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Abstract

The Poynting vector includes time-independent contributions which, since
they represent photons of zero frequency, need to be absent; this removal re-
solves several paradoxes that arise when they are left in place; furthermore,
magnetic monopoles, if they existed, would be accompanied by a Lenz’s law
that defies conservation of energy suggesting that magnetic charges might not
be found in Nature.
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1. Introduction

Various paradoxes can be resolved by recognizing that photons of zero frequency
don’t exist, and their removal is consistent with electromagnetism as shown in [1]
and Section 2.1, and this is implicitly done in the texts when deriving the Abra-
ham-Lorentz equation of motion as shown in Section 2.2. Further, the idea that a
stationary charge/monopole system has angular momentum [2] is also looked at
in this context in Section 2.3.

Another related paradox arises in general relativity because, by the equivalence
principle, a charge at rest in a gravitational field is equivalent to one accelerating
and so would radiate, but in the gravitational case, there is no energy source to
power this radiation. This paradox is also solved by the exclusion of zero-fre-
quency photons, as shown in [1] and the Appendix.

A separate Section 3 looks at the inclusion of magnetic monopoles in electro-
magnetism, concluding that they may violate energy conservation and so possibly

explaining why they are not found in Nature.
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2. Larmor Versus Feynman

We begin by looking at ambiguities in the formula for electromagnetic radiated
power. The formula for the power resulting from an accelerating charge is nor-
mally given (in SI units) by the Larmor formula. [3] [4]

2
2

p__d

= a
- e, C’

(Larmor power)

g beingthe charge, a the acceleration, C the speed of light and ¢, the elec-
tric permittivity; however, this leads to various contradictions (see Section 2.2)
that are resolved by the Feynman form for the power. [1] [5]

2

__ 9
P- =1 6rng,C
0 ifa-v>0

a-v ifa-v<0

s (Feynman power)

where Vv is the velocity (relative to whatever is causing the acceleration). An am-
biguity in the derivation of the Larmor equation permits the Feynman form,
which is detailed in Section 2.1.

These two versions of the radiated power seem so different that one might won-
der why it was not immediately obvious which was correct. This becomes clearer

using integration by parts
j: fgdx = [ f jgdx]: - j:( f 'I gdx)dx (Integration by parts)

that tells us

2

f q f
(P -P)dt=——[a-v| (1)

J.l ( L F) 67I80C3[ ]I
and so, there is no difference in predicted radiated energy if the motion is periodic
or if the initial and final accelerations were zero; explaining why the difference is
not obvious for radio transmissions. A notable difference, however, would be for
constant acceleration, where the Feynman form would predict zero radiated power,

thus resolving the gravitational paradox [1] [5] as described in the Appendix.

2.1. Ambiguities in the Poynting Vector

The Poynting vector S gives the energy flux density of an electromagnetic field

S= L ExB (Poynting vector)
Ho

along with the linear momentum density g
g= 32 =g ExB )
C
where E and B are the electric and magnetic fields, respectively, while ¢,
and g, are the electric permittivity and magnetic permeability and ¢ is the
speed of light (we use SI units throughout).

Because it is only the divergence of the Poynting vector that appears in the
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conservation law from which it is derived [4] [6], one can limit oneself to looking

at
VS €)
Now, using the vector identity
V-(ExB)=(VxE)-B-E-(VxB) (4)
and then applying Faraday’s and Ampeére’s law in free space
oB
VxE = Y (Faraday’s Law)
1 cE
VxB=—— Ampeére’s Law
e (Amp )
we arrive at
oB 1 oE
V. (ExB)=-B- L -~ g.& 5
( ) ot ¢ ot ©)

So, we find from Equation (5) that there is no contribution from the Poynting
vector in the conservation law from non-time-varying fields, and therefore, such
components can be dropped. That they should be dropped can be seen from the

wave equations:

1 0°E

VE=——"—F 6a
c¢? ot (6
1 0°B

The second time derivative of E or B cannot be zero for a wave, so con-
stant fields will not give rise to radiation and therefore should not be included in
the Poynting vector. This is the classical version of the simpler quantum perspec-
tive that zero-frequency photons don’t exist. Thus, we see that non-parallel elec-
tric and magnetic fields alone are not sufficient to produce an energy flux: they
must also change with time. We are not the only ones to be concerned about the
contribution of static fields to the Poynting vector; some are aware of paradoxes
arising from these contributions [7] and others have tried to cancel them out with
‘hidden momentum’ [8].

This exclusion of non-time-varying fields allows us to get the Feynman form

from the Larmor form as we showed previously for Equation (1).

2.2. Equation of Motion for a Constant Pushing Force

The Larmor version of power gives rise to non-physical equations of motion that

are resolved by the Feynman form

2.2.1. Larmor Version
Using P=F -v we can include the radiation reaction force to get
P
ma=F-— 7)
v

and so, for the Larmor power (using a constant pushing force F,), we get
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(F,—mv)v=av’ (8)

where a=q° / (61150C3) . This has pathological behavior, namely, if the particle
starts at rest, the acceleration is then also zero, and thus, nothing moves despite

the application of a finite pushing force.

2.2.2. Abraham-Lorentz Version
On the other hand, for the Feynman power, we get the Abraham-Lorentz equation

F,—ma=-ca (Abraham-Lorentz)

whose solution is
a:i+Cexp(mtj 9)
m a

where a=q° / (6115003) , but this is non-pathological if the integration constant
C is zero.

While the Larmor form for power can never be negative, this is not always the
case for the Feynman form (this possibility was not mentioned in the original
work by Feynman [5]), since if & and v are in the same direction, the pre-
dicted Feynman power is negative, and since this is not possible, the Feynman
form might be more correctly expressed as

2

__9
P- =4 6ng,c
0 ifa-v>0

a-v ifa-v<0

8 (Feynman power)

This ties into the run-away solution for the Abraham-Lorentz solution (Equa-
tion (9)), where the integration constant C must be chosen to be zero on phys-
ical grounds, and hence one has zero Feynman force when & is in the same di-
rection as V, namely no negative power is a compelled and consistent choice.
One might be concerned that this exclusion will make a difference for sinusoidal
motion, but this is not the case since when X~Ssinwt this leads to a Feynman
power that goes like c0s® @t and thus has no negative component; however, for
exponential motion ( X ~ ' ) the suppression mechanism comes heavily into effect,
but the easiest way to avoid radiation while speeding up a charge is simply to

maintain a constant acceleration.

2.3. Stationary Charge/Monopole System

Dirac [2] contemplated a charge/monopole that, despite being stationary, is per-
ceived as having angular momentum L due to the electromagnetic momentum
density g (see Equation (2)); this is illustrated in Figure 1.

However, indiscriminate use of the Poynting vector (those not excluding the
constant part) can lead to various problems, namely a stationary electric charge
together with a magnetic charge (monopole) will have an angular momentum that
does not depend on their separation as originally tackled by Dirac [2] but more
easily seen in the texts by Jackson [4] or Griffiths [6]. A stationary system having

angular momentum is in itself strange, but even worse, if the charge and monopole
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are approaching each other, the angular momentum flips sign as they pass, and

thus violating the conservation of angular momentum.

Magnetic
Monopole
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FElectric
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Figure 1. Fields for a stationary charge/monopole system.

These problems can be resolved once it is recognized that a time-invariant E
and B field represent photons with zero frequency, which, since they cannot
exist, need to be removed from the original Poynting vector, so once it is recog-
nized there is no momentum contribution from non-changing fields, the angular
momentum that would have arisen is no longer present. In this way, both para-
doxes cease to exist once the original Larmor formula for radiated power.

P = aa’
is replaced by the Feynman form
P =—aa-v
where a=q? / (6n5003); g being the charge, a the acceleration and v the
velocity.

3. Lenz’s Law and Magnetic Monopoles

Continuing this contemplation of magnetic monopoles, one has Lenz’s law as part

of Faraday’s law in integral form

electric voltage magnetic flux
— d — ,
¢ E-di :—Eﬂss.dA (Faraday’s law)

where E and B are the electric and magnetic fields, respectively. Faraday’s
law yields the generated EMF (voltage) for a closed loop that results from the

changing magnetic flux through that loop. The minus sign, which is Lenz’s law,
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plays a very important role, namely, the conservation of energy; without it the

induced current would add energy to the system.

Now look at the corresponding equation for magnetism, namely Ampére’s law

(c being the speed of light)

1d L
_B-dl =+C—ZaﬂsE.dA (Ampére’s law)

The issue here is the plus sign; if magnetic charges existed, there would be an
induced magnetic voltage and current, but the lack of a minus sign in the corre-
sponding magnetic Lenz’s law would imply a violation of the conservation of en-
ergy (as detailed below). This might be taken as a reason why magnetic monopoles

are not found in Nature.

The Energy Argument

Start with a solenoid being turned on and feeding into a conducting ring followed

by a test coil, as illustrated in Figure 2.

Solenoid Ring Test
" coil
1 Wl T T I —_— \
(R R A A A l l’ \
1 1 1 1 1 1 =
BER YRR TR > AB 1 :
[ W WA B RA Y | Yy
[ TA (A [N T 1 <+ — A
h -
Bind

Figure 2. Lenz’s law and conservation of energy.

One can now see that, due to the negative of Lenz’s law (the induced magnetic
field opposes the change of the original magnetic flux) that the original field B
is weakened by the induced field B, . Using the example of an exponentially
increasing current makes conceptualizing the mechanism easier since the deriva-
tive of an exponential is again an exponential, albeit of differing strength, so all
fields vary in sync. The test coil on the right experiences a reduced induced voltage
due to the intervening ring since Lenz’s law has a negative; if it was positive, en-

ergy would not be conserved in this counter-example.

4. Conclusion

The Poynting vector, as usually used, includes time-independent contributions
that do not propagate and, therefore, should not be included. Once these contri-
butions are removed, a long-standing gravitational paradox is resolved, and some
strange features of the charge/monopole system are found to be no longer present.
Furthermore, magnetic monopoles, if they existed, would be accompanied by
Lenz’s law, which defies conservation of energy, suggesting that magnetic charges

might not be found in Nature.

DOI: 10.4236/jamp.2024.1211221

3695 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211221

A.Y. Shiekh

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Shiekh, A.Y. and Vuille, C.C. (2022) Does a Charge in a Uniform Gravity Field Radi-
ate? (The Accelerating Charge Paradox). The European Physical Journal Plus, 137,
Article No. 1179. https://doi.org/10.1140/epjp/s13360-022-03390-3

[2] Dirac, P.A.M. (1931) Quantised Singularities in the Electromagnetic Field. Proceed-
ings of the Royal Society of London. Series A, 133, 60-72.
https://doi.org/10.1098/rspa.1931.0130

[3] Larmor, J. (1897) LXIIIL On the Theory of the Magnetic Influence on Spectra; and On
the Radiation from Moving lons. The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 44, 503-512.
https://doi.org/10.1080/14786449708621095

[4] TJackson, J.D. (1999) Classical Electrodynamics. 3rd Edition, Wiley.
https://doi.org/10.1119/1.19136

[5] Feynman, R.P. (1995) Feynman Lectures on Gravitation. Addison-Wesley.

[6] Griffiths, D.J. (2013) Introduction to Electrodynamics. 4th Edition, Pearson.
[7] Eyges, L. (1980) The Classical Electromagnetic Field. Dover.
[

8] Babson, D., Bjorkquist, R., Griffiths, D.]. and Reynolds, S.P. (2009) Hidden Momen-
tum, Field Momentum, and Electromagnetic Impulse. American Journal of Physics,

77, 826-833. https://doi.org/10.1119/1.3152712

Appendix

The accelerating charge paradox
According to Larmor’s formula, a non-relativistic accelerating point charge ra-

diates with a power given by

2

q 2

P = a (Larmor power)

) =
6ne,c’

A paradox arises because, by the equivalence principle, a charge at rest in a
gravitational field is equivalent to one accelerating, and so would radiate, but in
the gravitational case, there is no energy source to power this radiation. Worse
still, the equations of motion that follow from P =F -v are pathological [1]. By
leaving out the zero-frequency photons, one is led to the Feynman form for radi-

ated power

2

9
P- =< 6mg,C
0 ifa-v>0

a-v ifa-v<o0
(Feynman power)

3

which not only resolves the paradox (a uniformly accelerating charge does not
radiate), but also gives rise to non-pathological equations of motion as shown in

the main text Section 2.2.
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