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Abstract

The Laplacian of a function measures the difference between the value of the
function at a point and its average around that point. It is a differential oper-
ator appears in many differential equations describing many physical phe-
nomena. We establish some inequalities involving the Laplacian of warping
function for screen conformal lightlike warped product hypersurface in Lo-
rentzian manifold of constant sectional curvature. The existence of such
hypersurface is deduced in minimal case.
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1. Introduction

The warping function plays an important role in the study of the lightlike warped
product geometry. One can make a study on the warping function to get desired
properties on a lightlike warped product manifold.

In case of Riemannian warped product submanifold, many authors proved
some inequalities relating the Laplacian of the warping function to various curva-
ture terms with important applications [1]-[4].

Especially in analysis, it is well known that the Laplacian of a function fallows
to discover important physical properties. For instance, solutions of Laplace’s
equation Af =0 occur in problems of gravitational potentials, magnetic, electri-
cal, and of hydrodynamics. In this paper, the Laplacian of warping function is a
central tool of our analysis.

The study of null submanifolds is complicated since the inclusion of a part of
the normal bundle in the tangent bundle doesn’t allow us to find projector to
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define induced geometric objects. Particularly, in case of lightlike hypersurface,
the normal bundle is totally contained in the tangent bundle. In consequence, the
Riemannian curvature tensor doesn’t have symmetry properties. To deal with the
above problems, some techniques are proposed in [5]-[7]. In [8], the authors ex-
plored the problem concerning isometric immersion of lightlike warped product
manifold in semi-Riemannian space form.

In our approach, we consider isometric immersion of a lightlike warped prod-
uct of a degenerate manifold with signature (1,0, p) and a Riemannian manifold
in a simply connected complete Lorentazian space form. In [9], it is proved that
the Riemannian curvature tensor of coisotropic warped product manifold that is
conformal screen is an algebraic curvature tensor. We consider screen conformal
hypersurface case and establish some fundamental inequalities involving the La-

placian of the warping function.

2. Preliminaries

Let (Mlm1 , gl) , ( M2, g, ) be two semi-Riemannian manifolds, and fa positive dif-
ferential function on M, . The warped product manifold M™ =M, x; M, is the
product M,xM, equiped by the warped metric g =7, (g,)+(fo ﬂl)z ,(9,)
where 7, and 7, arethe projection morphisms of M;xM, on M, and
M, respecively and fis called a warping function.

Let {Ei, (ERTY =N NP Em} be an orthonormal frame of (M,g) where
{ SR =, } is the basis on the horizontal bundle I'(H) and { Eporr En } is
with respect to the vertical bundle I'(V). The Laplacian of the warping function

is given by
Af :i((va E)f —Eff). (1)

If (M;,g) is a r-degenerate manifold and (M,,g,) a semi-Riemannian
manifold, then (M 1% My, 0, + f 292) is a r-lightlike warped product manifold
and any screen structure has dimension (m, —r)+m,.

The Riemmannian curvature tensor in I'()) is given by

R(X.V )W :—<V'fW>VX(gradf). @)

It is well known from [10] that a normalized lightlike hypersurface of a semi-
Riemannian manifold is called screen conformal if there exists a non vanishing

differential function ¢ ina neighborhood U such that
A =oAL 3)

If @ isanon-zero constant then A is said to be screen homothetic.
Consequentely the local second fundamental form Band the screen second fun-

damental form Cof a normalized hyupersurface are related by
CN(X,PY)=¢)BN(X,Y). (4)

For any lightlike hypersurface M of a semi-Riemannian manifold M the
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Gauss-Codazzi equation is given by
(R(X,Y)Z,PW)=(R(X,Y)Z,PW)+B" (Y,Z)C" (X,PW) -
-B"(X,Z)C" (Y,PW)

forall X,Y,ZW eI'(TM).

Let {E,,---,E,} be an orthonormal basis of the screen bundle ./ (N) of a
lightlike hypersurface M. The mean curvature x of Mis defined in [11] as follow
1 m
H= —Zei B: (6)

miz

with ¢ =g(E,E ), B; =B(E;,E). Mis said to be minimal if # vanishes iden-
tically.
Let 7 =span{X,Y} be a2-dimensional non-degenerate plane of T,M . The

number
 (R(XY)Y,X)
COGXWYLY )= (XYY

K(7) (7)
is called the sectional curvature of 7in M.

Let 7, be a non-null &-plane section of T,M and {E,,---,E} be any or-
thonormal basis of 7, .

The scalar curvature z(7,) of x, isgiven by [12]

T(ﬂ'k):Zk:K(Ei/\Ej) (8)

ij=1

where K(E AE;)=(R(E,.E )E,E).

jr
If the Riemannian curvature tensor R has the symetry properties we have

t(m)=2 Y, K(Ei/\Ej). )

1<i<j<k

3. Main Results

In the following we consider a lightlike warped product of a 1-degenerate manifold

M, with signature (1,0, p) and a connected Riemannian manifold M, . For a
Lorentazian manifold space form M that is simply connected and complete, we
consider an isometric immersion 4 of M,x, M, in M where M,x, M, is a
screen conformal normalized lightlike warped product hypersurface.

We explore the following fundamental inequality given in [13] to establish
some inequalities involving some geometrical materials on lightlike warped prod-
uct hypersurface.

Lemma 3.1. If m>2 and a,,---,a,,b are real numbers such that

(iai JZ :(m—l)(iaf +bj,

i=1
then
2aa,>Db
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with equality ifand only if & +a,=a,=---=a,.

Theorem 3.1. Let (M =M;x; M,, g) be a lightlike warped product of
(m, +1) -dimensional lightlike manifold with signature (1,0,m;) anda m, -di-
mensional connected Riemannian manifold. Let h: (M , g) - (M(C), g) be a
screen conformal noemalized hypersurface ofa (m+ 2) -dimensional Lorentzian

manifold with constant sectional curvature c. Then we have

Af . mm?
A, mm 2 PMispge 10
£ 2m-n™ ; e (10

where m=m, +m, and ¢ isa positive conformal function.
Proof. From (5), and (8) we have

L =F/(N)+g0m2y2—(oijznj‘18§. (11)
Consider
o=1 —m@uz—? (12)
/(N) m—1 /(N)
we have

i#j=1
and by lemma 3.1, take & =B, and a, =B, ,, ., We get

2By,By, a1 > + Z B;. (14)

i#j=1

From 5 and 2 we have

1
?((VEl El) f- Elz f ) = C+("Bm1+1m1+1811
(14) m
>c+a+—z B: (15)
2 i#j=1
>c+ 2,
2
By (1), 11) and (12) we get
Af - my
TZ—O'+m1C

(16)

and (10) is proved.l

Theorem 3.2. Let (M =M, x; M,, g) be a lightlike warped product of
(m, +1) -dimensional lightlike manifold with signature (1,0,m,) anda m, -di-
mensional connected Riemannian manifold. Let h Z(M , g) - (M(C), g‘) be an
isometric immersion such that M is a screen conformal normalized hypersurface
ofa (m+2) -dimensional Lorentzian space form. If 7 =span{E,,E,} isanon-

degenerate plane section of T)M  then we have
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£<(m—2)(m+l)C m?(m-2)

T +7 u
. gt =20 e 7(7) | 0 Qa1
f 2m, 2m, (m-1) 2m, 2My  2M i3

where m=m +m, and ¢ isa positive conformal function and 7, 7 )

the scalar curvature on screen horizontal bundal and scren vertical bundle re-

specivelly.
Proof. By Lemma (3.1), take @, =B;; and a, =B,, in(13) we have
o m
2B,B,>—+ Y Bf. (18)
i#j=1

Let 7 =span{E,,E,}, from (11) and (18) we have

2 2
T(”) ?(”)4'(02 BiBj; _Z(DBU?
ii=1 =1
2

= z_'(77)"'240511822 - Z @Bijg

i#j=1

m 2
T(7)+o+ Y goBiJ? -y (pBi]?

i#j=1 i#j=1

?(”)+O-_i¢8i?+zm‘,8§

i=3 ij=3

vV

and by (12) we have

m?(m-2 m
M(oyz _<f/1(N) +r/2(N))+r(7z)+Z(pBﬁ

2m2£s m(m-1)c-2c+
f m-1 =

which leads to (17). 1

Remark 3.1. In case of a screen conformal warped product hypersurface with
negative conformal function ¢, we get the previous expressions with inversed
sens of inequalities.

The inequalities given in the following theorem hold with a positive or a nega-
tive conformal function.

Theorem 3.3. Let (M =M;x, M,,g ) be a lightlike warped product of
(m, +1) -dimensional lightlike manifold with signature (1,0,m)) and a m, -
dimensional connected Riemannian manifold. Let (M(C), g) bea (m + 2) -
dimensional simply connected complete Lorentzian manifold of constant sec-
tional curvature . For any screen conformal normalized hypersurface isometric

immersion h:(M,g)—)(M(c),g_) we have

m(m-1 T tT, 2yt R
DL RS Oy R e S
f 2m, 2m, 2m, am, i3

with equality if and only if A is a screen homothetic lightlike hypersurface with
p=-1.

2
o A Mm=Y) T T o (10 Shpe )
F 5 om, 2m, 2m,  am, £5
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Proof. From (8) and (5) we have

2m, Af
T T

m

T +§:3ij“ _%i(B‘J’ +Cy ) +%z[(8u ) +(c )ZJ

ij=1 ij=1 ij=1
_ 2 2 1 2 2 1 2 U 2
T temu -Z(p+1) ZBij-i-—((D +1)ZBU-
2 =i 2 ii=1
and the relations (19) and (20) hold.H
Application

—

4)

If the warping function fis harmonic, with respect to the sign of the conformal
function ¢, from Theorem (3.1) and Remark (3.1) we have the following appli-
cation.

Corollary 3.1. Let (M =M;x, M,, g) be a lightlike warped product of
(m, +1) -dimensional lightlike manifold with signature (1,0,m,) anda m, -di-
mensional connected Riemannian manifold. If fis a harmonic function, then

(a) there does not exist a minimal screen conformal hypersurface isometric im-
mersion of M in a Lorentzian manifold of positive constant curvature such that

w—mlzm: Bf <mc
2 o
with ¢ isa positive conformal function;

(b) there does not exist a minimal screen conformal hypersurface isometric im-

mersion of M in a Lorentzian manifold of negative constant curvature such that
m
meluZ:‘i B >mgc

with ¢ is a negative conformal function.

4. Conclusion

We explored a differential operator named Laplacian to compute some geomet-
rical objects of screen conformal warped product hypersurface. Especially, we
made an estimation of the Laplacian of the warping function and got some ob-
structions on existence of minimal screen conformal hypersurface of a Lorentzian

space form.
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