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Abstract 
The paper introduces an “ab initio” model to calculate the timeline of the tem-
perature field of the Big Bang radiation field in the universe and its connection 
with the Hubble law. The theoretical approach is rooted in the concept of 
quantum uncertainty and has a quantum character. The aim is to emphasize 
that the big bang energy diffusion throughout the expanding universe is 
enough to account also for the Hubble tension.  
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1. Introduction 

A recent paper [1] has shown how to find via dimensional analysis an equation 
having the form 
 ( ) ,D energy energyξ χ ′ ′′∇ ⋅ ∇ + =

 (1.1) 

where χ  is in general a dimensionless scalar field, ξ  an arbitrary proportion-
ality factor and D a function of space and time coordinates having physical di-
mensions 2length time . In this paper ( )Dξ χ∇ ⋅ ∇  is then regarded with spe-
cific reference to the well known Fourier heat conduction equation, in which case 
D is the heat diffusion coefficient in agreement with its physical dimensions, whereas 

0T Tχ =  describes the temperature field T normalized by the constant temperature 

0T . The solution of (1.1) is sought specifying that ( )0 ,energy energy t′ ′= r  repre-
sents the source term of a local thermal field ( ),T T t= r ; so the starting equation 
of diffusion model reads 
 ( ) sD χ ε ε∇ ⋅ ∇ + =

 (1.2) 

with appropriate boundary conditions. The reference system defines the coordinate 
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0r  of the energy source term sε . It is necessary now to specify also the physical 
context where applies the diffusion model. Usually (1.2) describes solid state 
problems, where heat diffuses from a given source coordinate 0r  to the neigh-
bor space region where is calculated ( ),T tr  as a function of time at any 0−r r . 
In this paper (1.2) has instead cosmological meaning: the diffusion medium is 
the universe, T is the temperature field from the initial condition represented 
by the Big Bang energy. The aim of the paper is to explain how to calculate the 
thermal field throughout the universe expanding after the Big Bang from an arbi-
trarily small initial size to today’s size. The contribution of heat convection is 
deliberately omitted, to show that the expansion of the universe can explain itself 
the time dependence of ( )T t  consistent with that observed throughout the uni-
verse by defining appropriately sε . Section 2 aims to solve (1.2) in order to stim-
ulate general considerations of cosmological character; section 3 extends the re-
sults to the further cosmological problem known in the literature as “Hubble ten-
sion”. 

2. Cosmological Concept of Diffusion 

Consider first a body of matter of mass m and volume V that define its density 
ρ . According to (1.1), a typical example of diffusion model concerns the thermal 
field induced in the body by the presence of a source of energy, around which heat 
diffuses by temperature gradient driven conduction mechanism. If the body also 
contains concentration gradients of local impurities, then the final result of energy 
and mass diffusion mechanisms is to bring matter towards a uniform equilibrium 
T and uniform composition. Calculate now δρ  when change both V, e.g. when 
increases the temperature of the body, and m, e.g. because of chemical reaction of 
the body with the environment. Write then in principle 

 ( ) ( )2
0

log logm Vm Vm m V
V m VV

δρ δ δ ρδ δ δ ρ
ρ ρ

  = − = − = =   
   

 (2.1) 

whence 

 
0 0 0 0 0

log ;m V
m V

δρ δρ ρ ρ δ δ ρ ρ
ρ ρ ρ ρ ρ ρ

  = = − =   
   

 

at the left hand side appears the relative change of ρ  with respect to the initial 

0ρ . Clearly results 0 0δρ ρ   depend on whether m m V Vδ δ . Is relevant 
in particular the minus sign: it means that the relative change of mass m mδ  of 
the body is smaller than the relative change V Vδ  of its volume. Consider now 
a system of several bodies each one of which is characterized by its own jρ . If all 
of the j-th bodies are subjected to such changes, then it is sensible to assess the 
total change of the system 

 
0 0 0

log .j j

j

ρ ρρ
ρ ρ ρ

 ∆
= −  

 
∑  (2.2) 

The same holds of course for all jV -th elementary volumes of a unique and 
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isolated body of matter. The tendency to the equilibrium means that all jρ  be-
come equal, so that this equation turns into 

 
0 0 0

log 1 .
N

eqtot
j eq

eq

W W j N
ρρρ ρ ρ

ρ ρ ρ
 ∆

= − = ≡ ≤ ≤ 
 

 (2.3) 

In fact, the equilibrium state is possible thanks to the concepts of dissipation of 
a local excess thermal energy and local displacement of matter, e.g. due to possible 
concentration gradients of impurities, both implied by the maximum global en-
tropy with all j eqρ ρ= . 

This conclusion is extensible to the cosmology because it is rooted in the uni-
versal concept of entropy. Examine thus the idea of extending these well known 
concepts to the radiation field of the whole universe. 

In principle nothing hinders to refer the index j to all bodies of the universe 
having volume jjV V= ∑  and local masses j j jm Vρ= . However now it is nec-
essary to specify the meaning of mδ  and Vδ . The latter can be identified with the 
observed universe expansion, the former with the progressive creation of mass in the 
available volume; the initial Big Bang energy fulfills in principle this requirement. 

To guess the physical context implied by an expanding universe, regarded as 
the general framework within which are allowed physical events, consider the fol-
lowing three points. 

(i) The expansion implies size growth of space time and thus, in particular, 
stretching of light wavelengths propagating in the universe i.e. energy loss of pho-
tons, which in turn means cooling of the e.m. radiation energy field. 

(ii) As jρ  decrease because m m V Vδ δ< , then differentiating (2.2) one 
finds 

 0 0 0 0 0

log 1 log

0.

j j j j

j j

j j
j j

const

δρ ρ δρ ρρδ
ρ ρ ρ ρ ρ
ρ δρ

      ∆
= − + = −             

= =

∑ ∑

∑ ∑
 

Let 0ρ  be the initial Planck density at the time Plt t= , whereas jρ  is that at 
the time Plt t> ; then each term of the sum reads 

 ( ) ( )
0 0 0

logj j j

j

t t tρ δ ρ ρρδ
ρ ρ ρ

+ −   ∆
= −   

   
∑  

because the change of jρ  is reasonably due to its time dependence; as indeed 
( ) ( )j jt t tρ δ ρ+ <  because of the universe expansion during tδ , one infers 

 
0

0,ρδ
ρ

 ∆
≥ 

 
 

which actually is nothing else but the second law of thermodynamics. 
(iii) Redistribution of the initial Big Bang energy energy in an increasing vol-

ume of universe means decreasing the global energy density. Consider indeed 
T Sδ  during growth: if ( )S tδ  increases, then expectedly ( )T t  decreases. In 
this model, heat diffusion accounts for the dynamic energy balance in a growing 
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environment; in other words, heat diffusion is the leading mechanism to transfer 
energy from bulk previously formed to a freshly formed volume of universe. 

These hints highlight what has to do with the classical concept of diffusion co-
efficient with the cosmology: it concerns the residual energy/radiation field that 
pervades the universe after the Big Bang. 

Regard the big bang as initial event characterized by an excess of energy that 
pushes outwards the current space time boundary, which thus starts growing to 
dissipate energy into an increasing V. Let this amount of energy fill all space time 
available during growth; heat diffusion is the simplest hypothesis about a possible 
mechanism to transfer energy throughout the new space time volumes allowed by 
the growth process. In other words, the thermal field in V is due to heat flux dif-
fusing throughout the space time: this is a time process towards the thermal equi-
librium of the universe. Let the matter be actually at rest, it is displaced outwards 
by the drag effect of the expanding space time itself; mδ  is not related to diffu-
sion driven displacement of matter gradients throughout the universe, rather it 
concerns the formation of new matter along with new space. If so, then neglect 
matter and energy convection, whereas it is enough to implement a classical dif-
ferential equation valid for a continuous and homogeneous heat flux progressively 
distributed throughout an increasing region of available space time; nevertheless 
this still implies decreasing ρ  because m m V Vδ δ<  means insufficient local 
mass growth into a larger space volume. Even with this meaning of mδ  and Vδ  
the Equations (2.2) and (2.3) keep their conceptual validity. Thus (1.1) can be 
solved to find the T time profile of the radiation thermal field during universe 
growth. This means expressing ( ), , ,x y z tχ χ=  via the dimensionless tempera-
ture 0T T  defining the energy Bk T : the constant 0T  has been introduced for 
dimensional reasons. 

The first problem is to guess the diffusion coefficient ( )D D χ=  and the 
source term ( )χ=   to solve the heat Equation (1.1), which reads now in di-
mensionless temperature form 

 
( ) ( ) ( )

( )
0

, , , .

energyD D D

energy Tx y z t
T

χ χ χ χ

χ χ

′
∇ ⋅ ∇ + = = =

′′
= =









 
 (2.4) 

A first reasonable hint is the source term T∝ : i.e. the higher T, the stronger 
the energy released by   in its own jV  and available for the neighbor elemen-
tary volumes jV ′  of universe. Moreover let be 2D T∝ : the square T dependence 
of D means that the bulk energy supplied by each jV  is efficiently exchanged 
with the elementary volume jV ′  facing jV  to dissipate energy towards regions 
further away from the source. In other words, the ability to diffuse from jV  more 
energy than the incoming one prevents local energy increase and thus local T gra-
dients. In this way the higher T, the higher D and thus the ability of jV ′  to ex-
change energy with another newly created jV ′′ . This is the specificity of a system, 
the universe, able to regenerate itself; such D is reasonably guessed having the 
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form 2
0D D χ= , with 0D  dimensional constant. Since ( )2 3 3χ χ χ∇ = ∇ , the 

first addend of (2.4) reads ( ) ( )3
0 3D χ∇ ⋅ ∇ ; write then (2.4) as 

 ( )( )3 20
0 .

3
D

D Dχ ξχ χ χ ξχ∇ ⋅ ∇ + = = =   (2.5) 

Next with the position 3qχ ξχ χ= − , being q a proportionality dimensional 
factor to be determined, (2.5) yields 

 ( ) ( ) ( )2 3 3 3

0

3 , , .q q q q x y z t
D

χ χ χ ξχ χ ξ ξ∇ = − = − = =  (2.6) 

In principle the source term coefficient ξ  is expected to be a function of time; 
if the initial Big Bang energy source is unique and located in a unique place, wher-
ever this place in the new born universe might be, then ( )tξ ξ=  means that the 
energy of source term changes at increasing times to account for the energy con-
verted into the expansion rate. The factor q accounts for the fact that the source 
term determining χ  can be located somewhere in the universe. Although (2.5) 
and (2.6) do not imply any specific information about the actual locations of ξ  
and q, these mere definitions allow finding a simple and reasonable solution of 
(2.5); it is immediate to verify that the general solution of the second (2.6) is 

 
( )

( ) ( ) ( ) ( )

1

2

1 1 2 2 1

, ,
2

exp 2 d d ,
t t

bb bb

g f f x y z
f qg

g g t t g g t g t t

χ

ξ

′ ′= =
′ +

= = = =∫ ∫
 (2.7) 

where f ′  is an arbitrary function of space coordinates only, which takes the 
meaning of arbitrary integration constant with respect to the time integration. The 
notation indicates that the time integrals of ξ  span from the Big Bang time bb  
to an arbitrary later time, e.g. today’s time. It is worth noticing that putting 0ξ =  
means neglecting the source term   in the starting Equation (2.4), as this ap-
pears in (2.5); however even in this case χ  remains a sensible solution, as it must 
be. Indeed 1 1g =  and 2 0g t const= +  yield 

 
( )0

0

1 ,
2f q t const

χ =
′ + +

 (2.8) 

with notation emphasizing a mere heat diffusion equation in an adiabatic system 
tending to its equilibrium state; the time evolution of the universe should follow 
the 1 2T t−∝  law without divergence problems, whatever f ′  and q might be. It 
also appears that 0 0ξ ξ= ± ≠  would imply ( )1 0exp 2g tξ= ±  and  

( ) ( )1
2 0 02 exp 2 tξ ξ ξ−= ± ± ; i.e. even with a constant source term 0χ  does not di-

verge because 

 
( )

( ) ( )
0

0
0 0

exp 2
2

2 exp 2const

t
f q

f q tξ

ξ
χ ξ

ξ ξ=

±
′= ≠

′ ± ±
 

with finite limit for 3.45t →∈ . This ensures that the assumptions (2.5) are sen-
sible. 
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Returning to the general case ( ) 0tξ ≠ , take advantage of the arbitrariness of 
f ′  to put for simplicity 2f q′ =  and rewrite then the solution (2.7) of the sec-

ond (2.6) as 

 
( )2 1

1 1 1 .
2 1 g gq

χ =
+

 (2.9) 

In this particular case χ  results factorized by a space function q and a time 
function of ξ . In other words, the simplifying assumption 2f q′ =  is useful to 
split (2.7) into the space and time functions of (2.9), which are assessed separately 
via straightforward considerations and compared easily with experimental data. 

-As concerns the space function q plug now (2.9) in the first (2.6), which takes 
thus the form 

 1 2
1 2

2 2 3
3/2

0 0

1 3 1 3 ,Q Q Q q
D Dq q

ζ ζ− 
∇ = − ⇒ ∇ = − = = 

 
 

whose general solution reads in integral form 

 ( )
0

2

2 4
1

6 d
6 6

Q

a

aQ C x y z a
C a ζ

= − + + ±
−

∫  (2.10) 

being 1C  and 2C  the integration constants; a is a dummy integration parame-
ter in turn dependent on 0D . In practice (2.10) correlates space coordinates 

, ,x y z  and 1 2q− ; once guessing appropriately the boundary conditions via the 
integration constants, the numerical integration yields 1 2q−  at any , ,x y z . The 
lack of information about the source location does not prevent interesting infor-
mation via (2.7). Two examples of such information are shortly exemplified here 
considering (2.9). 

-For example, to emphasize the first kind of information consider in particular 

 
( ) ( )( )1

2 1

1 ~ sin
2 1
Q Q Q Q x y z

g g
χ = + +

+
 (2.11) 

i.e. Q has an oscillating space trend around an average value Q  with , ,x y z  
extended throughout the universe volume; this hint admits that the main time line 
described by ( )1 21 2g g+  is subjected to space ripples of T described by the 
space function Q with amplitude modulated by Q  and space frequency mod-
ulated by 1Q . In effect it is known that the CMB is not completely smooth and 
uniform, rather, it shows faint anisotropy and T oscillations. 

-Consider the time factor of (2.9) and note that although ( )tξ  is not known, 
it is certainly possible to expand in series the function ( )2 11 g g+  around an 
appropriate 0t t= . Trivial considerations on the coefficients of series expansion 

 ( ) ( ) ( )2
1 2t c t c tξ τ τ= + + + +  

show that ( ) ( ) ( )2
2 1 0 1 0 2 01 g g C C t t C t t+ ≈ + − + − + ; the constant τ  has 

been included to avoid divergence for bbt t→ . Plugging into (2.9) and collecting 
the terms iC′  that multiply t separately from the constant terms, (2.11) up to the 
second order reads 
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 ( )0 0 1 2 0 1 22
0 0 1 2

1 , , , , , , , ,i i
T C C t T c c C C C

T Q C C t C t
τ′ ′≈ =

′ ′ ′+ + +
 (2.12) 

This result must be assessed with the condition that for 0t =  must hold 

0 0 1PlT C T Q′ = , i.e. 0 0 PlC T Q T′ = , being PlT  the Planck temperature.  
Replacing in (2.12) it yields ( ) 1 22

1 21PlT T C t C t
−

′′ ′′= + +  with 1 1 0C C C′′ ′ ′= ,  

2 2 0C C C′′ ′ ′= ; hence, introducing for shortness best fit coefficients 1C′′  and 2C′′ , 
the result reads 

 

0 0

2 43 27 2
1 2

0 32

0

1 1 1.8 10 10

1.4 10 K;

Pl

Pl

T Q C T
T T

C t C t t t
T Q

T
C

′
≈ ⇒ ≈

′′ ′′+ + + + × + +

= = ×
′

   

the coefficients, calculated with best fit methods e.g. requiring that today’s T is 
2.72 K, show that the series converges. The plot of Figure 1 is compliant with the 
literature results. 

Further considerations that deserve specific attention should concern χ  of 
(2.7), especially to calculate “ab initio” the series coefficients (2.12); these consid-
erations however are omitted for brevity because out of the purposes of this paper. 
Nevertheless, it is easy to guess the values of these coefficients even in the partic-
ular case (2.11). Let 1 1 PlC t′′=  in order to refer T to the Planck time Plt , as sug-
gested by the best fit calculation. Write thus 

 
( ) ( )21

Pl

Pl cr

T
T

t t t t
≈

+ + +
 (2.13) 

As concerns 2C′′ , note that exists in fact a further link as concerns the relation-
ship between T and t. Calculate the radiation field momentum p as pc hc λ=  
and equate the energy at the left hand side to Bk T ; it yields an additional condi-
tion to link T to t because it is possible to write 

 1 ,B
B cr

cr cr

khc cpc k T T
t hλ λ

= = ⇒ = =  (2.14) 

being crT  the critical temperature corresponding to the critical time crt . 
These quantities are identified in Figure 2, which shows a changed profile at in-
creasing times when the square term is no longer negligible with respect to the 
linear term. Whatever the actual physical reason of this time dependence might 
be, let us assign to crt  arbitrary values to observe how changes crT . The Figure 
1 is calculated implementing four trial values of 2C′′ . As expected, when 
( )2

cr Plt t t t  the plots overlap, whereas at times crt t>  appear four different 
profiles emphasizing the respective times at which begin the changes of T profiles. 
Compare then crT  corresponding to the different crt  requiring their con-
sistency with (2.14). Figure 2 shows in greater detail the region of the plot around 
the possible crt : it appears that only the solid line curve fulfills this condition, 
which therefore identifies uniquely the coefficient of (2.13). 
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Figure 1. LogLogPlot of temperature (Kelvin) vs time (seconds). 

 

 

Figure 2. Detail of Figure 1 to evidence the T profiles at times around crt . The vertical 
lines evidence the links of the respective crT  with T. 
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Holds thus the conclusion: the big bang energy diffusion only, without convec-
tion mechanisms, is enough and adequate to explain decently the time profile of 
the various ages of the universe. 

Note at this point that the physical dimension of D t  is square velocity; so 
write formally 2D t v=  as D sv= , being in general s vt=  an arbitrary length. 
Dividing this latter by 2s  one finds D s v s= = , being H a function of 1t− . 
Specify then v in order to give this result a physical sense. For example define 

sv v≡  i.e. sv s tδ δ= , in which case one concerns the time change sδ  of the 
current length ( )s s t=  during the time range tδ . So 

 1 s
s t
δ
δ

=  

Next specify further what does s represent. If s is the radius of a sphere, sv s  
represents the relative change of size of the sphere. This is not at all trivial accord-
ing to (2.1): e.g. calculating from this result δρ ρ  one could infer information 
about the entropy of the material of which the sphere is made. Also, since 

ε∇ ⋅ =v  represents an energy, one could calculate also the kinetic energy of the 
sphere if is known the current mass m generated by the big bang and 
( )sv t tδ δ δ δ ′  by integrating ( ) ( )sv v t v tδ δ δ δ′ ′ ′  times m . So even an ab-

stract dimensional approach like that proposed here can in fact provide concrete 
physical information once specifying the pertinent conceptual frame. If the sphere 
represents the universe, this still holds regarding H with reference to the Hubble 
law, as it is done in the next section. 

3. Cosmological Implications: The Hubble Tension 

This section makes explicit reference to the uncertainty equation, whose implica-
tions are introduced in a previous paper [1]: 

 
3

2 .x
G lengthx p n t

timec
δ δ δεδ= = =



  (3.1) 

With reference to (3.1) define a range sδ  as follows 

 ,x
x

n n ts x x p
p t x x

δεδδ δ δ δ
δ δεδ δ δ±

′
= ± = ± =

′ ′ ′
   (3.2) 

which reads 

 ;x ns c t x c t
t

δδ δ δ δ
δ δε±

′
= ± = =

′
  

thus merging both chances, 

 
2

2 2 2 2 2 2
2 x x

s xs s s c t x inv c v v
tt

δ δδ δ δ δ δ
δδ+ − = = − = ⇒ = − =  (3.3) 

yields 

 
22 2 2

2 2 2 2 2 2
2 2 2 21 .x

x x sr sr
vs x s xv c v c c

tt t t c
δ δ δ δβ β

δδ δ δ
= − ⇒ = − = = = −  (3.4) 

Moreover the second (3.2) yields ( ) ( )xconst p cδ ε δ± = , which reads  
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xconst p cε ±± = ; as before, multiplying the chances xconst p cε ++ =  and 

xconst p cε −− =  side by side one finds ( )( )2 2
x xconst p c p cε + −− =  i.e. 

 ( )22 2 .pc constε = +  (3.5) 

No further comments are needed for (3.3) and (3.5), which have been men-
tioned to ensure that the positions (3.2) and the subsequent steps are correct. 
Eventually (3.4) implies 

 
22

2 2
2 2 2

1 ,sr
sr

s H c
s t s

βδ
δ

= =  (3.6) 

being s an arbitrary length defined in the same reference system of the ranges sδ  
and tδ . 

Equation (3.6) is an equation of special relativity, its physical meaning is related 
to the quoted invariant. 

Now (3.6) is rewritten by adding 2 2v s′  at both sides, with v′  arbitrary ve-
locity, as 

 
2 222 2 2 2

2
2 2 2 2 2

1 1 ,x
u

vs v c v s vH
s t s ts s s s s
δ δ
δ δ

 ′ ′ ′   + = − + ⇒ = +    
    

 (3.7) 

which reads also 

 
2 2 22 2

2 2
2 2 21 :u x

u u
v v vcH v c

s s c
β β β

′−
= = = − =  (3.8) 

the resulting 2
uv  merges 2 2

xv v′−  to fulfill the condition =uv c cβ ≤ . Although 
the form of (3.8) is analogous to (3.6), uH  is defined after having introduced the 
arbitrary v′  in (3.7). The new β , different from srβ  defined by xv  only, 
changes in principle the physical meaning of the initial (3.6) and thus the concep-
tual frame of the results. 

As xv  and v′  of (3.7) are independent each other and both arbitrary, owing 
to u srH H≠  regard uH  in the conceptual frame of a curved space time; this in 
fact comes from the additional 2 2 0v s′ ≠  of (3.7) with uv c≤  owing to the 
condition c cβ ≤  only. Dividing both sides of (3.8) by a constant 2

0H  one finds 

 
( )22 2

0 2 2 2
2 2 2 2
0 0

0 .uu
u x u

v HH c v v v v c
H s H s

′= − = − ≤ ≤  (3.9) 

As 2
uH  has physical dimensions 2time−  like Gρ , it is possible to write 

 
2

2 ,c G
s

ζρ=  (3.10) 

where the arbitrary s fits any given ρ  via the dimensionless proportionality fac-
tor ζ . Thus the parameters , ,vζ ρ  in (3.9) and (3.10) allow writing 

 
( )22 2

0
0 02 2 2

00

0 1.u uc HH v
k H G k k

H s c
ρ ζρ
ρ

= − = = ≤ ≤  (3.11) 

If in particular v const′ = , then this result calculated for 0, 1k =  is compliant 
with the rescaled form of the first Friedman equation, whereas 2 0k const s= ≠  
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is related to the space time curvature. Note however that uH  takes a minimum 
value for 1k =  and a maximum value for 0k = ; so ( )u uH H k=  fulfills 

 ( ) ( )1 0 .
min maxu u uH k H H k→ < < →  (3.12) 

Anyway it follows from (3.7) 

 0 :u
u u

hHc cH hH h h
s s
β νβ ν ν

β β
= = = ⇒ = =


 (3.13) 

as uH  has physical dimensions 1time− , is in principle guessable the correspond-
ing energy uhH= , which in turn implies uh Hδ δ=  and thus a range of pos-
sible values of uH  and  . Also, since a time range tδ  must be related to δ , 
it follows that through n tδ δ=   is appropriate to define 

 .u u

u

H n t
H
δ δδ

= =


 
 (3.14) 

Differentiating now the first (3.8) write 

 
( ) ( )2 2

2 2 2 2 ;
2 2

u uu u

u

v v cH Hs s s
c s c ss sc s H s

δ δδβ βδ βδ δδ
β

= − = − − = − −  

hence, as in turn us s H t cδ δ= , one finds 

 
( )2 2

2
2

= .uu
u

u

v csH tH
c H c

δδ δ
− +  (3.15) 

This result reads by definition 

 ( ) ( )
2 2

2
2 2

1 ,
2u u u

u

v vH H H t t
Hs s

 ′ ′′
′ ′′ ′ ′′− − = − + − 

 
 (3.16) 

which suggests 

 
2 2 2 2

2 2 2 2
2 2 ;

2 2u u u u
u u

H H v vH H t H H t H H
H H s s
′ ′′ ′ ′′

′ ′ ′′ ′′ ′ ′′− − − = − − − = =  (3.17) 

if the primed and double primed terms are regarded in different reference systems, 
(3.16) implies 

 
2

2 1.
2u u

u

HH t H invariant time
H

−+ + = = =   (3.18) 

Regard thus H and t in (3.18) as fixed parameters: then 2 22 1 2 0u uH t H H+ − =  
solved with respect to u minH H=  reads 2 22 1 2 0min minH t H H+ − = , which re-
quires in turn for any H the minimum condition 

 2 3 24 2 .
min minu uH tH H= +  (3.19) 

Guessing then 

 ( ) ( )3 22 4 2 ,
min minu uH const H t H t

t
ξ ξ ξ≈ = ⇒ ≈ +  (3.20) 

one finds that 2H  of (3.18) is uniquely identified by its own chance of ful-
filling this boundary condition of minimum of uH  at any given t; i.e. replacing 
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(3.19) into (3.18) yields 

( )
3 2

2 22
3 2 .min min

min min min

u u
u u min u u u u

u

tH H
H t H H H H t H

H
+

= + + = = = +    (3.21) 

The equations to be calculated are therefore (3.21) and (3.14), here rewritten 
via (3.6) replacing ( )ut s sHδ δ=  as 

 .
2

u u
u

u u

H nn n sh H
t s sH H s

δ
δ δ

δ δ δ
= = = ⇒ =

π
 

  (3.22) 

Note that are useful for the next calculations the approximate definitions de-
ductible from (3.8) 

 1 1 for and :
2

u u
u

u

H nsH s s t t
s t t H

δδ δ δ
δ

= ≈ ≈ ≈ ⇒ ≈
π

 (3.23) 

these positions implement 0s s sδ = −  and 0t t tδ = −  regarded with 0s s  
and 0t t . In principle this is possible because the range boundaries are arbi-
trary; if in particular s and t define cosmological length and time, in practice these 
approximations are a sensible boundary condition extrapolated at the cosmolog-
ical scale of today’s universe age and size with respect to the big bang conditions 
with the same 0t  and 0s . 

Enentually rewrite (3.23) as There is a direct way to assess and compare 

u uH Hδ  of (GZL) and (HSH) with experimental data (3.31). Consider (3.23) 

 2 :u u u
u

H n H n hH H
t

δ δ= ⇒ = =
π

  (3.24) 

owing to the physical dimensions oh H and uH , this last result is the cosmologi-
cal equivalent of the quantum 2 1 nhδε ε ε ν= − = , which means that 2ε  differs 
from 1ε  bu an integer number 1 in n≤ ≤  of quanta hν  such that  

1 2in hε ν ε≤ ≤ ; in (3.24) each quantum is hH , which in fact completes the basic 
guess of (3.18) and (3.21) about the physical meaning of H: as in (3.13) uH  is 
related to uhH= , by analogy here H is reasonably related to hH . 

First of all this definition of H justifies why it can be regarded as a fixed pa-
rameter to calculate the minimum 

minuH  of the values allowed for uH ; indeed 
t is a variable parameter to carry out calculations at any given age t and size r of 
the universe; ut  and ur  are today’s respective values. Accordingly quantized 

u u uH H Hδ ′′ ′= −  means that upper range boundary uH ′′  differs from lower 
range boundary uH ′  by an integer number n of discrete steps 

iuH , as in fact sug-
gested by the early (3.12); now it is reasonable to assume these intermediate values 
as 

i iu i uH nν=  around 
minuH . Therefore the plot of   vs uH  can be pre-

sented as a function of 
min iu i uH nν±  for various quantum numbers in . 

These ideas are now checked: the next part of text aims to show that the idea of 
regarding hH  as quantum of energy is strictly linked to the Hubble tension. 

At this point to carry out calculations of cosmological interest, introduce order 
of magnitude estimates of some key universe parameters [2]. 

The data of interest are the Hubble parameter uH  and Einstein cosmological 
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parameter Λ, the universe radius ur  and age ut , whose numerical estimates 
shown in Table 1 are reported for convenience also here: 

 
Table 1. Estimated cosmological data reported in [2]. 

 Today’s universe in Planck units 

Property of present-day  
observable universe 

Approximate number of  
Planck units 

Equivalents 

Age 8.08 × 1060 tp 4.35 × 1017 s or 1.38 × 1010 years 

Diameter 5.4 × 1061 Ip 8.7 × 1026 m or 9.2 × 1010 light-years 

Mass approx. 1060 mp 3 × 1052 kg or 1.5 × 1022 solar masses (only counting stars) 
1080 protons (sometimes known as the Eddington number) 

Density 1.8 × 10−123 mp∙lp−3 9.9 × 10−27 kg∙m−3 

Temperature 1.9 × 10−32 Tp 2.725 K temperature of the cosmic microwave background radiation 

Cosmological constant 10−122 lp−2 10−52 m−2 

Hubble constant 10−61 tp−1 10−18 s−1   102 (km/s)/Mpc 

 
* 26 * 17 * 52 2 * 18 1~ 4.35 10 m ~ 4.35 10 s ~ 10 m ~ 10 s :u u ur t H− − − −× × Λ  (3.25) 

the starred notation reminds that these values are mere estimates. The mass *
uM  

of the universe is not quoted because it amounts to 3 × 1052 kg counting the stars 
only; this value is close the one 2 × 1052 kg calculated in [3] under the same ap-
proximation. 

The literature value * 2 *
t cΛ = Λ , which directly compares with the physical di-

mensions of the square Hubble factor, is 

 
*

* 2 * 36 2 *2
*2 ~ 2 ~ 10 s ~ .t

t u
u

c H
H

− −Λ
Λ = Λ  (3.26) 

Deserve attention also the estimates of critical density *
crρ  and mass *

uM  of 
the universe 

 * 27 * 52
3

kg~ 9.9 10 ~ 3.52 10 kg,
mcr uMρ −× ×  (3.27) 

where *
crρ  has been calculated via the Friedmann equation, 

 
*2

27 * 18 10
03

3 kg9.4 10 2.2 10 s ,
8 mcr
H

H
G

ρ − − −= = × = ×
π

 (3.28) 

whereas *
uM  concerns reductively the visible mass accessible to the observation 

counting the visible stars only. Eventually quote here also the quantum vacuum 
mass density reported in [4] from cosmological data: 

 ( ) 31
3

g60.3 1.3 10 .
cmvacρ −= ± ×  (3.29) 

The values of quantum vacuum density and energy density calculated in [5] 
implementing (3.1) 
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 31 2 9
3 3

g erg58 10 5.2 10
cm cmvac vac vaccρ η ρ− −′ ′ ′= × = = ×  (3.30) 

agree reasonably with (3.29). These estimates rise two questions. 
The first one is: why is *Λ  of the order of ( ) 2*

ur
−

 and *
tΛ  of the order of 

*2
uH ? 
In principle this question is legitimate, because Einstein introduced the con-

stant Λ to counterbalance the effect of gravity and obtain a static universe, whereas 
in the first (3.26) *Λ  seems proportional to the parameter *

uH  describing the 
universe expansion. As concerns the Hubble factor, accurate values have been 
measured in the frame of the Planck and SHOE collaborations and calculated with 
various methods [6]: 

 ( )73.5 1.4 67.8 1.4 70.7 km s MpcH H H′′ ′= ± = ± =  (3.31) 

and 

 ( )73.30 1.04 67.4 0.5 km s Mpc.H H′′ ′= ± = ±  (3.32) 

The conversion factor to s−1 is 

 ( ) 20 1 18 11 km s Mpc 3.24 10 s 2.29 10 s .H− − − −= × ⇒ = ×  (3.33) 

The discrepancy between the values of H ′  and H ′′ , known as “Hubble ten-
sion”, is currently explained postulating tentatively that the Hubble parameter is 
a function of time; so the observed results should depend on the distances of light 
emitting sources from the observer, which include far or close objects and thus 
different ages of universe expansion with correspondingly different time depend-
ent values of uH . Moreover, the experimental difficulties of determining red 
shifts and distances to be correlated with the pertinent recession rates certainly 
affect accurate estimates of the observed values of uH . 

However this way of explaining both experimental observations and theoretical 
models to justify the Hubble tension is doubtful: 

the mere time dependence of uH  should reveal a continuity of values, spread-
ing from the oldest to the youngest light source, to account for the respective age 
dependent ( )uH t . The same holds also for the inaccuracy of the distance esti-
mates. The crucial problem is that in fact the data reported in (3.31) reveal a gap 
between the experimental error bars: in other words, even considering the upper 
and lower error boundaries in the most restrictive way, the values of H ′  and 
H ′′  in either range 74.9 72.1↔  and 69.2 56.4↔  do not overlap, suggesting 
instead that two distinct classes of uH  should actually exist. The same holds for 
(3.32). 

In fact, the preliminary considerations of this section prospect the Hubble ten-
sion as a natural corollary of quantum premises: (3.22) and (3.24) have empha-
sized that the gap uHδ  of (3.31) is an actual energy gap, as it concerns 

H energy= = . This appears instead natural in the theoretical frame where en-
ergy and time ranges are related to (3.1). 

-On the one hand the uncertainty ranges of dynamical variables have been 
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preliminarily introduced in this paper without hypotheses about their specific 
meaning, but merely as a general quantum basis in (3.1); so it is not surprising 
that u uH Hδ  of (3.7) is contextually compatible with two values H ′  and 
H ′′ . 

-On the other hand the present way to regard (3.31) rises the second question: 
if uHδ  splits into two separate error bars Hδ ′  and Hδ ′′ , i.e. two separate un-
certainty ranges within which fall the central values H ′  and H ′′ , which one of 
the two ranges do the Friedman equations refer to? 

The purpose of this subsection is to propose a possible answer to the aforesaid 
points, to emphasize their actual physical meaning and to show that values rea-
sonably related to (3.27) and (3.29) are calculable in the frame of the present the-
oretical model. As a matter of fact, (3.33) prospect a preliminary hint in this re-
spect: the literature value to calculate *

crρ  in (3.27) fits surprisingly the average 
value (3.33). 

Note that regarding separately H ′  and H ′′  does not prevent the uniqueness 
of recession rate, because in fact the Hubble law implements s  and s : even at 
the boundary of the universe, uHδ  concerns an interface layer between an inter-
nal environment where hold the physical laws we know and an external nothing-
ness. Whatever the recession rate s  of the universe boundary might be, the Hub-
ble law allows writing in principle 

 ( ) ,u u u u
s s s sh H H h h s s s
s s s s

δδ δ δ ′′ ′ ′ ′′= − = − ⇒ = = − ′′ ′ ′ ′′ 

  

   (3.34) 

i.e. different values of uH  with a uniquely defined recession rate of a boundary 
layer of finite thickness sδ , in which case s′  and s′′  are the distances of the 
observer from the inner and outer layer. Note that (3.34) automatically implies 
that sδ  uniquely defined at a given time introduces a universe with Gaussian 
curvature proportional to ( ) 1s s −′′ ′ . A first corollary of (3.34) is then 

 :u sh
s s s

δ
δ

=
′ ′′
  (3.35) 

moreover 

 .u us sh h
s s s t s t s s

δ δδ δ δ δ
δ δ δ δ

= ⇒ =
′ ′′ ′ ′′ 

   

If s s const′ ′′ =  and s sδ = , i.e in particular 0s sδ = − , then the right hand 
side reads 

 u uh s
s s t s s

δ δδ
δ δ δ

⇒ =
′ ′′




   

A second corollary follows owing to the physical dimensions of  

u s forceδ δ = , and regarding ( ) 1s s −′ ′′  as Gauss curvature. One infers that 
force Gauss curvature∝ , being hs  the proportionality factor introducing the 

principal curvatures ( )( )const s const s′ ′ ′′ ′′  of the boundary of the universe. 
Noting that hs  has physical dimensions 3 2mass length time−× × , nothing hin-
ders to define hs Gm m′ ′′= , even without any proportionality constant as m′  
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and m′′  are arbitrary, in which case (3.35) is precisely the Newton law. Strictly 
speaking the standard form of the Newton formula could be acknowledged di-
rectly compliant itself with this conclusion via the ( ) 12r r r −− ′ ′′=  dependence for-
mally guessable for the gravitational interaction range likewise ( ) 1s s −′ ′′  of (3.35): 
however this reasoning, hidden in the Newton law although identifiable in prin-
ciple, appears instead clear in (3.34) concerning the curved boundary shell of ex-
panding universe. Note that hs  can be rewritten as 

 
2

2 2 2 .m
m

hs m G s m c m Gr
r hm c c c

ν ν
′ ′′ ′

= ⇒ = = =
′′
 

 (3.36) 

Eventually it is also worth noticing that this reasoning holds even for the Cou-
lomb law, because 2e  has the same physical dimensions of 2m G , so that it is still 
possible to write 2hs e↔  in agreement with (3.35). In other words, replacing 

2hs e→  and 2m G c r′ ′′→ , (3.35) reads 

 
2

2 :e r
m c

′′=
′′

 

regarding m′′  as electron mass and relating r′′  to 2e r′′  the result still has an 
identifiable physical meaning, i brings to the classical radius of the electron. 

In other words, replacing 2hs e→  and 2m G c r′ ′′→ , (3.35) reads 

 
2

2 :e r
m c

′′=
′′

 

regarding m′′  as electron mass and relating r′′  to 2e r′′  the result still has an 
identifiable physical meaning, i brings to the classical radius of the electron. 

Since the cosmological parameters of Figure 3 are estimates, establish some in-
itial relationships that suggest how to calculate more rational values ut  and Λ: 
the strategy to follow is to find acknowledged results and sensible correlations 
from the available estimates reported in the literature, even looking for new values 
as close as possible to these latter. 

-According to (3.23) * * 1 18 110 su uH t − − −≈ ≈  implies * * 810 m suH Λ ≈  and 
suggests that a reasonable and reliable expectation value could be c; assume thus 

 ( ) ( ) ,u
u u

H
c H H t t= = Λ = Λ

Λ
 (3.37) 

which does not require that both parameters at the left hand side are constant, 
rather they possibly evolve as a function of time in order to fulfill coherently this 
condition. The unstarred notation indicates reviewed values to be implemented 
and then assessed in the next calculations. In effect uH  and Λ are time and space 
parameters; describing the universe through them means describing the curved 
space time itself. 

-Take ur  directly from Figure 3, it is certainly an allowed value for the uni-
verse radius; rather it is necessary to check the corresponding time ut  at which 
this actual space size is in fact attained. In other words, it is guessable an actual 

ut  more accurately representative of the age of the universe than the estimate *
ut .  
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Figure 3. Plot of   vs uH  for various values of H: the curves are calculated for 
18 11 10 sH − −= × , 18 12 10 sH − −= × , 18 13 10 sH − −= ×  and 18 17.2 10 sH − −= ×  respectively. 

 
Of course one could have also taken for granted *

ut  and look for a consequent 

ur ; however, to implement in the following path just outlined, we assume *
u ur r≡  

and look for a reliable ut  in turn consistent with new Λ and uH  as close as pos-
sible to the quoted *Λ  and *

uH . 
-The strategy of implementing and next assessing the input data of Figure 3, 

suggests the chance of calculating uM  and uρ  via the gravitational radius 
(3.36) with m ur r= ; the result is 

 53
2 5.9 10 kg.u

u u
M G

r M
c

≈ ⇒ ≈ ×  (3.38) 

It is preliminarily acceptable that this mass uM  of universe results in (3.38) 
about twenty times greater than that of Table 1, estimated counting the stars only; 
actually the content of our universe is much more complex than its mere visible 
matter, so that even this result can be tentatively accepted. This is more than mere 
hypothesis: actually (3.36) establishes a correlation between mass m and length 

mr  via the constant dimensional coefficient 2G c , which reads  
mass space length↔ . The physical meaning of this correlation appears intro-
ducing the respective differentials of mδ  and mrδ , which in turn can be nothing 
else but ( )2

mr G c mδ δ= . This correlation is interpreted in turn according to 
(3.1) writing 

 
( )

,m m m
m

energytm r m r r m
p force

δδ δδ δ δ δ
δ

↔ ↔ ⇒ = ↔
  (3.39) 
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whose physical meaning is related to mm const rδ δ= : the change of m implies the 
force mp tδ δ  because mpδ  is in turn defined by mn rδ . As the initial 

mm r↔  implies mm rδ δ↔ , the last (3.39) reads in fact 

 
( )

.m

energy
r

force
δ

δ ↔  

This result replicates in fact (3.35) and (3.36), thus confirming that: (i) force  
is related to the mass m driven space deformation mrδ  and that (ii) force  does 
not involve directly the particle masses themselves but is mediated by their energy 
and space deformation fields. Quantum and relativistic concepts merge in (3.38). 

To explain what mδ  does mean itself, plug mrδ  into (3.1) to emphasize the 
resulting connection between mass change and space range deformation. As mrδ  
defines formally ( )2

mp n mG cδ δ=  , one finds ( )2m mp nh rδ δ π=  i.e. both 
2 mrδ δλπ =  and mp hδ δλ= . To link tΛ  and uH  remind first (3.26), 

* *22t uHΛ ≈ , and note that * * *2d 2u u uH H H const= +∫ . Write thus 

 
2*2 *

* * *d 2 .
2 2
u u

t u u
H H

H H const
 

Λ = = ≡ + 
 

∫  (3.40) 

To replace the similarity between the estimate * *2~ 2t HΛ  of (3.26) with the 
equality between more reliable values 22t uHΛ = , note that (3.40) implies 

* 2u uH H=  and thus via (3.23) 

 
*

*
*

2 1 2
2

u
u u u

u u

H
H t t

t t
= ⇒ = =  (3.41) 

simply postulating tΛ  related to uH  as 22t uHΛ =  in agreement with (3.26). 
It follows thus from (3.37) 

 
( )

2
53 2

18 1 17

= 1.6 10 m

1.2 10 s 37 km s Mpc 8.7 10 s,

u

u u

H
c

H t

− −

− −

 Λ = × 
 
= × = = ×

 (3.42) 

whence 

 2 36 2 18 11.4 10 s 1.2 10 s .t tc − − − −Λ = Λ = × Λ = ×  (3.43) 

In this respect note that owing to (3.7) uH c s< ; putting us r= , one finds 

u ut r c<  i.e. 181.5 10 sut < × ; so the last (3.42) is sensible. However, the universe 
results are older. However further checks are needed to support the validity of 
(3.41) and exclude its character of “ad hoc” hypothesis. An immediate check of 
(3.23) is possible right now according to some straightforward considerations. 

-Put in (3.23) uH  just calculated in (3.42) and 1un = , fundamental energy 
state ( )uhHδ  of (3.22); the comparison with the observed values (3.31) reads 

 ( ) ( )3773.5 67.8 5.7 km s Mpc 5.89 km s Mpc.
2uHδ = − = ⇔ =
π

 (3.44) 

The agreement is enough to conclude that uH ′  and uH ′′  of (3.34) are central 
values in the respective ranges; this point is further concerned below. 

-Calculate the vacuum energy density uη  and related mass density uρ  
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starting from 

 ( )
3

379 3 79 3
1.5

1 1.6 10 m 1.8 10 m ,t u
u

cV V t c
HΛ

 
= = = × = = × 
Λ  

 

which implies owing to (3.38) and (3.23) 

 27 2 10
3 3

kg J8.8 10 7.9 10 ;
4 3 m m

u
u u u

M
c

V
ρ η ρ− −

Λ

= =
π

× = = ×  (3.45) 

significantly uη  can be calculated via ut  and ur , it supports the idea that ut  
of (3.41) corresponds to ur . These values, consistent with (3.29) and (3.30), agree 
reasonably also with 

 
2 4

27 10
2 3 2 3

kg J7.1 10 6.4 10 .
m mu u

c c
r G r G

− −= × = ×  (3.46) 

The consistency of uη  and vacη  suggests that matter and vacuum in the uni-
verse are at the equilibrium. 

-Eventually the second result is reasonably acknowledged as the critical density 
(3.27) of the Friedman equation, in agreement with (3.30). The crucial compari-
son between actual density of the universe and Friedman critical density turns 
into the correlation between 0H  related to the expansion of the universe and the 
quantum vacuum density. 

Is encouraging the fact that two different ways to calculate uρ  coincide, in 
particular because (NVH) does not involve explicitly uM  but the correlation be-
tween ur  and ut . 

-Calculate preliminarily (3.19) with some trial values of 2H , which yields the 
respective values of 

minuH ; with these values calculate min  and then  

( ),
minu uH H=   of (3.21) as a function of uH . The plots of Figure 3 are calcu-

lated with three arbitrary values of H in (3.18) and of course the true 2 uH t= π  of 
(3.24) too; the purpose is to exemplify how the H affects the outcomes of the pre-
sent model. Note in this respect that both 

minuH  and min  move to higher val-
ues in the plot at increasing H. The specific value of H of interest is 

 18 12 7.2 10 s ;
u

H
t

− −= = ×
π  (3.47) 

also this crucial value is calculated with (3.42). With this H the plot of   vs uH  
shown in Figure 4 evidences the corresponding value 

 18 12.28 10 s ,
minuH H − −≡ = ×  (3.48) 

i.e. 
minuH  coincides with uH  of (3.33) inferred from experimental data, 

and thus with (3.44) too. It clarifies the actual physical meaning of Friedmann’s 
equation implementing a mere average value; indeed 

 
2

27
3

3 kg9.4 10 .
8 m

minu
cr

H
G

ρ −

π
= × =  

in reasonable agreement with the Friedman critical density highlighted in Fig-
ure 3. This result can also be obtained via the cosmological parameters only  
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Figure 4. Plot of   vs uH  for 18 17.2 10 sH − −= × , Equation (3.18). The horizontal 

dashed line emphasizes the values of ( )min min H=   calculated by (3.21), the solid line 

the next energy level of uHδ ; the vertical dots identify the respective  

( )
min minu u uH H H ν= ±  crossing the higher energy level. 

 
with the help of (3.21) and (FCD) 

 
2

27 17 1
3

kg9.8 10 1.8 10 s .
m

min minu u
min

min

H H
G

− − −= × = ×


 (3.49) 

Eventually the definition m ur r≡  and its corollary 2
u uG c r M≡  calculated 

with (3.48) imply, again with ut  of (3.42), 

 
3

2 43 43 11
1.5 2 1.5

m3.92 10 3.95 10 6.69 10 .
s

min minu u
u

u u u

H H
c r G

t M t
−= × ↔ = × = = ×

Λ Λ
 (3.50) 

Let us conclude now this section returning to the Hubble tension considering 
(3.24), (3.33) and (3.48). The plot of fig 4 shows that the Hubble tension at 

minuH ν±  is nothing else but the recession rate driven excited energy level split-
ting ( )minh ν±  of 

minuhH ; once having found 
minuH ,  

( ) ( ) 2
min minu u uh H hH hHδ ν ν ν= + − − = ; then via (3.23) 2 2tν = Λ π  yields 

19 110 sν − −= . Eventually it is enough to calculate 

 ( )
( )

18

18

2.17 10 s 67.0 km s Mpc
2.39 10 s 73.8 km s Mpc

H H
H H

ν
ν

−

−

′ = − = × =
′′ = + = × =

 

to find 

 ( )
( )

18

18

2.17 10 s 67.0 km s Mpc
2.39 10 s 73.8 km s Mpc

H
H

−

−

′ = × =
′′ = × =
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as already obtained in (3.44) in agreement with (3.31) and (3.32). 

4. Conclusion 

The paper shows that relevant cosmological problems are successfully addressed 
via the formalism of the quantum uncertainty. The evolution of the universe is 
more than a mere list of events characterizing the various ages that succeeded each 
other during its lifetime. Instead of first concentrating on the details of the various 
eras, as a function of which should be inferred the respective temporal domains, 
this model indicates the chance of providing the general background as a function 
of which is deductible the possible time steps of evolution. In other words, the 
whole frame determines the succession of specific events, not vice-versa. Consid-
ering the individual pieces of a puzzle without a preliminary overview of the whole 
physical scenario is reductive and complicates any attempt at a theoretical ap-
proach. The concept of uncertainty concerns, in principle, the delocalization of a 
quantum particle in a region of space time during a time lapse, which implies al-
lowed ranges of conjugate energy and momentum of the particle. So, it is not ob-
vious “a priori” its extension to cosmological problems. Yet the results of this 
model show that the uncertainty is a reliable conceptual basis useful to problems 
even beyond the typical nano/micro scale of the standard quantum mechanics. 
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