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Abstract

In combinatorics, permutations are important objects with many operations.
In this paper, we define a coupling product on permutations and prove that
the space spanned by permutations is a graded algebra.
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1. Introduction

Algebraic structures not only provide a solid theoretical foundation for the math-
ematical systems, but also offer precise mathematical methodologies for solving
practical problems and they have facilitated the cross-integration of mathematics
with other disciplines. Therefore, algebraic structures are extremely significant in
mathematics. In combinatorics, many objects have algebraic structures. As time
goes by, mathematicians have found many algebraic structures on different ob-
jects, such as algebraic structures on permutations [1] [2], planar trees [3], simple
graphs [4], posets [5] and parking functions [6]-[8].

Permutations are important combinatorial objects. A permutation of degree n
is an arrangement of N elements. The symmetric group of degree n, denoted
by §,, contains all permutations of [n]:={1,2,---,n}. Let KS  be the vector
space spanned by S, over field K. Define KS:=® KS , where S, ={¢}
and e isthe empty permutation. Then KS is graded and its n-th component
is KS, .In 1995, Malvenuto and Reutenauer defined the classic operation on per-
mutations [9], which is the shuffle product. In 2005, Aguiar and Sottile introduced
global descents on permutations [10]. In 2018, Bergeron, Ceballos and Pilaud de-
fined gaps on permutations [11], which play a vital role. In 2020, based on the
global descents, Zhao and Li defined a new shuffle product on permutations and
proved that KS, with the new shuffle product is a graded algebra [12]. In 2014,
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Vargas defined super-shuffle product on permutations [13], and in 2021, Liu and
Li proved that KS, with the super-shuffle product is a graded algebra [14].

The organization of this paper is as follows. In Section 2, we review the basic
definitions of graded algebras and basic notations on permutations. We introduce
the definitions of gaps, absolute ascents and atoms of permutations. In Section 3,
we define a coupling product x on permutations and prove that (KS,x, x ) isa
graded algebra. In this paper, we also provide some examples to help readers un-

derstand the coupling product on permutations.

2. Preliminaries
2.1. Graded Algebra

Let R beacommutative ringand A bea R-module.
Define a product m: A®; A— A and a unit u:R — A, respectively, satis-
fying the following diagrams, then (A,m,x) isan R -algebra.

m® id
ARARA—> AR A

id®m m id®

IR

A9A—" s A  A®R

Figure 1. Associative law and unit.

The algebra A is graded if there is a direct sum decomposition A=®, A
such that the product of homogeneous elements of degrees p and ( ishomoge-
neous of degree p+q, thatis, m(Ap ®A, ) cAyg-and u(R)c A

2.2. Basic Notations

A permutation @ in S is a bijection of the set [n]:={1,2,---,n}, denoted by
a=aa, a,, where a =a(i)e[n]. In particular, S;={e}, where e is the
empty permutation. Denote S:=|y S, and KS:=& ,KS , where KS is
the vector space spanned by S, over field K.

For any sequence of distinct positive integers a=a,a, ---a,, the position be-
tween the i-th element a and the (i+1)-th element &, is called the i-th
gapof a, 1<i<n-1.The position in front of the first element a, is called the
0-th gap of a and the position behind the last element a, is called the n-th
gapof a.For example, the gaps of 38749 are the numbers in blue: (3,8,7:449s.

For 1<i<n-1,wesaythat i isan absoluteascentof a if a <a; forany
i<j<n.Let W, ={i,i,,---,i;} be the set of all absolute ascents of a, where
i, <i, <---<i,.Denote

o =ad, a4,

Ay =8 18 5" &,
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o, =g, -a,,

r i+1 " %n

and call that «; is an atom of a, for 1<i<r. For any permutation a in
S, put the symbol o at all absolute ascents of a, then we get the decompo-
sition of a, denote by a=q 0a,0---0,. If a has no absolute ascent, we
call it indecomposable.

Example 2.1. For a=314659, we have W, ={2,35} and

a=o0oa,005°00, =310406509.

The sequence 342 is indecomposable.

3. Coupling Product on Permutations

In this section, we give the definition of the coupling product on permutations.

Let a=aa,---a, beapermutationofdegree N and b=Dbb,---b, beaper-

mutation of degree M with W, ={i,,i,,--,i,} and W, ={j;, j,,--, j,} » respec-
tively. Then their atoms are
o =ad, g,
O =8 1@, &),
Q=8 & o8y,
B =bb, "'bjl'
B = bj1+1bj1+2 "'bjza

ﬂs = bjs—l”-bjs—l*z o bm !

and a=a caq,0--ca, and f=pfof,0---0ff are the decompositions of a
and b, respectively. Denote b=hbb,---b as the sequence of positive integers
obtained by adding n to each elementin b, ‘e, Bj = bj +n, 1< j<m.Then
the atoms of b are

B = (b, +n)(b, +n)-~~(bj1 +n),

5, =(bj1+1 Jrn)(bj1+2 +n)-~(bj2 +n),

By =0y an)(by, o 1) (b, +1),

ie, its decompositionis 3= /3,0 f3,0---0f3, .
Next we define the coupling product on permutations in a recursive way.

Definition 3.1. Define a coupling product x on KS by
1) axe=eXxa=a,

axb:axﬁ’

2) =(aloa20~--Oar)b<(ﬁloﬂA20---0ﬁs)
:alo(azo-noar Mﬁ)+gﬁk (alo(azo”"’ar M(ﬁ\ﬁk))),

where a=q,ca,0---0a, and f=pf of,0---0f are the decompositions of
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permutations a and b, respectively, and B\ /;’k is obtained by eliminating the
k-thatom g, from fj.Definethe unit u:K—>KS by u(l)=e
From the definition, the coupling product x is non-commutative.
Example 3.2. Let a=12 and b=3124.Then a=¢ ca, =102,
B=PBopof=310204 and B=pf op,0f, =530406.Then
axb

:alo(azKB)"'BN@"(“Z'X:@OIBAa)"‘BzalO(azK:éﬁﬁs)
+,é3a1°(azb<,é1°ﬁz)
:0‘1°0‘2°(5Mﬁ)+0‘1°(/§1a2°(6'><ﬁ2°133)
+BZaZO(EMBIOﬂA3)+ﬁ3a2 fxﬂl ,Bz)
+,Bla1 ( (el><ﬁ2 ﬂs)"‘ﬂzaz (elxﬁ3)+
+,éza1°(az°(€xﬁ1°:és)+:élazo(elxﬂa) ( ))
+[33alo(a20(e|><ﬂlo/§'2)+ﬂla20(e|><ﬂ2) ( ))
:aloaz°ﬁ1°ﬁ2°/§3+a1°/§1a2°/§2°ﬁ3

+ayo oy 0 fiofyt+ay e fra, o fiof

tha 00y 0 fyo Pyt Py o Bty o B+ By o faty 0

+ B cay o fofy+ Py o fiary o Py + Bray 0 By, o By
+hgeayo o+ By o Bia, o By + By o Bty 0 B
=1020530406+105320406

+104205306+106205304
+531020406+53104206+53106204

+410205306+41053206+ 41062053
+610205304+61053204 + 61042053,

From the above example, permutations in the coupling product of a=¢, 0,

and f=f, 0 f,f; mustconsist of some atoms from the set
{au aZ’ﬂl’ﬂZ'ﬁ3'ﬁlallﬁ2a17ﬂ3a1’ﬁ1a21ﬂ2a21ﬂ3a2}'

and each atomin « and J appears and appears only once. When such atoms
are given, the first atom must contain «;, the 2 atom must contain «,, then
the remaining atoms with B are arranged in ascending order of its index j.
For example, in axb the permutation consists of the atoms 3, B,a,, Bz, is
ﬂ2a1 o B, o B, » and the permutation consists of the atoms a,, 3, 3;, B, i
B, o, o B, o 3, . Furthermore, the subsets that satisfy that each atomin « and
B appears and appears only once give all permutations in the coupling product
of a and b. And these permutations are distinct and they appear and appear
only once in the coupling product.

In general, when a=4a,a,---a, isapermutationofdegree N and b=hbb,---b,
is a permutation of degree m with decompositions =, ca,0---0cr, and

B =P of,o--0f, respectively. Any permutation in axb must be given by a
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subset of {ai,ﬁj,ﬁjai [i=12,---,1;] =1,2,---,s} ,in which each atomin « and
S appears and appears only once. Once the atoms are given, all atoms containing
a, arearranged in ascending order of its index i, then the remaining atoms /3 |
are arranged in ascending order of its index j . Furthermore, the subsets that sat-
isfy that each atomin @ and B appears and appears only once give all permu-
tations in the coupling productof a and b.These permutations are distinct and
they appear only once.
Thus, we have an equivalent definition of coupling product.

Definition 3.3. Define the coupling product x on KS by
axb=ax ﬂA
:(aloaz °"'°ar)[><(ﬁ1°ﬂz o...oﬂs)

=D, D Giodyorod, Oﬂ[s]\f(l)’
Le[r] f:L>[s]
where a=q cq,0---0oa, and f=pof,0---0f are the decompositions of
permutations @ and b, respectively, f isan injective map from L to [s],

and

o, iel.

3. a, iel,
di — {ﬂf(l) i
I

Remark 3.4, We can also define the coupling product on sequences of distinct
positive integers. Let @ and b be sequences of distinct positive integers. De-
note a,, asthelargestelementof a andadd a, toeachelementof b and

obtain b=bb,---b,. Then the atomsof b are

m

Iél :(bl +amax)(b2 +ama><)”'(bj1 +amax)’

B =(bj1+1 +amax)(bj1+2 +amax)"'(bjz +amax),

Bs = (bj5,1+1 +amax )(bj5,1+2 + amax)"'(bm +amax )1

and its decomposition is /3 = ,él ° ,32 0.w0 ,61 .

Theorem 3.5. (KKS,i,u) isa graded algebra.

Proof: Let a=4a,a,---a, be a permutation of degree n and b=Dbb,---b,
be a permutation of degree m with decompositions o =¢ ca,0---ca, and
L= 0,00 f, respectively. We denote b= 6162 Bm as the sequence of
positive integers obtained by adding n to each element in b, ‘e, 61- =b; +n,
1< j<m. Then denote B=f0p,0---0f, as the decomposition of b. From

above, any permutation in axb must be given by a subset of

{ai’ﬁ’\jlﬁjai | i :1721'”1r; J :1,21"'13}7
where each atomin @ and 3 appears and appears only once. Suppose C isa
permutation of degree | with W, ={kj,k,,--,k }. Then the atoms of C are

71 =06C; -G
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V2 = C G2 Gy
7t = C 4G 2 G

and the decomposition of C is y =y, 0y,0---0y. Denote C as the sequence
of positive integers obtained by adding n+m to each element in C. Then the

atoms of € are

7 :(cl+n+m)(c2+n+m)~~~(ckl +n+m),

Vo =(ck1+1+n+m)(ck1+2+n+m)~~~(ck2 +n+m),

7 :(ckH+1 +n+m)(ck‘71+2 +n+m)~~-(cI +n+m),
and the decomposition of € is 7 =7 o, o---o7 . Any permutationin (axb)xc
must be given by a subset of
A:{ai'ﬁj177k1ﬁjai17kai17kﬁj77kﬁjai|i:1121"'lr;j:1121""S;k:1121"’vt}’

and each atomin «, B and 7 appearsand appears only once.
Denote C=C_C,--C, as the sequence of positive integers obtained by adding

M to each elementin C, ie, C; =C +m, 1<i<I.Thentheatomsof C are
;71=(cl+m)(cz+m)~~~(ck1+m),

Vs :(ck1+l +m)(ck1+2 +m)~~~(ck2 +m),

7 = (ckv1+1 + m)(ckF1+2 + m)~~~(c, +m),

as the sequence
. Then the atoms

and the decomposition of C is y =y, 0y, 0---0%. Denote
of positive integers obtained by adding n to each element in

o

of € are

7, = (ék‘,lﬁl_ + n)((‘;ktf1+2 + n)'--(é, +n),

and the decomposition of € is 7 =7 07,007,
Any permutation in bxc must be given by a subset of

{ﬁjy?ky?kﬂj | J :1121'”18;'( :1!21“'1t}!
where eachatomin f and 7 appearsand appears only once. Any permutation
in ax(bxc) mustbe given by a subset of

B:{ai’ﬁ’\i'}?k'ﬂ’\]ai’j?kai'}?kléj’ﬁﬁjai |i:l’2’“'lr; J :1!2!”'13;k 21121'“1t}1

where each atomin @, 8 and 7 appears and appears only once.
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From above, 7=y since A=B . Hence, (axb)xc=ax(bxc), for any
permutations @,b and c. It is easy to verify that x4 is a unit. So (KS,x, )
is an algebra. Obviously, KS xKS < KS .Thus, (KS,x,u) isagraded al-
gebra. [J

n+m

4. Conclusion

In this paper, we define a new product operation on permutations, which is called
the coupling product x. Then, we prove that the vector space spanned by per-

mutations with the coupling product is a graded algebra.
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