wen et al [6] formulated the
(10, O)-fuzzy rough sets. Zhang et al [7] introduced (/ O)-fuzzy rough sets by
substituting the /O with a broader 7in the (JO, O)-fuzzy rough sets. Wu et al. [8]
proposed a novel form of (7 7)-fuzzy rough sets, relying on the general fuzzy
binary relation. Mieszkowicz Rolka et al [9] and Zhan ef al. [10] presented the
theories of variable precision fuzzy rough sets and covering-based mul-
ti-granulation fuzzy rough sets, respectively. These theories have been widely
used in digital image processing [11] [12], attribution reduction [13] [14], web-
page classification [15], tumor detection [16], big data analysis [17], and other
applications [18] [19].

With the advancement of fuzzy rough sets based on various operators, fuzzy
rough sets based on clustering functions with overlap function as an important
representative have performed well in image edge extraction [20]-[23] and deci-
sion-making application [24]-[26]. Along with the rapid development of overlap
functions as a class of clustering functions, scholars have proposed more exten-
sive clustering functions. For example, Zhang ef al [26] removed the symmetry
in the overlap function, proposed the pseudo-overlap function, and discussed its
applications in decision-making and image processing. In 2022, Zhang [27] up-
dated the concept of overlap functions by removing the right continuity. There-
fore, semi-overlap functions were proposed as new aggregation functions. Sub-
sequently, a novel classification algorithm based on semi-overlap functions was
discovered and successfully applied. In addition to clustering functions, other
proposed functions include quasi-overlap functions [28], interval-valued pseu-
do-overlap functions [29], and general overlap functions [30]. Simultaneously,
many scholars have combined the clustering function with fuzzy rough sets and
proposed new fuzzy rough sets. Zhang et al [31] proposed a fuzzy rough set
comprising overlap functions and fuzzy implication and applied it to image edge
extraction and attribute reduction. A link between a group of approximate oper-
ators in (/, O)-fuzzy rough sets and a group of fuzzy dilation and erosion opera-
tors is present in image edge extraction applications [7]. Thus, the IO-FCM im-
age edge extraction algorithm was introduced and effectively implemented.
However, for practical applications, due to the strict requirement of continuity
aspects of the overlap functions, both left and right continuity must be satisfied.
Hence, the flexibility of the algorithm is low, and its practical applications are
limited.

Therefore, this paper conducts research by considering the broad range of ap-
plications of fuzzy rough sets, as well as the successful utilization of fuzzy rough
sets based on clustering functions in image edge extraction. First, the symmetry
of semi-overlap functions was removed, and the pseudo-semi-overlap functions
with their two construction methods were proposed. Second, the (4 O)-fuzzy
rough set was extended to the (7, PSO)-fuzzy rough set, and the overlap function

was replaced by a pseudo-semi-overlap function. Further, the theory and prop-
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erties related to the (7, PSO)-fuzzy rough set, along with the looser constraints of
the PSO operator, were explored for wider application in image edge extraction.
Compared to existing applications of fuzzy rough sets in image edge extraction,
(5, PSO)-fuzzy rough sets are superior in the following aspects: 1) The pseu-
do-semi-overlap function is an important aggregation function that can effec-
tively distinguish the foreground and background of an image. Compared to ex-
isting clustering functions [32], the pseudo-semi-overlap function has more re-
laxed requirements for continuity and does not need symmetry. Therefore, (Z
PSO)-fuzzy rough sets have broader applications, better practical adaptability,
and a higher theoretical conversion rate. 2) The upper and lower approximation
operators in the (£ PSO)-fuzzy rough set correlate with the fuzzy dilation and
fuzzy erosion operators, respectively, in fuzzy mathematical morphology. There-
fore, a new set of morphological operators with higher flexibility, IPSOFMM op-
erators, is proposed, and the relevant properties in fuzzy rough sets and fuzzy
mathematical morphology are studied. 3) The FCM-IPSO image edge extraction
algorithm obtained via a combination of the fuzzy C-means algorithm and the
IPSOFMM operators exhibits superior image edge extraction results compared
to those obtained using the Canny operator, Laplacian operator, Prewitt opera-
tor, Roberts operator, and Sobel operator. In other words, the FCM-IPSO algo-
rithm provides improved image edge information with a minimum noise intro-
duction rate.

The rest of this paper is organized as follows: Section 2 presents the funda-
mental concepts. Section 3 begins with the definition of a pseudo-overlap func-
tion and elaborates on two methods for constructing this function. Subsequently,
(L, PSO)-fuzzy rough sets are defined, and the related theories and properties are
systematically described. Section 4 introduces a new set of fuzzy mathematical
morphological operators, IPSOFMM operators, and delves into their properties.
In Section 5, the FCM-IPSO image edge extraction algorithm is proposed, and
its performance is assessed using five gray images. The experimental results
demonstrate the exceptional performance of the FCM-IPSO algorithm over ex-
isting classical algorithms. An overview of the study is presented in Figure 1.
The concluding remarks, along with subsequent future studies, are summarized

in Section 6.

Classic fuzzy rough set

(1, T)- fuzzy rough set
Fuzzy rough sets (lo, O)- fuzzy rough set

(1, 0)- fuzzy rough set

(I, PSO)- fuzzy rough set \PSOFMM and FCM - e 1pso algorithm

Figure 1. Outline of the study.

2. Fundamental Definitions

Definition 1 ([20]). A bivariate function f :[0,1]2 —[0,1], forany m,ne[0,1],
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(1) f(m, n) = 0 iff mn = 0;

2) f(m,n)=1iff mn=1;

(3) f(m, n) = f(n, m);

(4) fis increasing;

(5) fis continuous.

A binary function is termed an overlap function (denoted as O) if it conforms
to conditions (1)-(5).

Definition 2 ([24]). A binary function f :[O,l]2 —[0,1], forany m,ne[0,1],

(1) £f(m, n) = 0 iff mn = 0;

2) f(m, n)=1iff mn=1;

(3) f(m, n) = f(n, m);

(4) fis increasing;

(5) fis left-continuous.

A binary function is termed a semi-overlap function (denoted as SO) if it
conforms to conditions (1)-(5).

Definition 3 ([33]) A binary function | :[0,1]2 - [0,1] ,forany I,m,ne [0,1] R

() 1(1,1)=1(0,0)=1;

(R2)1(1,0)=0;s

(B)If m<n,then I(m1)>1(n,l);

(A)If n<l,then I(mn)<I(m,l).

If the above conditions are satisfied, the binary function is called a fuzzy im-
plication (denoted as 7).

Definition 4 ([28]) Assume Ois an overlap function, and 7is a fuzzy implica-
tion. Consider the fuzzy approximation space (U, R), where Uis the domain and
Ris a fuzzy binary relation on U. To define a pair of fuzzy sets on U, a fuzzy set
Bin U(ie, BeF(U)) can be considered: forany meU,

R(B)(m)=supO(R(m.n). B(n)). )
R(B)(m) =inf 1(R(m.n),B(n)). @

where ﬁ( B) presents the fuzzy upper approximation and R(B) represents
the fuzzy lower approximation in (Z O)-fuzzy rough sets of B.

Definition 5 ([7]) Let Band Cbe fuzzy subsets of R?. Assume Ois an over-
lap function, and 7is a fuzzy implication. The expressions for the fuzzy dilation
D, (B, C) and fuzzy erosion E; (B, C) of a gray image B by a gray structuring
element Care as follows (d (C) = {m | C(m) # 0} c R?) for Yme R*:

DO(B,C)(m)=nzg(€)o(c(n),8(m+n)), (3)
E, (B,C)(m)znig(fc)l(C(n),B(m+n)). (4)

3. Pseudo-Semi-Overlap Functions and (I, PSO)-Fuzzy Rough
Sets

This section proposes pseudo-semi-overlap functions and defines essential cha-

racteristics of (I, PSO)-fuzzy rough sets.
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Definition 6. A bivariate function PSO:[O,l]2 —)[0,1] is named a pseudo-
semi-overlap function (denoted as £SO) when it fulfills the following conditions:

(PSO,) For any m,ne[0,1], if mn= 0, then PSO (m, n) = 0;

(PSO,)) If m= n=1, then PSO (m, n) = 1;

(PSO;) PSOis increasing;

(PSO,) PSOis left-continuous.

Example 1. A mapping PSO:[O,l]2 —[0,1] defined for any m,ne[0,1], as

(As shown in Figure 2).
1.0
A3
AG
A4
0.4
A’?
A, A,
0 0.4
(a) (b)

Figure 2. (a) Distribution of intervals of (2) in Example 1; (b) Visualization of the pro-
posed function in Example 1.

@, if (m,n)e A
@, if (m,n)eA,
—21n;r(1)+9' if (m,n)e A,
PSO(m,n)= 1omn + 11 f(mn)en, (5)
30 ’
?, if (mn)eA
?, if (m,n)eA

is a pseudo-semi-overlap function, where A = {(m n)|0<m<04,m<n< 0.4},
A, ={(mn)[0<m<04,0<n<m}, A ={(mn)[04<m<ims<n<i},
A, ={(mn)]04<m<104<n<m}, A ={(mn)[04<m<10<n<04},
A ={(m,n)|0$msO.4,0.4<nsl}.

The specific intervals are distributed as follows:

Theorem 1. Assume that PSO: [0,1]2 - [0,1] is a pseudo-semi-overlap
function. If PSOis commutative, then it is a semi-overlap function.

Proof. The proof follows from Definitions 1 and 5.

Theorem 2. A bivariate function PSO: [0,1]2 - [0,1] is a pseudo-semi-overlap
function if and only if two operators fand gexist on [0, 1] with
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PSO(m,n)= f(m,fn(m’n) . ©)

~—
+
(=]

—~
3
>S5

~—

Note: f(m,n)+g(m,n)=0.

Where

(1) fis increasing and gis decreasing;

(2) If mn =0, then f(m, n) = 0;

(3) If m=n=1, then g(m, n) = 0;

(4) Both fand gsatisty continuity.

Proof. (<) By (2), for mn =0, f(m, n) = 0. Then PSO (m, n) = 0, Le, the
binary function PSO satisfies (PSO,).

By (3), for m= n=1, g (m, n) = 0. Then PSO (m, n) = 1, ie, the binary func-
tion PSO satisfies (PSO,).

By (1),if m <m,, forany ne[0,1], then

f(m,n)g(m,,n)< f(m,,n)g(m,n). Next, by adding a non-negative number £
(m,, n) f(m,, n) to both sides of the equation simultaneously,

f(my,n)( f(m,,n)+g(my,n))< f(m,n)(f(m,n)+g(m,n)) can be obtained,
ie, PSO(m;,n)<PSO(m,,n). Following the same logic, if n <n,, then
PSO(m,n,)<PSO(m,n,) can be obtained. Therefore, the binary function PSO
satisfies (PSO;).

By (4), it is straightforward to note that the binary function 2SO is continuous,
Le., the binary function PSO satisfies (PSO,).

(=) It is known that PSO satisfies (PSO,)-(PSO,), and suppose that £ (m, n)
= PSO (m, n) and g (m, n) = 1 — PSO (m, n). Then, PSO (i, n) can be defined
by £(m, n), g (m, n). Furthermore, note that conditions (1)-(4) are satisfied.

Theorem 3. Assume PSO,,PSO,,---,PSO, be a pseudo-semi-overlap func-

tionand r,r,,---,rI,

be nonnegative weights with 37 r; =1. Then
PSO(u,v)= ZL r,PSO; (u,v) isalso a pseudo-semi-overlap function.

Proof. (PSO,)-(PSO,) are easy proved. So, we prove PSO satisfies (PSO,). If
PSO s left-continuous, then for any U e [0,1] and for any {Vi liel}c [0,1] , it
follows that PSO(U,Sup{Vi lie I}) zsup{PSO(u,Vi)l ie I} . Hence, we can get

PSO(u,supvi j = Zm:rj PSO, (u,supvij = iri (sup PSO; (u,v, ))
=1 =1

iel iel iel
=sup > r;PSO; (u,v,)=supPSO; (u,v;)
el j=1 iel
Proposition 1. Assume £, f3,,3,:[0,1] —[0,1] are continuous and increasing
operators. For any ie [l, 2,3] ,iff m=0,and g (m)=1 iff m= 1. Assuming that
PSOis a binary pseudo-semi-overlap function, PSO”#2% s defined as follows:

PSO%42/ (m,n) = 4,(PSO( B, (m), B (n)). )

Proof. It is easy to show that PSO”/2/ satisfies (PSO,) and (PSO,). If m =
0, S,(m)=0, and consequently, PSO(S,(m),,(n))=0. According to the
known conditions, PSO”72/ (mn)=0 can be easily obtained. Moreover,
when n =0, PSOA/2/ (m,n)=0 can be obtained. Thus, PSO”72/ satisfies
condition (PSO,). If m=1, f(m)=p,(m)=0 can be determined. Then, based
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on the known conditions, PSO (ﬁz (m), 5 (n)) =1, and PSO”/2/: satisfies
condition (PSO,).

Definition 7. Assume that (U] R) is a fuzzy approximation space, where R
represents the fuzzy binary relation on U. PSO represents a pseudo-semi-overlap
function, while /represent a fuzzy implication. Given the fuzzy set B defined on
the domain set U (ie, BeF(U)), the following equation shows a couple of
fuzzy sets in Uforany meU .

ﬁpso(B)(m)=SnI;JL[JJPSO(R(m,n),B(n)), (8)
R, (B)(m)=inf 1 (R(m.n). B(n). ©)

Here, R.s,(B) and R (B) are known as the (} PSO)-fuzzy upper ap-
proximation and lower approximation of B, respectively.

Example 2. Assuming U= {m,, m,, m;, m,, mg}, fuzzy set B = {0.4/m,, 0.5/ m,,
0.7/ my, 0.8/m,, 0.6/ m5}. Table 1 lists the fuzzy relations R in the domain U.

Table 1. Fuzzy relation Rin the domain U.

R m m, m, m, m;
m, 1 0.6 0.7 0.7 0.6
m, 0.6 1 0.4 0.6 0.8
1, 0.7 0.4 1 0.6 0.7
m, 0.7 0.6 0.6 1 0.6
my 0.6 0.8 0.7 0.6 1

By Definition 7, the upper and lower approximations of the fuzzy set Bin the
approximation space (U, R) are deduced as follows (these relevant functions are
used, including PSO, and 1)):

Note:
I,(m,n)=min(1,1-m+n), (10)
PSOl(m,n)z{rr:z’ :::Z (11)
Reso (B)(m, ) =sup{0.40, 0.50, 0.70, 0.49, 0.60} = 0.7
Reso (B)(m, ) =sup{0.40, 0.50, 0.16, 0.36, 0.60} = 0.6
Reso (B)(my ) =sup{0.40, 0.50, 0.70, 0.36, 0.60} = 0.7;
Reso (B)(m, ) =sup{0.40, 0.50, 0.70, 0.80, 0.60} = 0.8
Reso (B)(m, ) =sup{0.40, 0.50, 0.70, 0.36, 0.60} = 0.7
R, (B)(m,) =inf {0.40, 0.90,1.00,1.00,1.00} = 0.4;
R, (B)(m,)=inf {0.80, 0.50,1.00,1.00, 0.80} = 0.5
R, (B)(m,)=inf {0.70,1.00, 0.70,1.00, 0.90} = 0.7;
R, (B)(m,)=inf {0.70, 0.90,1.00, 0.80,1.00} = 0.7
DOI: 10.4236/jamp.2024.127140 2353 Journal of Applied Mathematics and Physics
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R, (B)(m;)=inf {0.80,0.70,1.00,1.00, 0.60} = 0.6.

Subsequently, the upper and lower approximation sets of B in the approx-
imate space are as follows:
Reso (B)=1{0.7/m,, 0.6/m,, 0.7/m,, 0.8/m,, 0.7/m};
R, (B)={0.4/m,0.5/m,,0.7/m;,0.7/m,, 0.6/m}.

The example illustrates the calculation process of (4, PSO)-fuzzy rough sets,
and then the properties of (£, PSO)-fuzzy rough sets are demonstrated.

Theorem 4. Assuming PSO as a pseudo-semi-overlap function, R as a fuzzy
reflexive relation, and 7as a fuzzy implication. For (7, PSO)-fuzzy rough sets, the
following conditions apply for Rug, (B) and R, (B):

(1) Rego (2)=2;

(2) R (U ) =U;

(3) Forany m,ne [O,l] ,if PSO(Lm)>m and I(Ln)<n,then
R/ (B)< B < Reso (B)s

(49)If BCC,then Ry (B)<= R (C)s R (B)=R,(C).

Proof. (1) Rpg, (&)= can be proven by Definition 7. (2) R, (U)=U can
be proven according to Definition 7.

(3) For the fuzzy set B, according to Definition 7, VmeU ,
Em(BXm):amPKﬂR(mnyB(M):IM(EﬂqwaMymy R(m.n)=0,

" 0, R(m,n)=0.

Thus, R,s(B)2B.
Moreover, according to Definition 7,
R, (B)(m)=inf 1 (R(m.n),B(n))
<I(R(m,m),B(m))
- 1(L8(m)
<B(m)
Therefore, R, (B)< B . Finally, itis proven that R, (B)cB< Ry, (B).
(4) If Bc C, by (PSO,) of Definition 6, YmeU , PSO (R (m, n) can be ob-
tained. B(n)<PSO(R(m,n),C(n)). Then
sup PSO(R(m,n),B(n))SSnlEJLE) PSO(R(m,n),C(m))

Therefore, Rpgo (B)< Rego (C). By (R2), similarly, R, (B)<R,(C).

Theorem 5. Suppose PSO is a pseudo-semi-overlap function, /is a fuzzy im-
plication, and R, and R, represent a couple of fuzzy binary relations on U. If
R, € R,, in this case,

(1) Ripso (A) S Rypso (A);s

@) Ry, (AR, (A)-

Note: Ripeo(A) and R,pg, (A) represent the fuzzy sets 4 based on the (4
PSO)-fuzzy rough set upper-approximation operators of R, and R,, respectively;
R, (A) and R, (A) represent the fuzzy sets A based on (4 PSO)-fuzzy rough
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set lower-approximation operators of R, and R,, respectively.
Proof. (1) If R, cR,, then for any X,y €U ; according to (PSO;) in Defini-

tion 6, the following expression can be written:

PSO(R,(x,¥),A(Y))<PSO(R,(x,y),B(Y)).
Then,
SyLEJLE) PSO(R (x.Y), A(y))SSyLEJLE) PSO(R, (x,¥),A(Y))-

Therefore, ﬁpso (A)c R_ZPSO (A) )

(2) By combining the proof strategies of (1) and () of Definition 3, it can be
proven that R, (A)cR, (A).

Theorem 6. Suppose PSO is a pseudo-semi-overlap function, and 7is a fuzzy
implication, where C and D are fuzzy sets in the domain U. Consequently, the
following can be inferred:

(1) Reso (C U D) = Reso (C)U Reso (D) >

(2) R(CUD)=R (C)UR (D);

(3) Reso (CND)c Reso (c)n Reso (D)3

(4) R,(CND)=R (C)NR, (D).

Proof. The definition of (/, PSO)-fuzzy rough set is obtained directly from
conditions (1) and (4). Proofs for (2) and (3) are given below.

(2) From Definition 7, VmeU ,

R (CUD)(m)=inf | (R(m,n),(CUD)(n))= inf | (R(m,n),C(n)v D(n))

:LQS(I (R(m,n),C(n))v I (R(m,n),D(n)))
2&25I(R(m,n),C(n))vingjI(R(m,n),D(n))
=R, (C)UB| (D)(m)
Hence, R (CUD)2R, (C)UR,(D).
(3) By Definition 7, VmeU ,
ﬁpso(cnD)(m):sngEPSO(R(m,n),(cmD)(n))
=snlEJ£)PSO(R(m,n),C(n)/\ D(n))
:snLEJLE)(PSO(R(m,n),C(n))/\PSO(R(m,n),D(n)))
SSHLEJLE)PSO(R(m,n),C(n))/\snleJlE)PSO(R(m,n),D(n))

= Rpso (C)MReso (D) (m)

Hence, Rpso (CND)< Rpgo (C)NReso (D).
Proposition 2. Let (M, N, R) be a fuzzy approximation space, PSO be a pseu-
do-semi-overlap function, 7 be a fuzzy implication, and R be a fuzzy relation

from Mto N. For any « €[0,1], the following statement holds:

(1) Rpso (@ )=PSO, ( U [m]R,aNj;

meM

2) R (ay)=1ly {neUN[n]R,an;
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(3) Reso(ay)=PSOy, ([n], .y )(¥VNeEN);

(4) If vae [0,1] ,then 1(a,0)=0. The following statements hold: VneN,

Note: For VmeM, neN , [n]R (m)=R(m,n) exists; the value of the
fuzzy set Nin the context of « is a set of constant ¢« ; the value of the fuzzy
set Min the context of ,, is a set of constant « .

Proof. (1) By Definition 7, Vme M,

Reso (@ )(”):ﬁjﬁ’ PSO(R(n,m),ay (m))=SupPSO(R(n,m),)

- PSO(ESER(n,m),a)z PSO(;LEJM [m], ey J(”)

Thus, Rogs (e )= PSO, ( U [m]R,aNJ.

meM

(2) By Definition7, YmeM, neN,

R, (ay )(m)=inf I (R(m,n),ay (n))=inf I(R(m,n),a)

neN

=I(SupR(mn) ) [U[n]R’an()

neN neN

Hence, R (aN):IM(U[n]R,an.

neN
(3) Rpso (@ )=PSOy, ([n]R Oy ) can be directly inferred from (1).
(4) By Definition 7, VmeM, n,leN,

R, (@ - {n})(m) =inf 1 (R(m.1), (@, ~{n})(1))
=inf1(R(m1),a)A1(R(m.1),0)

by 7(a,0) = 0( Vae[0,1]),

Hence, statement (4) is true.

4. IPSOFMM Operators

This section presents the IPSOFMM operators, an innovative set of morphological
operators based on pseudo-semi-overlap functions and fuzzy implications. Fur-
thermore, an innovative algorithm for image edge extraction, called FCM-IPSO,
was developed by integrating IPSOFMM operators and the fuzzy C-means algo-
rithm.

Definition 8. Consider Ras a fuzzy binary relation on R° (ie,
R: R x R* —>[0,1]). The pair (R*, R) forms a fuzzy approximate space. Let
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PSO represent a pseudo-semi-overlap function and 7 represent a fuzzy implica-
tion. Bis a fuzzy subset of R° (ie, B:R* — [0,1]). The fuzzy dilation opera-
tor, denoted as Dpg, (B, R), and the fuzzy erosion operator, denoted as £, (B, R),
are defined below: VX,ye R?,

DPSO(B,R)(X)=suRe PSO(R(x.Y).B(Y)). (12)
E,(B,R)(x)= inf,1(R(x.¥).B(y)). (13)

Example 3. Dilation and erosion examples per-formed by IPSOFMM opera-

tors are presented Figure 3.

Figure 3. Sample of dilation and erosion image. (a) Original image of cell. (b) Fuzzy dila-
tion of cells. (c) Fuzzy erosion of cells.

Theorem 7. Consider B as a gray image, R as a fuzzy relation, 2SO as a pseu-
do-semi-overlap function, /as a fuzzy implication, Dy, (B, R) as a fuzzy dilation
operator, and E, (B, R) as a fuzzy erosion operator in the IPSOFMM operator.
Then, forany X,y e R?, (the symbol d (R) denotes the set of all points in R).

(1) Dpgo (B,R)(x)=0 iff (Vyed(R),B(x+y)=0);

(2) 3yed(R), R(y)=1 and B(x+Yy)=0 iff Dps(B,R)(x)=1;

(3) dyed(R), R(y)=1 and B(x+y)=0 iff E (B,R)(x)=0.

Proof. (1) Assume Vyed(R) satisfies B(x+y)=0.Moreover, by condition
(2) in Definition 2.1, for 3m[0,1], then PSO(0,m)=PSO(m,0)=0; hence,

Sup PSO(R(x),B(x+Y))=0

yed(R)
Assume D, (B,R)(y)=0; then,
Dpso (B, R)(X) = Sup PSO(R(y),B(x+Yy))=0.

yed(R)
Therefore, for Vyed(R), PSO(R(y),B(x+Yy))=0 can be obtained. By
condition (2) in Definition 2.1, R(y)-B(x+y)=0, vyed(R), R(y)=0;
hence, B(x+y)=0.
(2) Assume Jyed(R), R(y)=1, and B(x+y)=1. By (3) in Definition
2.1, PSO(R(y),B(x+y))=1. Hence,
Dpso (B, R)(X)= Sup PSO(R(y),B(x+Y))=1.

yed(R)
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(3) This property is straightforward from the fuzzy implication and fuzzy ero-
sion definitions.

Based on the integrated content in Sections 3 and 4, the (/, PSO)-fuzzy
rough sets are more extensive than the (7, O)-fuzzy rough sets and have im-
proved practical applicability while also retaining most of the characteristics of
(£, O)-fuzzy rough sets. Moreover, the IPSOFMM operators exhibit greater
scope than the IOFMM operators while retaining the properties of fuzzy rough

sets.

5. FCM-IPSO Algorithm and Edge Extraction Experiment

In this section, the importance and advantages of the pseudo-semi-overlap func-
tions in mathematical morphology and the field of image processing are demon-

strated experimentally using the FCM-IPSO algorithm.

5.1. FCM-IPSO Algorithm

The core concept of the FCM-IPSO algorithm can be summarized as follows.
First, the fuzzy C-means algorithm is applied for image clustering. This step
aims to separate the background of the grayscale image from its foreground.
Second, the fuzzy relation Ris calculated based on the prior clustering outcomes,
and R,R are calculated. Third, the value of R—R is calculated to obtain the
fuzzy edge image. Finally, the image is deblurred and then binarization is ap-
plied to acquire a binary edge. The detailed procedures of the FCM-IPSO algo-

rithm are outlined as follows.

Algorithm 5.1. An image edge extraction algorithm with (£ PSO)-fuzzy rough sets.

Input: gray image G/,

Output: edge image;

Step 1: G- GI/255;

Step 2: GIis subjected to clustering using the fuzzy C-means algorithm. BG represents
the collection of all background points; Object represents the collection of all foreground
points;

Step 3: for nin GF
for min GI

Step 4: for nin GF

Calculate Dy, (GI)(n), E,(GD(n);

Step 5: fuzzyl_edge< Dy, (GI)-E, (GD);

Step 6: grayl_edge<fuzzy_edgex255;

for /in edge:
if gray_edge (GI, B))(})>a:
edge (<1
else:
edge (1)<0

return edge;
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5.2. Experimental Step

Step 1. Choose the datasets.
Figures 4(a)-(f) displays the six standard images selected for the experiments.
The Lena image was used to evaluate the FCM-ISO algorithm.

Figure 4. Datasets. (a) Lena, (b) Cameraman, (c) Barbara, (d) Bank,
(e) Cell, and (f) House.

Step 2. Clustering analysis was performed on the Lena image using the fuzzy
C-means algorithm. (Note: The approach is similar to the image clustering me-
thod outlined in [7]).

Step 3. Image edges were detected using the Canny, Prewitt, Roberts, Lapla-
cian, and Sobel operators.

Step 4. The FCM-IPSO algorithm was employed to compute the image edges.
The fuzzy relation R was calculated using B, and B, as follows.

0.7 0.7 07 06 06 06
B =/07 08 07| B,=|06 07 0.6 (14)
0.7 0.7 0.7 06 06 06

5.3. Experimental Results

First, the grayscale Lena image was clustered using the FCM algorithm. The
deblurred outcomes are depicted in Figure 5. (Note: Figures 5(a)-(c) belong to
the Object set, whereas Figures 5(d)-(f) belong to the BG set).

(d) (e) 6]

(a) (b) (c)
Figure 5. Results of applying FCM algorithm on Lena.
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Second, the grayscale images in the dataset were processed using different
edge detection algorithms. The output of the FCM-IPSO algorithm is shown in

Figure 6. The application of classical operators to process five grayscale images

is illustrated in Figures 7-11. The operators used include Canny, Laplace, Pre-
witt, Roberts, and Sobel.

(a) (b) (c) (d) (e) ®

Figure 9. Results from Prewitt operator.

(a) (b)

Figure 10. Results from Roberts operator.
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Figure 11. Results from Sobel operator.

5.4. Analysis of Experimental Results

Two central problems are frequently studied when implementing image edge
algorithms: first, the feasibility of extracting the edges of a foreground object
from an image, and second, whether the noise level in the image is excessively
high [21]-[23].

Regarding the first problem, Figure 6 shows the experimental results of the
FCM-IPSO algorithm, indicating that it can extract edge information from each
gray image. For example, the edge of the build-ing and button in image 5(b); the
edge of the kerchief, tablecloths, and books in image 5(c); the edge of the small
window in image 5(d); the edge of the bubbles in image 5(e); and the edge of the
beams and columns in image 5(f). Furthermore, a minimal increase in noise due
to ineffective background extraction was observed. Some of the classical algo-
rithms underperformed when extracting the edges of fore-ground objects in im-
ages [7].

Subsequently, different (Z, PSO) pairs as in the Equations (15)-(21), were used
in the FCM-IPSO algorithm to test the noise introduction rate at the edges of the
Lena, Cameraman, Barbara, Bank, Cell, and House images. The results are

shown in Figure 12 and Table 2 and Table 3.

30 Canny
--®- Laplacian o
- Prewitt DA
--®- Roberts e T
259 }4- Sobel NN
—v— FOETPSO i e
fa
— _ P
F N
t I ~
a ‘o e
l" "
£ 15 i
o :J N r .
o ’~_ e
& A a0 .
10 - :’:\‘--\: ’A\ 'r,‘,l’t . .
A el ,,;‘.‘, »
o . ST 1
®.. “-. -7 AN R N
B T —‘.“e- T ii’
5 [ ... et I
L e
0 T T T T T T T T
Lena Cameraman Barbara Cell Bank House

Classification

Figure 12. Noise introduction rates for each algorithm.
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Table 2. Noise introduction rates of the FCM-IPSO algorithm (%).

Lena Cameraman Barbara Cell Bank House
(PSO,, L) 1.51 3.07 2.78 0.72 4.61 3.06
(PSO,, I) 2.38 3.06 3.05 1.24 5.17 2.82
(PSO,, L) 2.17 2.92 3.02 0.89 6.21 2.88
(PSO,, 1) 1.77 3.05 2.21 0.85 3.97 2.28
(PSO,, L) 1.94 3.08 3.1 0.57 2.2 1.48
(PSO,, 1) 1.24 3.09 2.85 0.84 3.78 2.67
(PSO,, I) 1.72 3.05 2.77 1.02 4.07 2.11
(PSO,, L) 1.25 3.03 2.94 0.82 1.46 2.29
(PSO,, L) 2.16 3.06 2.64 0.58 2.06 2.63
(PSO,, I) 1.48 3.11 3.22 0.7 2.82 1.56
Average noise rate 1.72 3.05 2.86 0.82 3.64 2.38
Table 3. Noise introduction rates of each algorithm (%).
Lena Cameraman Barbara Cell Bank House
Canny operator 3.34 7.65 3.07 3.52 845 4.92
Laplacian operator 4.87 12.51 6.32 3.06 2824 2335
Prewitt operator 8.77 5.78 10.21 6.31 26.67 19.03
Roberts operator 6.96 3.1 6.14 438 2126 16.17
Sobel operator 13.23 9.65 8.83 4.81 15.52 8.79
FCM-IPSO algorithm 1.72 3.05 2.86 0.82 3.64 2.38
L Jx <y,
L=1( y Y (15)
A , else.
Jx
1, X<y,
L(xy)= (16)
(%) Y else.
X
0, 0<y<—x+1,
L(xy)= (17)
X+y-1 —-x+1<y<1.
X+y
(X y)="—7 (18)
2
X
%, 0<x<0.2,x<y<-x+0.4,
Xy
3 y<x<-y+04,0<y<0.2,
PSOL(%Y)=1xy?, 0<x<02 -x+04<y<l, (19)
xy?, 02<x<04,-x+04<y<Xx,
Xy, 02<x<£04,-x+04<y<X,
Xy, 04<x<1,0<y<x
DOI: 10.4236/jamp.2024.127140 2362 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.127140

R.Yinetal.

% 0<x<0.4 x<y<0.4
@, 0<x<04,0<y<x,
%, 04<x<lx<y<l
PO, (x¥)= 21xy +9 20
——, 04<x<£104<y<Xx,
30
X—Sy, 0.4<x<10<y<04,
X—zy, 0<x<04,04<y<l,
X2, x2<y?
PSO, (X, y)=1"" ! 21
5 (%) {y, oy (21)

Figure 12 and Table 3 indicate that the average noise introduction rate of the
FCM-IPSO algorithm was generally smaller than those of the other five algo-
rithms. This is because the image is clustered using the fuzzy C-means algorithm
before extracting the image edge, which effectively distinguishes the image
background from the foreground and thus effectively reduces noise generation.

In summary, the proposed FCM-IPSO algorithm minimizes noise introduc-
tion compared to other conventional algorithms while simultaneously extracting

as many complete foreground edges from the image as possible.

6. Conclusion

In this paper, the pseudo-semi-overlap function is defined, and two construction
methods for it are presented. Subsequently, the (7, PSO)-fuzzy rough set is in-
troduced, and its theoretical properties are explored. Following that, the integra-
tion of the upper and lower approximation operators within the (7, PSO)-fuzzy
rough set with the fuzzy mathematical morphology operators leads to the pro-
posal of the IPSOFMM operators, with a focus on investigating its properties.
Finally, the fuzzy C-means algorithm is combined with the IPSOFMM operator
to formulate the FCM-IPSO image edge extraction algorithm, subsequently ap-
plied to six grayscale images. The pseudo-semi-overlap function proposed in this
paper requires only the properties of asymmetry and left continuity. The PSO
function enhances the FCM-IPSO algorithm’s ability to handle digital image da-
ta with ambiguity, non-completeness, and irregularity, making it flexible to be
used in different application environments. However, constructing the pseudo-
semi-overlap function becomes more intricate across diverse application con-
texts. Therefore, future research efforts will focus on devising pseudo-semi-
overlap functions tailored to specific application backgrounds. Follow-up re-
search work could further investigate the application of the FCM-IPSO algo-
rithm in video image edge extraction in addition to the construction method of
the PSO function.
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