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da{Y, Yu, Yb} = -Kd (X, Xu, Xb}, with Yu, Yb, Xu, and Xb representing the

upper and baseline asymptotes of Yand X. Y'is the continuous cumulative

math for relating two physical variables. The fundamental physical law asserts
that the nonlinear change of continuous variable Yis proportional to the non-
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1. Introduction

In a previous publication, we used the relationship between “1” and “0.99999...”
to prove the nonlinear numbers are associated with a unique upper asymptote and
the change of nonlinear numbers need to be measured relative to asymptotes [1]

[2]. In this article, we start with a short review of ACP nonlinear math, followed
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by introducing the required basic equations for use in analyses.

In Part I, we use first order nonlinear equation (with 1q in ¥ dependent varia-

ble) to describe Kepler’s Third Law on expressing the relationship between the

semimajor axis to the sidereal period of planets; and in Part II, we use second

order nonlinear equation (with 2q in ¥ dependent variable) to demonstrate the

analysis of the separation of tribo-charged particles along a uniform electrical con-

ducting copper plate.

The following gives the key features of the ALPHA BETA (af5) NONLINEAR

MATH.

Continuous numbers can be categorized as linear and nonlinear based on the
presence or absence of asymptotes. Asymptotes are never part of the nonlinear
numbers.

Two types of zero are linear zero and nonlinear zero: a linear zero is sand-
wiched between positive and negative numbers; a nonlinear zero is a baseline
asymptote of nonlinear numbers that can decrease toward nonlinear zero but
will never reach or touch the nonlinear zero.

Two mathematical axioms govern nonlinear math: Axiom I focuses on conti-
nuity, stating that continuous numbers are dynamic, non-terminating, mono-
tonically increasing or decreasing, and always maintain continuity. Axiom II
asserts that asymptotes are never part of nonlinear numbers; they are ap-
proachable but cannot be touched or crossed.

The standard scale for nonlinear numbers is a 10 based logarithmic scale; its
characteristic is the existence of a nonlinear zero, which is approachable but
cannot be touched or plotted on the rectilinear coordinate graph, e.g., the base-
line nonlinear zero Yb = (0) = ¢, and baseline nonlinear zero Xb = (0) = ¢
cannot be plotted in the rectilinear graph.

When either the linear numbers or the cluster of nonlinear numbers are as-
signed or plotted on the axes of graphs, these numbers are called face values of
the numbers. For linear numbers, face values are equivalent to true values. For
nonlinear numbers, the nonlinear face values are the measurement of nonlin-
ear variables relative to their asymptotes, such as (Yu— Y), (Xu— X), and (¢Yu
— @Y); the true values of nonlinear numbers are obtained by nonlinear loga-
rithmic transformation of the nonlinear face values, such as g(Yu — Y), g(Xu
- X), and g(gYu - q7).

“d’ is designated as “change” or “variation” in equations. Linear cases are ex-
pressed as dY = KdX, indicating that the change in linear Y'is proportional to
the change in linear X. where K is the proportionality constant. For reading
differential equations involving nonlinear numbers, we read d(g(Yu — Y)) =
KdX as the change of nonlinear true values g( Yu — Y) is proportional to the
change of linear numbers X, or the nonlinear change of face values (Yu — Y)
is proportional to the linear change of linear numbers X, etc.

Four types of graphs exist: primitive elementary, primary, leading, and propor-
tionality graphs. Primitive elementary graphs depict vertical elementary y-against
various horizontal X. Primary graphs illustrate cumulative } or demulative ¥
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against cumulative X Leading graphs feature an asymptotic curve with a contin-
uously changing slope. Proportionality graphs are characterized by a straight line

expressible as a two-parameter proportionality equation.

2. Importance of Concave and Convex Curves and Its
Association with Asymptotes

Physical phenomena are generally expressible with an asymptotic concave or con-
vex curve. These concave and convex curves can be in an ordinary or secondary
order of nonlinearity and can be used to derive various differential equations

based on their inherited proportionality.

3. Basic Equations and Their Graphical Expressions [1] [2]

The following differential equations are characterized by a single proportionality
constant K, while the integral equations have an additional integral constant Cfor
dictating the position of the straight line in the graph; thus, we also call the Ca
position constant. We can classify equations based on the order of nonlinearity,
as shown in Table 1(a), or based on the comparison of the linearity of two varia-
bles, as shown in Table 1(b).

Table 1. (a) basic equations I (based on the order of Y variable); (b) basic equations II (based on the comparison between linearity

and nonlinearity).

()

Order Eq. () Differential Equation Eq. () Integral Equation Ybor Yu
Zero 1 dY=-KdX la Y=-KX+C 0
2 d(g(Y - Yb)) = -KdX 2a (Y- Yb)=-KX+ qC 1Yb
) 3 d(g(Yu - Y)) = -KdX 3a qg(Yu-Y)=-KX+ qC 1 Yu, 1 Yb (hiding)
st 4 d(q(Y - YD) = -Kd(q(X - Xb)) 4a q(Y—- Yb) = -K(q(X - XD)) + gC 1Yb
5 d(g(Yu-Y)) = -Kd(q(X - XD)) 5a qg(Yu-Y) =-Kq(X- Xb) + gC 1 Yu, 1Yb (hiding)
6  dg(gYu-gY)) =-KdX 6a glqYu- q¥)=-KX+qC 1 Yu, 1Y) (hiding)
Second 7 dg(qYu- qY)) = -Kd(g(X - Xb)) 7a  qg(qYu- qY) = -K(q(X - Xb)) + gC 1 Yb, 1Yb (hiding)

*above equations have two parameters Kand G when C= 1, ¢gC= ¢l = 0; Independent variable be either dX or d(g(X - Xb)).

(b)

group Eq. () Differential Equation Eq. () Integral Equation Asymptote in ¥’
A 1 dY=-KdX la Y=-KX+C 0
B1(Yb) 2 d(q(Y- Yb)) = -KdX 2a qY-Yb)=-KX+ qC 1 (single Yb)
3 d(g(Yu-Y)) = -KdX 3a g(Yu-Y)=-KX+ qC 2 (one Yb hiding)
B2y 6  dglgYu-gqY))=-KdX 6a qg(qgYu- q¥)=-KX+ gC 2 (one Ybhiding)
4 d(g(Y - Yb)) = -Kd(g(X — Xb)) 4a q(Y - Yb) = -K(qg(X - Xb)) + gC 1 (single Yb & Xb)
C 5 d(g(Yu-Y)) = -Kd(q(X - XD)) 5a g(Yu-Y)=-Kq(X—- Xb) + gC 2 (one Ybhiding, 1 Xb)
7 dg(qYu- qY)) = -Kd(q(X - XD)) 7a  q(gYu- qY) = -K(q(X— Xb)) + qC 2 (one Ybhiding, 1 Xb)
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Table 1(a) is based on the order of nonlinearity: the zero-order equation has
no asymptote and no logarithmic transformation in ¥, such as Equations (1) and
(1a); the first order equations have one logarithmic transformation and has 1q,
such as Equations (2) to (5); the second order equations have two logarithmic
transformations and has 2q, such as Equations (6) and (7). In comparing two var-
iables, the zero-order equation states the change of linear Y'is proportional to the
change of linear X; Equation (1); the first-order equations state the nonlinear
change of Yis either proportional to the change of linear X, Equations (2) and (3),
or proportional to the nonlinear change of X, Equations (4) and (5). Equations (6)
and (7) state the change of nonlinear Y'in a second order of nonlinearity is pro-
portional to the linear change of X or proportional to the change of nonlinear X.
Table 1(b) is based on the comparison of linearity/nonlinearity: we classify equa-
tions into linear-by-linear, Equation (1); nonlinear-by-linear, Equations (2), (3),

and (6); and nonlinear-by-nonlinear, Equations (4), (5), and (7).

3.1. Expression of Linear-by-Linear Equations (Equation (1), (1a))
[1][2]

Figure 1 uses three straight lines to demonstrate the change of Y'is proportional

to the change of Xin Equations (1) and (1a). The straight line means the existence

of proportionality [3]-[6]. The equations have two parameters Kand C. The three

K (-1.5, -3, and 3) give the directions and slopes of the straight lines, and the

three C (64, 0, and 30) give the position of the straight lines. All three lines can

extend continuously forever in two directions and all pass through linear zero.

Linear by linear (Y vs. X)

_ 4 = -15x + 64
linear | R2 = 1
Zero
>- I 1\ T 1
linear zero
y=3x+30 | y=-3x+0
R2=1 R? =
X

Figure 1. Linear by linear phenomenon.

3.2. Expression of Nonlinear Equations (Equations (2, 2a), (3, 3a),
(4, 4a), and (6, 6a)). Solid Double-Arrows Are for Nonlinear
Face Values, Dashed Double-Arrow Are for Linear Values

Figure 2 gives four asymptotic curves, and Figure 3 gives their corresponding
proportionality plot for Equations (2), (3), (4), and (6). [1] [2]
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(a) First order with demulative Y
linear-by-linear scale

(b) First order with cumulative Y
linear-by-linear scale

40 - o5 -
30 20{TTTRATTT T % Yu
> 20 " le---
10 A (Yu-Y)
0 04 . . .
0 10 20 30

(c) First order with demulative Y
linear-by-linear scale

(d) Second order with cumulative Y
log-by-linear scale

100
100.0 -
75
10.0
> 50 N
1.0 -
25
0.1+ : : .
0 ' 0 1 2 3

Figure 2. Asymptotic curves: (a) first order with demulative ¥; (b) first order with cumulative
Y; (c) first order with demulative Y¥; (d) second order with cumulative Y.

(a). Proportionality Graph for Y
qY vs. X

100.0 nonlinear-by-linear scale

(b). Proportionalty graph,
q(Yu-Y)vs. X
log-by-linear scale

100.00

10.00 y= 2000.05x
10.0 = 10
> y = 30970.05% 2—3/ 100 y = 20g0-115x
1.0 0.10 2o 4
y= 30e70-115x -
2 = 1 0.01 4 T T !
0.1 + T T ! 0 10 20 30
0 10 X 20 30 X
(©) Flé?;t{oriir) V\‘/”Sthq‘z)e(ml;('i;'ve Y (d). Proportionality graph
i : B q(qYu-qY)vs. X
log-by-log scale log-by-linear scale
10 |+ 10.00 1
> = -0.9474x
_ o o0 v=280550
> c At
>'_ 1+ = O\Q
= y=0.9964x'%15 & 0.10 - -
2= 1 y = 2805562128
R? =0.9965 Q\o
0.1 f } 0.01 T T !
0.1 1 10 0 1 2 3
(X - Xb)

X

Figure 3. Proportionality plots: (a) derived from Figure 2(a) with demulative ¥; (b) derived
from Figure 2(b) with cumulative ¥; (c) derived from Figure 2(c) with demulative ¥ and
demulative X; (d) derived from Figure 2(d) with second order nonlinearity in cumulative Y.
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In Figure 2, the solid double arrows are a measurement of face values relative
to the upper and baseline asymptotes Yz or Yb. The dashed double arrows are a
measurement of face values Xrelative to zero. The relationship between the solid
and dashed arrows is that as the solid arrow increases, the dashed arrow decreases,
or vice versa. For example, in Figure 2(a) it is the change of (Y- Yb) is negatively
proportional to the change of X; in Figure 2(b) the change of (Yu — Y) is nega-
tively proportional to the change of X; in Figure 2(c) the change of (¥ — Yb) is
negatively proportional to the change of (X — Xb); and in Figure 2(d) the change
of (¢gYu — gY) is negatively proportional to the change of X.

Figure 3 gives proportionality plots for corresponding figures in Figure 2. That
is: Figure 3(a) is derived from Figure 2(a); Figure 3(b) is derived from Figure
2(b); Figure 3(c) is derived from Figure 2(c); and Figure 3(d) is derived from
Figure 2(d). The straight-line in Figure 3 means the existence of proportionality
for gYvs. X; g(Yu— Y) vs. X; gq(Yu— Yb) vs. ¢(Xu— Xb) and g(qYu - g¥) vs. X,
(3]-[6].

4. The Semimajor Axis versus Sidereal Period Relationship
of Planets

Johannes Kepler, the renowned astronomer, unveiled his celebrated third law, elu-
cidating the dynamic interplay between two celestial objects as they orbit each
other under the influence of mutual gravitational attraction in 1619. [7]. His law
posits that the squares of the sidereal periods of planets Y are equivalent to the
cubes of their semimajor axes X. In other words, if a planet’s sidereal period (the
time it takes to orbit the Sun) is measured in years, and the semimajor axis length
is measured in astronomical units, then Kepler’s third law is succinctly expressed

as:

Yy?=x3 (8)

The correlation between the sidereal period and the semimajor axis can be aptly

described using the proportionality equations in Equation (4) and Equation (4a).

The nonlinear change in face values (¥ — Yb) is proportional to the nonlinear

change in face values (X — Xb). The baseline asymptote of “X” is Xb = ¢, and the
baseline asymptote of Yis Yb = ¢. Consequently, the equation takes the form:

d(a(Y -Yb))=Kd(q(X -Xb)) )

Integration of the above equation yields Equation (10).
log(Y —Yb)=Klog(X —Xb)+logC (10a)
with Yo=¢ and Xb=g (10a-1)

logY =Klog X +1logC with the removal of the notion of ¥Y5and Xb (10b)

Table 2 gives the observed data by Kepler. The direct plot of the sidereal period
versus the semimajor axis is given in Figure 4(a), indicating the XYline is a non-
linear concave line with both Xand Y decreasing toward their baseline asymptote

Yb= ¢and Xb= ¢. These baseline asymptotes are nonlinear zeros that cannot be
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plotted in the rectilinear graph; thus, the “0” in the linear rectilinear graph is only
a surrogate zero but not a real nonlinear zero. For a true representation, it is es-

sential to plot the nonlinear numbers on the nonlinear logarithmic scale.

Table 2. Observed data by Kepler [7].

Planet Sidereal period P (Y) (in years)  Semimajor axis a (X) (in AU)
Mercury 0.24 0.39
Venus 0.61 0.72
Earth 1.00 1.00
Mars 1.88 1.52
Jupiter 11.86 5.20
Saturn 29.46 9.54
Uranus 84.01 19.18
Neptune 164.79 30.06
Pluto 247.70 39.44

Figure 4(b) is a re-plot of Figure 4(a), with the sidereal period Y plotted on a
logarithmic scale. The curve is approaching the baseline asymptote Yb, Yb = ¢,
but will never reach the nonlinear zero. Nonlinear zero is the asymptote of Ybut
is never part of the curve. Similarly, Figure 4(c) is a re-plot of Figure 4(a), with
the semimajor axis plotted on a logarithmic scale. The curve is approaching the
baseline asymptote Xb, Xb = ¢ is a nonlinear zero that will never be reached. Ul-
timately, by plotting Y versus X'in a log-by-log scale, we obtain a proportionality
graph of gYversus ¢X, having a regression equation of y= 0.9964x°">.

From Table 2, one notices that ¥'=1 and X= 1 for the Earth. Thus, using Earth
for initial condition values, the Cvalue in Equation (4a) is resolved to be C'= 1.
Consequently, logC=logl = 0, and Equation (10a) is reduced to Equations (11a)
and (11b).

logY = Klog X (11a)

logY =log X« (11b)

In graphical expressions of Kepler’s third law: Figure 4(a) gives a direct plot of
Yvs. Xin a linear-linear scale; Figure 4(b) gives a plot of g¥vs. Xin a log-linear
scale; Figure 4(c) gives a plot of Y'vs. ¢Xin a linear-log scale; Figure 4(d) gives a
plot of gY'vs. gXin a log-log scale. The straight line in the log-by-log scale means
the existence of proportionality between gY vs. ¢X, [3]-[6]. The plot of Equation
(10a) is shown in Figure 4(d), which gives a straight line in a log-log graph with
the regression equation y = 0.9964X"°%, it is Y= CX*. With the equation K; K=
1.5015 = 3/2, and position constant G, C'= 0.9964 = 1, we notice the straight line
passes through Y= 1 and X =1 for the Earth. Thus, we write Equation (11b) as
Equation (12a). We can also write them as Equations (12b) and (12c). These are
Kepler’s third law. It is like the Six Tenth Law in plant engineering.
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(a) Direct plot of Y vs. X
linear-linear scale

(b) plot of qY vs. X
log-linear scale

% 300 1 1000
®
> 100
£ 200
< 10
.8" >
5 100
o 1
©
S 0 . i i X 0.1 4 . . . )
] 0 10 20 30 40
» 0 10. . 20 ' 30 40 Yb =
> X, Semimajor axis, (a, a, = ¢) X, Semimajor axis, (a, a, = ¢)
(c) Plot of Y vs. gX (d) Plot of qY vs. gX
m linear-log scale log-log scale
s 300 - 1000 -
g
= 100 y = 0.9964x15015
=3 T 2 —
. 200 + ~
g i
g_ o 10 -
% 100 - ~
@ > 1 1
be)
2
> 0 - 0.1 T T )
Xp=¢ 0.1 1 10 100 0.1 1 10 100
X X, (X, = ¢)
Figure 4. Graphical expression of Kepler’s third law.
logY =log X ¥2 (12a)
Y =X (12b)
Y?=x°* (12¢)

The derivation of the above equations from the general ACP equation confirms
that it is consistent with the modeling of the existing empirical evidence. In terms
of ACP nonlinear math, it states that the nonlinear change of sidereal periods is
proportional to the nonlinear change of semimajor axes, with a proportionality
constant at 1.5 or 3/2, ie., the proportionality constant is K = 3/2. We can also
state that the rate of nonlinear change of sidereal periods with respect to the non-
linear change of semimajor axes is a constant with the rate constant as K= 3/2. In
this context, the proportionality constant and the rate constant refer to the same
concept but are expressed using different terms. Note: Kepler’s law was derived

empirically, but Newton was able to derive it mathematically [7].

5. Electrostatic Separation of Fine Particles (Example with
Variation in Asymptotes)

In this section, let’s explore the use of a second order nonlinear equation to ana-
lyze a more complex experiment of the tribo-electrostatic separation of fine par-
ticles. The technology of tribo-electrostatic separation of particles is a well-known
old technology that dates back to the time of Thomas Edison.
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5.1. A general Case in Injecting and Deposition of Tribo-Charged
Fine Particles

The separation and deposition of tribo-charged particles along a uniform copper
plate is a nonlinear-by-nonlinear phenomenon. In the separation experiment, the
tribo-charged particles are carried by an air stream and injected horizontally from
one end into a rectangular box of 10 cm in height, 30 cm in width, and 122 cm long.
The top and bottom plates are copper conductors connecting to a DC source, with
one of each assigned as the positive plate and the negative plate. The electric potential
between the plates is maintained at 50 Kilo Volt. The positively charged particles are
deposited on the negative plate, and the negatively charged particles are deposited on

the positive plate. Figure 5 shows the profiles for the deposition of particles [8].

R R

Negatively charged

particles

—

Positively charged
particles

m

Figure 5. Profiles for deposition of particles.

Table 3. Data for deposition of particle. (Image of Excel Table)

B14 v i fr~ =B13+$B$11
A B C D E F G H )
F'og;ﬂon Range Mass g rﬂggz.g avu-g¥ | qtgvu-qv)

2 X qx ¥ L e R S S
3 3 0.4771 0-3 013 0.13 :____A_Ctﬂ-'e_‘r’_ui___:_____li
4 ] 07782 3-g 1.79 1.92 | R2 = | |
5 12 10792 | 6-12 519 | T
6 24 13802 | 12-24 5.40 12 51

F 43 1.6812 | 24-48 250 15.01

a8 96 1.9823 | 48-96 1.10 16.11

g 120 20792 | 96-120 024 16.35

o S Y B A 30

2 RA2 for 0.16 RA2 for 0.08 R*2 for 0.16 R*2 for0.32

3 Yud= 16.35 16.35 16.35 16.35

41 Yul= 16.39 16.43 16.51 16.67
15 Yu2= 16.43 16.51 16.67 16.99
16| Yulds= 16.47 16.59 16.83 17.4
17 Yud= 16.51 16.67 16.99 17.63
18| Yu5= 16.55 16.75 17.15 17.95
18 Yug= 16.59 16.83 17.31 18.27
20 Yui= 16.63 16.91 17 47 1859
21 YuB= 16.67 16.99 17.63 18.91
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In one experiment, the mass of the negatively charged particles was collected at
intervals between 0- 3,3 -6,6- 12,12 - 24, 24 - 48,48 - 96, and 96 - 120 cm. These
intervals are increasing in a nonlinear fashion. The span of these distances is dou-
bled each time in sequence, except the last one. In a nonlinear phenomenon, the
collection of data in a nonlinear fashion is extremely important.

In Table 3, sample collection position X in cm, sample mass “y” in gram, and
cumulative mass Yare given in Columns A, D, and E. Column F is for the calcu-
lation of face-values (¢Yu — g¥), and Column G is for the calculation of true value
q(gYu — gY). The lower part of the table, Raw 11 to 21, is used to search for the
optimal upper asymptote Yu.

Raw 14 to Raw 21 is for the generation of Estimated Yu from Yul to Yu8. In
the guided estimation of Yu, we first select the last Y (the largest acquired) data in
Column E (Ze, Cell E9) as the base, e, Yu0 = 16.35 and input it into Raw 13 of
Cells B13, D13, F13, and H13. We also select four incremental Yu (A Yu) at about
0.25%. 0.5%, 1% and 2% of Yu0, i.e., 0,04, 0.08, 0.16, and 0.32, and input into Raw
11 of Cells B11, D11, F11, and H11. Then, we generate Yul to Yu8 for each incre-
mental A Yu. The formula for Yul in Cell B14 is “B13 + $B$11”, as shown in the
Formula bar on top of the table, it is 16.39. We can copy Cell B14 into Cell B15
through B21 to complete Column B. Likewise, we calculate Cell D14 as “D13 +
$D$117, then copy Cell D14 into Cell D15 through D 21 to complete Column D.
We do the same for Column F and Column H.

By plotting Column D(D3:D9) vs. Column C(C3:C9) for y versus “Range”, we
obtain column-plot Figure 6(a); by plotting Column D vs. Column A for yversus
X, we obtain line-form Figure 6(b).

Figure 6 gives primitive elementary graphs without giving a clue about the ex-
istence of the proportionality relationship between mass () and distance X. How-
ever, we can uncover the true physical meaning behind their data by calculating
the cumulative weight and plotting the cumulative mass Y along the distance X.

A cumulative curve is an integration of the area under the curve (AUC) [9] [10].

(a) Mass deposition at doubling distance (b) Mass deposition at doubling distance
(plot as category) (plot for end points of category)

a ©] g 6

& ¢

©

o 4 > 4

> ey

) S

5 2 H g ?

(]

; 0 o L H T T T T |—| T — 1 0 ’ ' ' '
0-3 36 6-12 12-2424-4848-96 96- : 50 100 150

Distance interval, cm 120 X, End points of category, cm

Figure 6. Primitive elementary graph of particle deposition: (a) plot of y versus X in column form; (b) plot of y
versus Xin line form.

Figure 7(a) is a plot of cumulative mass Y versus cumulative distance X in a

linear-linear graph (column A versus column E), showing a sigmoid curve with a
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Y, Cum. mass (grams)

very small initial tail. This is a primary graph with its sigmoidal curve representing
the integration of area under the curve (AUC) in Figure 6(b). Figure 7(b) is a
semi-log plot of Figure 7(a), obtained by converting the y-axis from a linear into
a nonlinear logarithmic scale. This plot gives an asymptotic convex curve with
continuous change in the slope of the line, like Figure 2(d). It is a leading graph
because it will lead us to a proportional graph. In this leading graph, the continu-
ous change in the slope of the curve reveals that as the vertical distance measured
from the upper asymptote (¢Yu — ¢Y) increases, the horizontal distance decreases,

or vice versa.

(a). Cum. mass vs. position (b) Cum. mass Y vs. distance X
linear-by-linear scale log-by-linear scale
20 + 100 +_  _ _ _ _ .
qYu
15 4 10 T qY
10 > 1
5 1 —8—Y Data 0.1
0 : : I 0.01 | | |
0 40 80 120 0 40 80 120
X, Distance in cm X, Distance in cm

Figure 7. Cumulative mass versus distance: (a) Y'vs. Xin linear-linear scale; (b) Y'vs. Xin log-linear scale.

Table 4. Calc. of Columns F, G, and Cell J4 using Active Yuin Cell J3; Also copy Cell J4 to Cell C14.

14 vl fx~ =CORREL(B3:B9,G3:G9)"2
A B i D E F G H J
Pogr'::m Range | Massd Mgggl'g g¥u-gY¥ | qlgYu-g¥)
2 X qx ¥ L e R N S S
3 3 0.4771 0-2 0132 0.1z 21006 0.32235 !____.-‘\_C’[E‘E_Y_Ui___l 1620 |
- ] 0.7782 3-6 179 1.92 0.9313 | -0.03092 i RM2 = | 0.94063 |
5 12 1.0792 | 6-12 519 7.11 03627 | 044084 | !
6 24 1.3802 | 12-24 5.40 12.51 01173 | -0.930862
7 43 1.6812 | 24-48 250 15.01 0.0382 | -1.41796
8 96 1.9823 | 48-96 1.10 16.11 0.0075 | -2.12590
9 120 2.0792 | 96-120 0.24 16.35 0.0011 | -2.97420
TN B - R -
12 R*2 for 0.16 R*2 for 0.08 R*2 for 0.16 R*2for 0.32
13 Yul= 16.35 16.35 16.35 16.35
14 Yul= 16.39 | 0.94063 16.43 16.51 16.67
15 Yu2s= 16.432 16.51 16.67 16.99
16| Yud= 16.47 16.59 16.83 17.31
17 Yud= 16.51 16.67 16.99 17.63
18| Yus= 16.55 16.75 17.15 17.95
19| Yufi= 16.59 16.83 17.31 18.27
20| Yui= 16.63 16.91 17.47 18.59
21 Yud= 16.67 16.99 17.63 18.91
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At this point, let us mention how to locate the unique (optimal) upper asymp-
tote Yu for the straight line. There are several ways to locate optimal upper as-
ymptote Yz, such as (A) Template digital method; (B) Analog graphical resolution
method; and (C) Use of a Fortran program or a Python-coded program. In the
Template digital method, we make use of Excel tables such as Tables 3-6. In An-
alog graphical resolution, we search for a straight line with maximum COD (Co-
efficient of Determination) by stepwise elimination of concave and convex date-
lines.

In the Template digital method, let us continue with Table 3 and start filling
Table 4. Referring to Table 4, we need to assign an active Yu for the calculation
of Column F(F3:F9), Column G(G3:G9), and Cell J4 for COD. Let us assign the
estimated Yu, Yul, in Cell B14 as the first Active Yz and input it into Cell J3.
Column F (F3:F9) is used to calculate nonlinear face value (qYu — qY) using the
Active Yu16.39. The formula for Cell F3 is “=log($]$3) — log(E3)”, ie., 2.1006, we
copy Cell F3 to F4 through F9 to complete the column, as shown in the table.

Column G (G3:G9) is used to calculate the logarithmic transformation of the face

value by taking the log of Column F, i.e., Cell G3 = log(E3), etc.

Table 5. “Input” active Yu to Cell J3 and “copy” Cell J4 to Cell C 14, etc., using estimated Yu in Columns
B(B14:B21), Column E(E14:E21), Column G(G14:G21), and Column I(I14:121). (Image of Excel Table)

4 Vo Jx =CORREL(B3:B9,G3:G9)"2
A B C D E F G H J
POCS:EOH Range Mass g Cum.grﬂass. avu- g | algvu-gv)
2 X qx y L e e R o
3003 o4t 043 0.13 013 | 21006 | 032235 | Aciveyu= 1 1639 |
4| 6 |o7782 | 3-6 179 192 | 09313 | 003082 | RA2 = 0.94063
5 12 [ 10792 | 6-12 5.19 711 | 03627 | 04d0as | I
6 24 | 13802 | 12-24' 5.40 1251 | 04173 | -0.93062
748 [ 16812 | 24-48 250 1501 | 00382 | -1.41796
g 96 19323 | 48-96 1.10 1611 | 0.0075 | -2.12590
g | 120 | 20792 | 96-120 0.24 1635 | 0.0011 | -2.97420
nfavw Tope !l [ o 1 1 o | o2 |
12 R"2 for 0.04 R"2 for 0.08 R*2for 0.16 R"2 for 0.32
13 YuD= 1635 16.35 16.35 16.35
14 Yul= | 1630 | 0.04063 | 1643 | 0096491 | 1651 | 098357 1667 | 099537
15 Yu2= | 1643 | 0.96401 | 1651 0.98357 | 16.67 [ 0.99537 1699 | 099915
16 Yud= | 1647 | 097650 | 1650 | 009137 | 1683 | 099864 [ 1731 | 099718
17 Yud= | 1651 | 098357 | 1667 | 009537 | 1699 | 099915 | 1763 | 099378
18 Yu5= | 1655 | 098817 | 1675 | 009752 | 1715 | 099846 1795 | 099003
19 Yus= | 1659 | 099137 | 1683 | 099864 | 1731 | 099716 1827 | 099627
20 Yu7= | 1663 | 099368 | 1691 099911 | 1747 | 099555 1859 | 099262
21 Yug= | 1667 | 099537 | 1699 | 080915 | 17.63 | 0.99378 1891 | 087912

Then, we calculate Active COD in Cell J4. The formula for Cell J4 is “=COR-
REL(B3:B9, G3:G9)A2”, as shown in the formula bar on the top line of Table 5.
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Cell J4 gives active COD at 0.94063. We then copy the obtained COD in Cell J4
into the Cell next to Yul in Column C, Ze., we copy 0.94063 in Cell J4 into Cell
C14. We then sequentially input the estimated Yuinto Active Yucell in J3, whence
the values in Column F, G, and Cell J4 all change. We sequentially input estimated
Yuin Column B (B14:B21), Column D (D14:D21), Column F (F14:F21), and Col-
umn H (H14:H21) and sequentially copy the COD value in Cell J4 into Cell next
to the estimated Yu, we obtain Table 5.

When using 4 levels of A Yu, at 8 estimated Yufor each level, (4 x 8 = 32), it is like
casting a net to catch fish. We are certain to catch all the fish, small and big. From
there, we can pick what we want. That is, we are certain to locate all the COD, and
from there, we can identify the largest COD, as shown in the Green Cells in the table.

In Column I, the COD increases from 0.99537 to reach a maximum of 0.99915,
then decreases. In Column C, the COD increases continuously. In Column G, the
COD increases to reach the maximum and then decreases. By plotting Column F
(F14:F21) versus Column G (G14:G21), we obtain Figure 8, showing the COD in-

crease From Yul to Yu2 to reach Y14 at maximum and then decrease toward Yu8.

Searching for Optimal Yu

1.004 -

1 .
& 0.996 - @ .
g 0.992 A u
o

Yu
© 0.988 - 2 Yu

l, Optimal Yu

0.984 < vy
0.98

16 16.5 17 17.5 18
Estimated Yu, Yu1, Yu2...Yu8

Figure 8. Searching for optimal Yu.

By inserting the maximum (optimal) COD 16.99 into the Active Cell in Cell J3,
we obtain Table 6. Then, by plotting Column B (B3:B9) vs. Column G (G3:G9)
for gXvs. g(qYu— qY), we obtain Figure 9(a) with a straight-line and a trendline
equation y=—1.3284x+ 0.9833, the proportionality constant K'is 1.3284, and the
trendline gives R* = 0.9991. Meanwhile, by first plotting Column A versus Column
F in a liner-by-linear scale and then converting both axes into a log-by-log scale,
we obtain a straight line in Figure 9(b). The trendline equation gives y= 9.6227x
1328 with R* = 0.9974. The proportionality constant Kis K= 1.328. As expected, X
is the same in a liner-by-linear plot of Figure 9(a) and in a log-by-log plot of Fig-
ure 9(b). The straight line in Figure 9(a) in a linear-by-linear scale means the
existence of proportionality between g(qYu — gY) vs. ¢X. The straight line in Fig-
ure 9(b) in alog-by-log scale means the existence of proportionality between (gYu
~ g¥) vs. gX; [3]-[6].
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Table 6. Calculation with active Yu = 16.99. (Image of Excel Table)

)4 v i Jx =CORREL(B3:B9,G3:G9)~ 2
A B T D E F G H J
F'ocs:rl::on Range Mass g M(;ggl.g q¥u-g¥ | gg¥u-gY)
2 ax ¥ y | 1
3 3 0.4771 0-3 0.13 0.13 21163 | 032557 | Adiveyu= | 1699 |
4 & 07782 | 3-8 1.79 1.92 0.9469 | -0.02370 | RA2 = | 0.99915 |
5 12 10792 | 6-12 5.19 7.11 03783 | 042214 | 1
& 24 13802 | 12-24 5.40 12.51 01329 | -0.87636
7 43 16812 | 24-48 2.50 15.01 0.0538 | -1.26912
8 96 19823 | 48-96 1.10 16.11 0.0231 | -1.63643
9 120 2.0792 [ 96-120 0.24 16.35 0.0167 | -1.77792
17 ave | oo4 | I~ o008 | I 015 I [~ 032 1
w2 T T Rezforood RAZ2fOr0.08  |RZfor046| R*Z2 for 0.32
12| Yu0= 1635 16.35 16.35 16.35
14| Yo1= | 1639 [o0.94063 16.43 0.96491 | 16.51 0.98357 16.67 0.99537
15| Yu2= | 1643 | 0.964M 16.51 0.98357 | 16.67 0.99537 16.99 0.99915
16| Yu3= | 1647 |0.97659 16.59 0.99137 | 16.83 0.99864 17.31 0.99716
17| Yud= | 1651 |0.98357 16.67 0.99537 | 16.89 | 0.99915 17.63 0.993785
12| YuS= | 1655 |0.98817 16.75 0.99752 | 17.15 0.99846 17.95 0.99003
12| Yu6= | 1659 |0.99137 16.83 0.99864 | 17.31 0.99716 18.27 0.99627
20| Yu7= | 1663 |0.909368 16.91 0.99911 | 17.47 0.99555 18.59 0.99262
21| YuB= | 1667 |0.99537 16.99 0.99915 | 17.63 0.99378 18.91 0.97912
(a) Plot of Column B vs. Column G (b) Plot of Column A vs. Column F
linear-linear scale in log-log scale
10.00 -
0.8 1
0.4 1 A, y =-1.3284x + 0.9833 . y = 9.6227x1328
00 1 A R2 =0.9991 1.00 - Q R2 = (0.9974
> 0.4 - A c "
1 "- ' L)
2 08 . = Y
T 4o N ©0.10 - .
= "o,
-1.6 - AA ""Q
20 : ‘ ' 0.01 : ° .
0.0 10 0 a.0 1 10 100 1000
gX X

(c) Column B vs. Column G
linear-linear scale

0.8 -
0.0 -
< y =-0.9733x + 0.7234
o -0.8 1 Rz =0.9791
=}
>_
T 16 -
& y = -1.3284x + 0.9833
R2 = 0.9991
24
—8— Yu=16.39 y =-1.8813x + 1.4564
R? = 0.9406
3.2 . : .
0.0 1.0 2.0 3.0

gX

Figure 9. (a) Column B vs. Column G, in linear-linear scale; (b) Column A vs. Column F, in log-log scale.
(c) three lines for three Yu.
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In the analog graphical resolution method, we first copy Figure 9(a) into Figure
9(c). Then, we insert other lines with different Active Yu. For example, values in
Column B vs Column G of Table 5 are used to get the equation line along with the
equation and COD. It shows that at the Active Yu of 16.39, the Kincreases from
1.3284 (in Figure 9(c)) to 1.8813, the COD decreases from 0.9991 to 0.9406, and
the data shows a convex downward line. Similarly, we can generate a separate
worksheet with the new Active Yuw at 18.91 and inset the curve and COD into the
same graph. At this new series, the K decreases to 0.9733, and the data shows a
concave bend-up line, with the COD decrease to 0.9791. The above method of
identifying straight lines in Figure 9(c) is an analog graphical resolution method
that has been used extensively in the past three decades [3] [11]-[13].

To approximate the optimal Yu quickly, we can use a Python program. This
high-level programming language allows us to determine the optimal Yu of any
data in a very short period. In addition, we can ensure that the approximation is
much more precise. The Python program is listed in Appendix A, with 37 lines of
coding and 6 comments. It determines the optimal Yu of the same data set used
previously. The user must input the Xand Yvalues of their data set. Note that the
number of X values and Y values must be equal. The user must also ensure that
the input Yis a cumulative value that always increases. Finally, the user must set
the maximum Yu value they want to test and the increment between each test. If
a sufficient Yu value is not found, consider increasing the maximum or using a
smaller increment. The listed coding example uses a maximum of 18 estimated
Yuand an increment of 0.01. Running the above code on the same data as shown
returns an optimal Yu of 16.96 with an R* of 0.99917. Thus, the program found a
Yu with a slightly higher correlation than we had previously found.

This code operates on the same mathematical basis as previous approximations
of Yu by testing many possible Yu values and determining which of them creates
the highest correlation in logarithmic form. However, the code can use much
smaller increments and find an optimal Yz much faster. The program specifically
tests every incremented Yu between the highest Yvalue and the input maximum
Yuvalue. It returns the Yu that had the highest R? value, along with the R* of that
Yu. If the user wishes to see the trend of R? values as the Yu changes, they can
uncomment the print statements near the end of the code.

We can also use the Fortran program to search for Yu. However, it is more
tedious and more time-consuming and thus not recommended for general use.
For example, it used up to 12 pages of programming in the book to give the results
[14].

5.2. Effect of Silica on the Profiles of Particle Deposition—
Simplicity out of Complex Case

Like the last example of general fine particle deposition, let us use a set of data
from four experiments. The four experiments included one experiment with raw

coal powder without an addition of silica (0% silica); the other three experiments
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were with a mixture of 25% silica, 50% silica, and 75% silica. Raw coal powder
generally contains some impurity, which, like silica, serves as a negative charge
acceptor, while pure coal is positively charged during a tribo-charging process.
Table 7 lists the weight of clean coal collected at various interval positions in
Columns J through M. The first sample is collected from 0 to 3 cm, the second
sample from 3 to 6 cm, etc. The table also lists the cumulative weight and calcu-
lated nonlinear face values (¢gYu — ¢Y) using unique values of Yu: 70, 86.5, 81, and
74.8. Figure 10 gives a three-dimensional plot for mass collected at seven nonlin-
ear distance intervals for four levels of silica mixture. The profile for each level of
silica in the 3-D graph is the equivalent of a plot of the primitive graph. For orig-
inal coal (0% silica), the most mass was collected in the 12 - 24 cm interval. At
25% by weight addition of fine sand, the mass peak shifted toward the inlet of the

separator (6 - 12 cm interval).

Table 7. Effect of silica on particle deposition. (Image of Excel Table)

F5 v i Jx v =(LOG($F$2)-L0G(B5))
A B C D E F G H ! ) K L M
1 0% siica|25% silica| 50% silica| 75% silica| 0% silica |25% silica|50% silicd 75% silica 0% silica[25% silica50% silical 75% silica

2 [ v 70 86.5 81 748
3 | posit, X cum.Y  cumlY cum.Y cum.Y  (gYu-gY) (gYu-gY) (gYu-gY)} (qYu-g¥) wty wit. y wit. y wt. y
4 cm g g g 9
5| 3 006 63 138 243 [ 30869 | 11377 07686 04883 006 63 138 243
6| 6 336 287 418 549 13188 04791 02873 01343 33 224 280 306
7 12 1997 598 666 682 05447 01603 00850 00401 1661 311 248 133
8 24 4401 783 759 720 02015 00433 00282 00166 2404 185 93 338
9| 48 6047 837 786 735 00636 00143 00131 00076 1646 54 27 15
10 9 6562 854 799 742 00281 00056 00059 00035 515 17 1.3 0.7
11| 120 €636 857 804 745 00232 00040 00032 00017 074 03 05 0.3

Mass collected along (nonlinear) distance interval

0% silica

25% Silica 40

50% Silica 30

m75% Silica
20 [grams]
10
75% Silica
50% Silica 0

25% Silica
0% silica

> 9
D X oS
&P os® @"\(K‘V(L‘IP‘ o

Distance interval (in doubling), [cm]

Figure 10. Mass collected versus distance.
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(a) Cum. Weight vs. distance

Further addition of sand resulted in more of a shift toward the separator’s inlet.
When plotting the above 3-D information in two-dimensional graphs, we obtain
Figure 11, showing various bell-shaped primitive graphs when connecting the tips
of data points for various levels of silica mixture (not shown in the graph). Prim-
itive graphs are not used much in data analysis. Fortunately, we can resort to non-
linear analysis using cumulative data and primary graphs. To do this, the first task
is to generate a series of cumulative data Y and calculate nonlinear face values
(gYu - qY), as indicated in Table 7 and the primary graph Figure 12.

Weight for given distance

35 +
30 + Series1
g 25 + Series2
% 20 1+ Series3
< 15 1 Series4
©
= 10 +
5 i
0 f f f f f f f
3 6 12 24 48 96 115
Distance, cm
Figure 11. Weight versus distance.
(b) qY vs. X

log-linear scale

linear-linear scale 1000 -
5 100
10 - —o— Series 1
—o— Series 1 > —&— Series 2
. 1 A
—&— Series 2 —A— Series 3
—&— Series 3 01 - —o6— Series 4
—&— Series 4
. ) 0.01 T T '
100 150 0 50 100 150

50

distance, X (cm)

Figure 12. Weight vs. distance, (a) linear-linear scale; (b) log-linear scale.

Subsequently, by plotting cumulative weight ¥ versus cumulative distance X,
we obtain Figure 12(a). This is the primary graph where the curve of series 1 (0%
silica) is shown as a sigmoid curve. The other three curves are also expected to
show a similar sigmoid curve with small initial tails if the sample collection is
available at smaller X ranges and with sufficient sample collection resolution in
the short distance range.

By converting the y-axis in Figure 12(a) from a linear into a nonlinear
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logarithmic scale, we obtain Figure 12(b). This is a leading graph where the slopes
of the curves are changing continuously, implying that the nonlinear change of
nonlinear face-values, gYu — ¢¥, is negatively proportional to the change of Xor
to the nonlinear change of X; as the indication in Figure 2(d).

After locating Yu for each curve like the last general case, we can proceed to
plot (¢Yu — gY) versus X on a log-log graph, as shown in Figure 13, where the
equations are (gYu — ¢Y¥) = CXX. The equation parameters are summarized in
Table 8.

Proportionality graph
q(gYu - qY) vs. q(X - Xb)

10.00 -
i y = 14.685x1:364
1.00 R? = 0.9979
< y =7.0813x1572
?' 0.10 - R? =0.9926
: 0, e
E & 0% silica y = 3.4888x-1446
001 - A 25% silica R2 = 0.9992
O 50% silica
. y = 1.8432x1433
o 75% silica Rz = 09898
0.00 . . ‘
1 10 100 1000
X
Figure 13. Proportionality plot for (gYu — g¥) vs. X.
Table 8. Equation parameters Yz, K, and C.
Parameters
% Silica Yu K C
0 70.0 1.3645 14.685
25 86.5 1.5721 7.0813
50 81.0 1.4457 3.4888
75 74.8 1.4330 0.9898

The four straight lines in Figure 13 have a slope (K) between 1.3645 and 1.5721.
These similar slopes reflect the fact that the experimental parameters, ie., the gas
carrying rate, the physical dimension of the box, and the DC polarities, are fixed.
The asymptote ( Yu) of the original coal is 70.0. As fine silica is added to the coal,
electrons on the coal surface transfer to the silica surface during the tribo-charging
stage and thus make the coal surface more positive.

Consequently, the asymptote of the mixture with 25% silica dramatically in-
creases to 86.5. Subsequent addition of silica causes a decrease in the asymptote
from 86.5 to 81.0 for 50% silica addition and to 74.8 for 75% silica addition. The

decreases in the asymptotes for these two later cases are due to a dilution of the
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coal in the feed as the total feed mass is maintained constant. The position con-
stant (integral constant C) of the equations reflects the collection of the coal near
the inlet. The position constants decrease from 14.685 to 7.0813, 3.4888, and to
3.4888 as the silica content increases, as shown in Table 8.

In essence, if we pay attention to the asymptotes and measure the nonlinear
change relative to the asymptotes, we can get the ACP nonlinear model shown in
the proportionality graph Figure 13. This graph, along with ACP nonlinear equa-
tions, has significantly enhanced the description of the data in Figures 10-12.

6. Discussions

We present the analyses of astrophysics and electrostatic separation data using a
simple nonlinear concept and using multiple tables and graphs for illustrations.
In the future, the practitioners can simplify the presentation by using a single
worksheet, a single proportionality graph, and a single summary table.

In our analysis, we compare the monotonically increasing nonlinear number ¥
with the other monotonically increasing nonlinear number X. Specifically, we
compare their nonlinear face value with each other. The analysis is so simple and
easy that every high school student can do it.

Traditional XY math is insufficient to describe the nonlinear phenomena; we
need to extend the XY math into the af Math to account for the existence of as-
ymptotes, Ze., we need to extend XY= {(X), (})} into af={a(Y, Yu, YD), f(X, Xu,
Xb)}. The aff Nonlinear Math classifies continuous monotonically increasing
numbers into linear and nonlinear numbers. Nonlinear numbers are associated
with asymptotes, and their measurement of difference is the face value of the non-
linear numbers. The nonlinear face value can be a difference, a ratio of difference,
or with logarithmic transformation, such as (Yu - 1), (Y- Yb), (Yu—- Y)/(Y -
Yb), and (gYu — qY). The application of (Yu — Y)/(Y - Yb), which behaves like a
logistic equation, will be demonstrated in a separate article.

The Alpha Beta (af)) Math is a science for connecting a straight line to concave
and convex asymptotic curves, sigmoid and various bell curves in physical science,
engineering, and life and biomedical sciences [1]-[6] [9]-[13]. We provide illus-
trations for building Excel Templates along with a Python high-level program-
ming language to solve for upper asymptotes and build a straight-line proportion-

ality equation.

7. Conclusions

e We can describe nonlinear phenomena with a simple proportionality equation
and four types of graphs: primitive, primary, leading, and proportionality
graphs. It is important to learn how to distinguish between a primitive elemen-
tary graph and a primary graph. We cannot use a primitive elementary graph
alone to build a mathematical relationship because each elementary “y” has no
mathematical connectivity, and one elementary number cannot mathemati-

cally relate to the other cumulative numbers. Instead, we must resort to relating
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one cumulative number with the other cumulative numbers and using the pri-
mary graph for mathematical analysis, where we can have both continuous
numbers Y and continuous numbers X exist as cumulative Y and cumulative
X. Cumulative numbers mean the existence of connectivity.

Data in astrophysics and particle separation physics must obey the law of na-
ture. The experimental law dictates that the dependent variable be either pro-
portional to or negatively proportional to the independent variable. We can
build a straight-line proportionality relationship for the dependent-independ-
ent data in log-linear and log-log graphs. This article demonstrates a method-
ology for solving the key upper asymptotes for the proportionality equation
using Microsoft Excel along with Python program via determining the “coef-
ficient of determination”. Our example includes a systematic demonstration

of Excel data manipulation and extensive graphing.
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Symbols

g =Log; af (extension of XY); ¢ = (0) (nonlinear zero); x = elementary variable, y or (y) = elementary variable or y =

equation y (inside the graph); X = cumulative of x, Y= cumulative of yor ().

Appendix A. Python Programming for Searching the Upper Asymptote Yu

import math
def q(n):
return math.logl@(n)

def avg(l):
return sum(l) / len(l)
# USER INPUTTED VALUES
X = [3, 6, 12, 24, 48, 96, 120] # X and Y MUST be the same length
Y = [.13, 1.92, 7.11, 12.51, 15.01, 16.11, 16.35] #cumulative y (should always be increasing)
max_pred = 18 #input the highest value Yu that should be tested
deltaYu = .01 #input the change in Yu for each test, smaller will generally give a more accurate approximation
# CALCULATED VALUES
gX = list(map(q, X))
qy = list(map(q, Y))
Yu = Y[len(Y) - 1] + deltaYu #start with the last value of Y + deltaYu
maxCorr =
bestYu =
while Yu <= max_pred:
qYu = q(Yu)
gDif = qY.copy()
for i in range(len(qY)):
gDif[i] = qYu - qY[i]
qqbif = list(map(g, gDif))
agX = avg(gX)
aqqDif = avg(qqDif)
numList = gqqDif.copy()
denX = gX.copy()
denY = qgDif.copy()
for i in range(len(qgDif)):
numList[i] = (gX[i] - agX) * (ggDif[i] - aqgDif)
denX[i] = (gX[1i] - agX)**
denY[i] = (qgqDif[i] - aqgDif)**
corrNum = sum(numList)
corrDen = math.sqgrt(sum(denX) * sum(denY))
corrSquare = (corrNum / corrDen)**
if corrSquare > maxCorr:
maxCorr = corrSquare
bestYu = Yu
#UNCOMMENT FOR EXACT CORRELATION FOR EACH YU
#print("Current Yu: ", Yu)
#print("Correlation: ", corrSquare)
Yu += deltaYu
#FINAL APPROXIMATION|
print("Approximate Yu: ", bestYu)
print("Correlation: ", maxCorr)
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