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(OMOMMY g pcces:

Abstract

Let u, p beaself-affine measure associated with an expanding integer ma-
trix M =[p;,0,0;p,,P,,0;ps,0,p;] and the digit set D={0,e,e,,e;} in
the space R?, where P P,y Ps € Z\{O,il} » PgPs€Z and e,e,,6, are

the standard basis of unit column vectors in R®. In this paper, we mainly
consider the case Py, P,, P; €2Z+1, p, # Py, Py =1(P = P,), Ps =1(Ps— 1),
where | €2Z.We prove that 4, , isanon-spectral measure, and there are
at most 4-element g, , -orthogonal exponentials, and the number 4 is the

best. The results here generalize the known results.
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1. Introduction

Let M eM, (Z) be an expanding integer matrix (that is, all the eigenvalues
|ﬂ,, (M )| >1)and DcZ" beafinite subset of cardinality |D|.The unique prob-
ability measure = 1, , satisfying the self-affine identity

L > oyt

deD

|D (1.1)

'Ll:

with equal weight, where ¢, (£)=M (& +d) (§ € R") forms an affine iterated
function system (IFS) {¢d} dep -

similar measure. Such y is supported on an invariant set T(M , D) (see [1]),

Uy p is also called invariant measure or self-

which is a unique nonempty compact set satisfying

MT = J(T +d).

deD

If there exists a set A= R" such that E(A):: {e2“i<l‘x> :/leA} forms an
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orthogonal basis (Fourier basis) for the Hilbert space L* ( Hy o ) s we call gy o
a spectral measure. The set A is then called a spectrum for 1, , and the pair
( M, A) is called a spectrum pair. The study of spectral measures dates back to the
work of Fuglede [2], whose famous spectral-tiling conjecture relation is difficult
to establish in most cases. The research on the spectrality or non-spectrality of
My p become a hot topic, which has its origin in number theory, harmonic anal-
ysis, fractal geometry and dynamical systems [3]-[6].

Jorgensen and Pedersen found the first non-atomic, singular continuous spec-
tral measure, which showed that the Fourier transform theory can be applied to
certain classes of fractals [3] [7]. In all these studies, the Fourier transform £, D

of 4y p playsanimportant role. From (1.1), i, (&) is given by
fi o (€)= [y o (x) = TTmo (M¢). (£ <R")
-1

where M™ denotes the transposed conjugate of A and

Zemdé (éGRn)

deD

(|D

denotes the symbol function of D. It is known that there are several methods to
deal with the spectrality of self-affine measure (see [8]-[11] and references cited
therein). Compared with spectral self-affine measures, there are a lot of non-spec-
tral self-affine measures.

Usually, the orthogonal exponentials in L ( H _D) is called g, j, -orthogonal
exponentials. Generally, the non-spectral problem can be divided into the follow-
ing two classes.

Class (I): There are at most a finite number of orthogonal exponentials in
L’ ( ,uM,D) (but the supremum of these finite numbers may be infinite, see [12]
[13] and references cited therein), that is, 1,  -orthogonal exponentials contain
at most finite elements. The main questions here are to estimate the number of
orthogonal exponentials in L2 (,uM ‘D) and to find them (see [14] [15]).

Class (II): There are natural infinite families of orthogonal exponentials in
L’ ( o ) , but none of them forms an orthogonal basis in L ( iy 'D) . The main
question here is whether some of these families can be combined to form larger
collections of orthogonal exponentials (see [16]-[18]).

For the generalized spatial Sierpinski gasket corresponding to

p, 0 O 0)(1)(0) (O
M={p, p, O|and D=4{0[,|0,|1/,|0];, (1.2)
Ps Ps P; 0){0)10)\1

where Py, P,,P;€Z\{0,£1} and p,, Ps, Ps €Z . The previous results on the
non-spectrality of self-affine measures can be summarized as the following.
Theorem 1.1. For self-affine measure 1, , given by (1.2) and
P, = Ps = P =0, the following spectrality and non-spectrality hold (see [12]
(19]-[22]):
1) If p,p,, Py €(2Z+1)\{£1}, then 4, is a non-spectral measure, and

DOI: 10.4236/jamp.2024.1211241

3965 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211241

Y.L.Huetal.

there exist at most 4 mutually orthogonal exponential functions in L ( Hy b ) ,
and the number 4 is the best;

2) If p,e2Z\{0} and p,=p,e(2Z+1)\{£1}, then there exist at most 4
mutually orthogonal exponential functlons in L? ( ) ,and the number 4 is the
best;

} then there exist at most 8

3)If p,e2Z\{0} and p,=-p,e(2Z+1)\{=
L2 ( ) , where the number 8 is

mutually orthogonal exponential functions in
the best possible;
4)If p,e2Z\{0} and p,=+p;,e(2Z+1)\{1}, then for any leN, there
exist 21+6 mutually orthogonal exponential functions in L* ( Hy b ) .
Theorem 1.2. [23] Let 4 , corresponding to (1.2), if
P P, Py €(2Z+1)\ {1} and
Py =P — Py 7Ps :ﬂ(ps_ pz)’ 7(p5_ P, + P3)=’7(pz - pl) (1.3)

for some fB,ye2Z+1 and ne2Z,then My o 182 non-spectral measure, and
there exist at most 4 mutually orthogonal exponential functions in L* ( Hye o ) ,
where the number 4 is the best.

Theorem 1.3. [24] Let 1, , correspondingto (1.2) and p; =0, if

P P, = P, €(2Z+1)\{0,£1}, (1.4)

then 4, , isanon-spectral measure, and there exist at most 4 mutually orthog-
onal exponential functions in L? ( Hy o ) , where the number 4 is the best.

Theorem 1.4. [25] Let 4 , correspondingto (1.2) and p, =0,
Ps=—ps=5€R,if

P = P, Ps G{Eip,qezz-ﬂ}, (1.5)

then 4 . = isanon-spectral measure, and there exist at most 4 mutually orthog-
onal exponential functions in L ( Uy D) , where the number 4 is the best.

In the case p, =0, one can rewrite (1.3) as follows
Py=P =P Ps=P—Ps (1.6)

From Theorem 1.2, we know that 1, , is a non-spectral measure in the case
(1.6), and there exist at most 4 mutually orthogonal exponential functions in
L’ ( Hy b ) , where the number 4 is the best. In Theorem 1.3, Yuan is given the
exact number of 44 , -orthogonal exponentials in the case (1.5). This naturally
leads to an open problem: How about the spectrality or non-spectrality of s,

in the case
P Doy Py €(2Z+1)\{0,£1}, p, # p,? (1.7)

Motivated by this, in the present paper, we resolve the above question in some
cases. The main result of the paper is the following.

Theorem 1.5. Let the self-affine measure t,, , corresponding to (1.2) (1.7)
and p;=0,if

p4=|(p1_p2)r p5=|(p3—p1), (1.8)
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where |e2Z,then p, , isanon-spectral measure, there are at most 4-element

My p -orthogonal exponentials, where the number 4 is the best.

2. The Zero Set Z([JM‘D) of uy, o

For the given digit set Din (1.2), it is known [19] that the zero set
Z(mD):z{Xe R® :mD(x)=O}=ZluZ2 UZ,,

where
1
E+m
Z,=1| a+k, [:aeR,k,k, keZ R
1+a+k3
2
E+a+k1
2
Z,=4| 1., [aeRk.kkeZ cR?
2 2
a+k;
a+k,
Liask
Z,=11272"% [raeR Kk k, k, e ZL R
1
E+@
Then the zero set of Fourier transform iz, , can be presented as
Z(j0)=UMZ(m):= AUA UA, 2.1
j=1
where
m
- a+k,)p;
.y 1( P | eR K,k € Z e R: (2.2)
et .
! (E+a+@Jm
n
A =UJ (%+k2jp2j :aeR, k;,ky,k,eZ} cR?; (2.3)
j=1
(a+k;)p)
p
2 (Lratk, |p)
A= 2T8)P L acR Kk, ke Z e R? (2.4)
j=1
1 .
(E+k3jpsj
and
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j-1

1 ; _ e
m=(5+k1jpl‘ (a+k)zpl I, + ( +a+k3)2pp L

0
-1

]
G“’ij (H‘ijpl'l' (a+k) _pip e

n

p=(a+k)p + (;+a+kJZpl 17 ( +kj2p1 2

Combined with (1.7) and (1.8), one can verify the following propositions hold.
Proposition 2.1. The sets A, A,, A, given by (2.2), (2.3) and (2.4) hold the

following statements:
(i) ¢e A, ifand onlyif —¢ e A, 1=123;

(i) Z(ﬁm,o)“za:Z(f‘M,D)“{(X'V’Z)t1X*V'Z€%+Z}:®;
(i) If ¢ =(¢1¢08,) €A then §l+|;2—|;ae%+z;
(iv) If §=(§1,§2,§3)teA2,then 4/26%4-2;

WIf £=(£6,8,) €A, then 43€%+Z'

Proposition 2.2. Let ¢ =(¢1,4,.&,) EZ(/’}MYD). Then the following state-
ments hold:

(@If feAtA,then {eA UA and & +IS,-15,€Z;

b)If feA tA ,then {eAUA and ¢,€Z,,¢7Z;

OQIf feAtA,then {eAUA and {,€2,{,¢Z;

(dIf €A and §,eZ,then {,¢Z;if €A and {,eZ,then
el

(e)If {eA and {;eZ,then § ¢Z;

HIf €A and §,€Z,then § eZ.

3. Proof of Theorem 1.5

Assume that if 4, ( j=1,2,---,5)e R? are such that the five functions

ezfci@l,x)’ e2ni<lz,x>’ ezm</13,x>’ e2ni</14,x>’ e2ni</15,x>

are mutually orthogonal in  L?( 14, , ), then
A=A €Z(fyp)=AUAUA, (I<i=]j<5).

Equivalently, the following 10 differences

Ao =y Ay = Ay Ay = oy A = Ao
Ao =21 Ay = s A = 2

Ay =gy A = A

}‘5_14

belong to A U A, UA,.In particular, we have
=l hy = Ay A A= e AVA VA (3.1)

For convenience, define
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lj—ﬂk:(xm,ym,qk)leR3fm'Lkzlandj¢k.

From Proposition 2.1 and 2.2, one can obtain the following claims.

Claim 3.1. Theset A (or A, or A,)cannotcontain three differences of the
form A; —4;,4;, —4;,4;, —4;, where j, ], J; €{1,2,---,5}\{j} are three dif-
ferent numbers.

In fact, if

Ay = Ay Ay, = A Ay — A €A, (3.2)
then /1]-2 —/1]-1,/1]-3 —/111 ’}“is —/11-2 € A, UA, (byProposition 2.2 (a)). If
}“iz - /11-1,1]-3 —ﬂ,jl ,ﬂjg - /1]2 € A, , then (by Proposition 2.1 (iv)),

1 - .
Y. .,¥. . €e=+Z and Y, . €Z, a contradiction. The same reason illustrates
2ok I3l 2 13.12

that 4, —4,,4, —4;,4; —4;, cannotintheset A, simultaneously. Without
2 b8 b’ I2

loss of generality, we may assume that 4; —4;,4; —4; € A,, 4, —4; € A. By

Proposition 2.1 (iv), Proposition 2.2 (a) and (3.2), we have

1
Yisir Yieinr Ziss €§+Z and X; . +ly; 5 =z, €Z, then X; ;

! yJ'st €Z,a
contradiction (by Proposition 2.2 (f)). Hence, the set A can not contain three

differences of the form lh —lj , ij —/1j, /lj3 —/1j JIf
Ay = Ay = A Ay A E R, (3.3)

then 4;, —4;,4;, —4;.4;, —4;, € AUA; (byProposition 2.2 (b)). If
ﬂ“iz —xljl,ﬂ,jg _}“h”ljs —/1]2 € A, then (by Proposition 2.1 (iii))

X o+ly =z oxo o +ly. o —lz, e1+Z
J2:h J2:h J2oh? Tk 3 h 3k

2
and X; e”Z,

iz )2 + ijsvjz -z

7

a contradiction of Proposition 2.1 (iii). If ﬂ']z -A1.,A

w703 _lh’lis _ﬂjz € A3’ then

z -el+Z and Z,
2 13,

Z, 0025 , €Z (by Proposition 2.1 (v)), a contradiction.

i
Without loss of generality, let
/11-2 _lh ! ;)'js _/1]1 € A.I.’ ﬂ’j3 _ﬂ’jz € As (3.4)

Then from Proposition 2.1 (v), Proposition 2.2 (b) and (3.3) (3.4), we have

1
Yiei, €Z> ng,iZEEJ’Z and X ; +ly, =1z, ;.
1 Ca - .
X Wi, — 12, €5 +Z, whichyields X ; €Z,a contradiction of Proposi-
3 h Jah Ja h 2 3. J2

tion 2.2 (f). If 4, -4, 4;, —4; €A, 4, —4;, €A, from Proposition 2.1 (v),

Proposition 2.2 (b) and (3.3), we have z. .,z. . € %+ Z , then Yiajpr 2 e/,

2 i Tl h i3:J2
a contradiction of Proposition 2.2 (d). Hence, the set A, can not contain three
differences of the form A4; —4;,4;, —4;,4;, —4;. This proof is also suitable for
the set A,.

Based on Claim 3.1, we only need to consider the following four cases:
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Case 1. 2-2-0 (2-0-2) distribution. In this case, we may assume (without loss of

generality) that

b=l A=A €N, A=A, ds =l €A, (3.5)
Then (by Proposition 2.1 (iv) and Proposition 2.2 (a) (b))
X3, + Iy3,2 - IZs,z ez, Ya11 Y51 € %+ z (3.6)
and
A=A €A URA, -2 e AUA, (3.7)

We can divide (3.7) into four cases.
Case1.1. 4,— 4, € A, A, — 4, € A . In this case, from Proposition 2.1 (iii) (iv),

we have

1 1
Y2 EE+Z' Xs.4 T 154 — 125, €§+ Z (3.8)

If A, -4, €A, then (by Proposition 2.1 (iii) and (3.6) (3.8))
X +1Y5, =125, € %4— Zand X, +ly,, =12, X, 5 +1y,5-12,,€Z,  (3.9)

which yields 4, -4,,4, -4, € A, UA;.In the case 1,—-1, € A,, from (3.8) and
Proposition 2.2 (b), we have y,,eZ. Hence, 4,-4; €A, and Z,, e%+Z .

Combined with (3.9), we get X,; €Z, a contradiction. In the case 1, -4, € A;,

from Proposition 2.1 (v), we have
1
Z,, €E+Z' (3.10)

If ,-4€A,, then y,,,X,,eZ (byProposition 2.2 (b) and (3.8) (3.9)), a
contradiction. If 4, -4, € A;,then Zz,,,X;, € Z (byProposition 2.2 (c) and (3.8)
(3.10)), a contradiction. Hence, A, —A, ¢ A . The same reason illustrates that
As = A3, Ay — A5, Ay — A3 ¢ A . Hence

D=y, Dy =D, B = D, B = Dy € Ay U A,

Based on Claim 3.1, we only need to consider the following three cases.

Case 1.1.1 4,—-4, € A, 4, — 1, € A, . In this case, from Proposition 2.2 (c) and
(3.6),wehave y;,,2,,€Z and A -1, €A,acontradiction (by Proposition 2.2
(d)).

Case1.1.2 4,—-4, € A, A, — 4, € A;. In this case, from Proposition 2.2 (b) and

(3.6), we have y,, eZ, Y, e%+2 . Combined with A, -1, €A, , we get

Vor€Z and A-leA . Now, J—A=(ls—4)~(g—4s)e A=A, we
have X;,,2;, € Z,a contradiction.

Case 1.1.3 4, -4, € A, A4, — A, € A, . This case can be proved similarly to Case
1.1.2.

Case 1.2. 4, -1, € A, A, — 4, € A . This case can be proved similarly to Case
1.1.
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Case 1.3. A, - 4,, 4, — 4, € A;. In this case, by Proposition 2.1 (v) and (3.6), we
have

235, 25, e%+Z, Y54 €Z. (3.11)

We first show that the following Claim holds.
Claim 3.2. The set {4, —4,, 4, — A, A —A,, A5 — A} has at least one element

in A.
In fact, if
A=Ay by =250 26 = 2, s — Ay € Ay U A, (3.12)
then, from Claim 3.1, we need to divide (3.12) into the following three cases.
Case A: 4, -4, €A, A, -4, € A,. In this case, from (3.6) Proposition 2.1 (iii)
and Proposition 2.2 (b), we have

Yazr Y52 e%+ Zandy,, e Z (3.13)

In the case A, -4, € A,, from (3.6) (3.11) (3.13) and Proposition 2.2 (b), we
have X,,,Y;, €Z, a contradiction. In i[he case 4, —A, €A, from (3.11) and
(3.12),wehave A4 -4, €A, and Yy, ;€ E+ Z . Combined with (3.6) (3.11) (3.13),

we get X;,,Y;, € Z, a contradiction.
Case B: 4, -4, €A, A -4, €A In this case, from Proposition 2.2 (b) and

(3.6), wehave y,, €Z and y5’2e%+Z.For

1
Ao =2 =(2—2)—(4—2)e A—A and (3.12) (3.13), we get Vs, €E+Z
and y,;, € Z. Combined with (3.6) and (3.9), we have X;, € Z, a contradiction.
Case C: 4, -4, € A, A, — 4, € A,. This case can be proved similarly to Case B.
Therefore, the set {/14 = Ay =X A — Ay A — ﬂg} has at least one element in
A.

From Claim 3.2, without loss of generality, we may assume that 4, -4, € A,
then

1
Xep +ly,, =124, € E+ Z. (3.14)

By Proposition 2.2 (a) (f) and (3.11), we getthat A, -4, ¢ A and A -4 eA.
Then A -4, 4, — 4, € A, U A,. Based on Claim 3.1, we need to consider the fol-
lowing three cases.

Case 1.3.1 A, -4, € A, A, — 4, € A, . In this case, from (3.6) (3.11) and Propo-

sition 2.2 (b), we have X;,, Y;, € Z, a contradiction.
Case 1.3.2 A, —4, € A,, A, — 4, € A,. In this case, for

As =4 =(4 —4)—(4, —4) € A,— A, and Proposition 2.2 (b), we get
Y,1, Zs, € Z. Combined with (3.6) (3.11) (3.14), we have X,,, Y,,,Z,;, e%+ Z,a

contradiction of Proposition 2.1 (ii).

Case 1.3.3 A —A, € A, A, — 4, € A,. This case can be proved similarly to Case
1.3.2.
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Casel4 A4,— 1, €A, A, — 1, € A . In this case, from (3.6) and Proposition 2.1

(iv) (v), we have

1
Ya21 s e§+ Z. (3.15)

With the same method as Claim 3.2, we can prove that the set
{/14 = A=A A — Ay, A — 2,3} has at least one element in A, . Without loss of
generality, we may assume that 4, — A, € A;, then (by Proposition 2.1 (v))

Z,, e%+Z. (3.16)

By Proposition 2.2 (c) and (3.15), we get z;,€Z and A -4, € AUA,.
If A;—4,€A,then X, +ly;;, —1z;, € Z (by Proposition 2.2 (a) and (3.6)). In

the case 4, — 4, € A, from Proposition 2.2 (a) and (3.6), we have
Xgo ¥y —12,,€Z, X5, +1y5, —12;, € Z . Combined with (3.6) (3.15), we get
Xs 4 € Z, a contradiction. In the case 4, —4; € A, from Proposition 2.1 (iv) and

(3.6) (3.15), we have Y, e%+ Z and Yy,, € Z.Combined with (3.15) (3.16), we

have z,, € Z,a contradiction. In the case 4, -4, € A;, for

A=A =(4—4)—(4-4)eA—A and (3.6), we get X,,,2,,€Z,a contra-
diction.

If i;-4,€A,,then y,; €Z and Yy,, e%+ Z (by Proposition 2.2 (b) and
(3.6)). In the case 1, — A4, € A, from Proposition 2.2 (a) and (3.5), we get

Xg 1y, —12,, € Z. (3.17)

1 1
By (3.5) (3.16) and (3.17), we have Xx,, +ly,, —lz,, E+ Z and Xx,,€ E+ Z,
a contradiction of Proposition 2.1 (ii). In the case A, — A, € A,, from Proposition
1
2.1 (iv) and (3.15), we have Y, EE+Z and y;, €Z, a contradiction. In the

case A, -4, €A, from Proposition 2.1 (v) and (3.6) (3.15) (3.16), we get

X321 Z3, € Z , a contradiction.

Similarly, we can prove 2-0-2 distribution does not hold.

Case 2 2-1-1 distribution. In this case, we may assume that
Ay log=heA A —heh -Aeh, (3.18)
then (by Proposition 2.1 (iv)(v) and Proposition 2.2 (a))

Ya11 25y € %+ Zand X, +1ly;, —1z;,€Z (3.19)

and
A—Aheh UA,. (3.20)

We can divide (3.20) into two cases.
Case 2.1. 4, -4, € A,. In this case, we have (by Proposition 2.1 (iv))

Yiz e%+Z. (3.21)
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With the same method as Claim 3.2, we can prove that the set
{/14 A A=A A — Ay, Ag — /13} has at least one element in A . Without loss of
generality, we may assume that 1, — A, € A, then (by (3.6) and Proposition 2.2
(a))
Xgy +1ly,, —lz,, € Z (3.22)

If A,—4, € A, then (by Proposition 2.2 (a) and (3.6)),
X1 + Y5, — 125, € Z. (3.23)

By Proposition 2.1 (iii) and (3.22) (3.23), we get A, —4, € A, U A,. In the case
A — 4, € A,, from Proposition 2.2 (b) and (3.19) (3.23), we have X;,,y;,€Z,a
contradiction. In the case 4, — 4, € A;, from Proposition 2.2 (c) and (3.19) (3.22),
we have X,,,2,, € Z, a contradiction. Hence, A;—4, ¢ A . The same reason il-
lustrates that A, —A, ¢ A . Then

ds = Ay ds A€ A U A,
Based on Claim 3.1, we need to consider the following three cases.

Case 2.1.1 A -4 €A, A,— A4 €A, . From Proposition 2.2 (c), we have
A=A =(4—4)— (4 — 24 )€ A,— A, . Combined with (3.19) (3.21), we have

X32123, € Z , a contradiction.
Case 2.1.2 A —A, € A, A, — A4, € A,. From Proposition 2.1 (v) Proposition 2.2
(¢) and (3.21), we have

231, Y53 €Z, L e%+ Z. (3.24)

By Claim 3.1 and (3.22) (3.33), we know that 4, -4, € A, UA,. In the case
45 — 4, € A, from Proposition 2.2 (b) and (3.19) (3.23), we have X;,,Y¥;;€Z,a
contradiction. In the case A, — 4, € A;, from Proposition 2.2 (c) and (3.19) (3.22),
we have X,,,Y,; €Z,a contradiction.

Case 2.1.3 A, -4, € A, . — 4, € A,. This case can be proved similarly to Case
2.1.2.

Case 2.2. A, —4, € A,. This case can be proved similarly to Case 2.1.

Case 3 0-2-2 distribution. In this case, we may assume that
b=l e W —A A - eh, (3.25)
then (by Proposition 2.1 (iv) (v) and Proposition 2.2 (b) (c))

1
Your Ya1r Za1s Zsy e§+ Zandy;,, 2z, €Z (3.26)

and
A-LeAUAand AL -4, €A UA,. (3.27)
We can divide (3.27) into four cases.
Case 3.1. 4,—4, €A, A, -1, € A . In this case, we have

1
Xgo +1Y3, —1255, X4 +1Y5, — 125, € §+ Z. (3.28)

With the same method as Claim 3.2, we can prove that the set
{/14 = A=A A=Ay, A — /73} has at least one element in A . Without loss of
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generality, we may assume that 4, — 4, € A, then

Xeo T1Y4, =124, € %4— Z. (3.29)

From Claim 3.1 and (3.28) (3.29), we have A —-1,,4, -4 €A, UA,.

Inthecase A, -4, €A, 4, — 4 € A, from Proposition 2.2 (b) and (3.26) (3.28),
we have y,,,¥;;,€Z and Y, €Z, a contradiction.

In the case A -4, € A, 4, — A, € A, from Proposition 2.2 (c) and (3.26), we

have z,,,2;,€Z and Vy,,,2;, €Z,acontradiction.
In the case A, -4, €A, 4, — 4, € A,, from Proposition 2.2 (b) (c) and (3.26)

1
(3.29), wehave z,,,y,;€Z and X,,, Y,,, 2, EE+ Z , a contradiction.

In the case A, -4, €A, 4, — 4, € A, from Proposition 2.2 (b) (¢) and (3.26)
(3.28) (3.29), we have 7, Y5,, X5, +1y5, —12;, €Z and

X3 +1Ys53— 1255 e%+ Z . Combined with (3.26), we get X3, Y53, Zs3 e%-ﬁ- Z,a

contradiction.
Case3.2. 4,—A4, €A, A -1, €A . Inthis case, from Proposition 2.1 (iii) (iv),

we have
1 1
Y4 EE+ Z, X3, +ly;,—1z2;, € §+ Z (3.30)

With the same method as Claim 3.2, we can prove that the set
{/14 = A=A As = Ay, A — /13} has at least one element in A . Without loss of
generality, we may assume that A, — 4, € A, then (by Proposition 2.1 (iii))

Xeo T1Y4, =124, € %4— Z. (3.31)

From Claim 3.1 and Proposition 2.2 (a), we have A, —4,,4, -4, €A, UA,. In
thecase A, -4, €A, 4, -1, €A, ,from Proposition 2.2 (b) and (3.26) (3.30), we
have y,,,¥s;€Z and y,,€Z, a contradiction. In the case A -4, €A,
A — A3 € Ay, from Proposition 2.2 (c) and (3.26), we have z,,,2,,€Z and
Y32, Z3, € Z, a contradiction. In the case A;—4, € A;, 4, —4; € A, from Prop-
osition 2.2 (b) (c) and (3.26) (3.31), we have z,,,y,,€Z and

Xo21 Yazr sz e%+ Z,acontradiction. Inthe case A, -4, €A,, 4, -4 €A,
from A, -4, =4-4—(4—-4)eA -A and (3.26), we have vy,,cZ ,
y4yle%+Z and y,,€Z.Combined with 4, -4 =4,-4,-(4-4)eA-A

and Proposition 2.2 (a), we get X,, € Z, a contradiction.

Case 3.3. 4,— A, € A, A — 4, € A. This case can be proved similarly to Case
3.2.
Case 3.4. 4, -4, €A, A — 4, € A . In this case, from Proposition 2.1 (iv) (v),

we have

Z35, You e%+ Z (3.32)
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With the same method as Claim 3.2, we can prove that the set
{/14 A A=A A — Ay, Ag — /13} has at least one element in A . Without loss of
generality, we may assume that 1, — A, € A, then

1
Xgp +1y,,—12,, € E+ Z. (3.33)

From Claim 3.1 and Proposition 2.2 (a), we have A, —4,,4, -4, €A, UA;. In
the case A, -4, €A,, 1,—4, €A, from Proposition 2.2 (b) and (3.26), we have
Va1, Y52 €Z and Y, € Z,acontradiction. Inthecase A -4, €A, 4, -4 €A,
from Proposition 2.2 (b) (c) and (3.32), we have vy, ,, z,, € Z,a contradiction. In
the case A, -1, €A, 4, —4 €A, from Proposition 2.2 (b) (c) and (3.32), we
have Yy, 25 €Z, a contradiction. In the case 4 -4, €A, 4, -4 €A, from
Proposition 2.2 (c) and (3.25), we have z,,, z,, € Z, a contradiction of (3.32).

Case 4. 1-2-1 distribution. In this case, we may assume that

b=heN -4, A=A eh, —AeN, (3.34)
then (by Proposition 2.1 (iii) (iv) (v))

1
Yaur Yans Zs1s Xou +1Yoy — 12,5 € E*‘ z (3.35)

and
- eAUA,. (3.36)

We can divide (3.36) into two cases.
Case 4.1. 4, —4; € A . In this case, we have

Xez +1Y,5-12,5 € %+ Z (3.37)

We can prove the following Claim hold.

Claim 3.3. The set {4;—4,, 4, —4,} hasatleast one elementin A .

In fact, if

Ao = Aoy by =y €y U Ay

Then, based on Claim 3.1, we need to consider the following three cases.

Case (a): 4, —4,, 4, — 4, € A;. In this case, from (3.35) and Proposition 2.2 (c),
we have vy,,,2,,€Z,acontradiction.

Case (b): A4, —4,, 4, — 4, € A, . In this case, from (3.35) and Proposition 2.2 (b),
we have

Yo, €Z. (3.38)

If -4, A—A4 €A, then Yg,,¥;,€Z and ;-4 €A UA (by Propo-
sition 2.1 (iv) and (3.38)). In the case A, — A, € A, from Proposition 2.2 (a) and
(3.35), we have X, +ly;, —1z;;, € Z and Xy, € Z, a contradiction. In the case
As — A, € Ay, from Proposition 2.2 (c) and (3.38), we get y,,,2,, €Z, a contra-
diction. If A, -4, A4;—4, €A, , then (by Proposition 2.2 (c) and (3.38))
Yas 243 €Z, a contradiction. If A -4, €A,, A -4, €Ay, then, Yy, ¥5,€Z
and A -4, € A UA;, (byProposition 2.2 (c) and (3.38)). Inthecase A, -1, €A,
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from Proposition 2.2 (a) and (3.35), we have Xg, +1ly;, —lz;, € Z and %, €Z,

a contradiction. In the case A, — A, € A;, from Proposition 2.2 (c) and (3.38), we

get Y,,,2,, € Z,acontradiction. Hence the set {4; —4;, 4; —4,} hasatleastone
elementin A . In this case, without loss of generality, we may assume that

A=A e A (3.39)

It follows from Claim 3.1 that A, -4, € A UA,.If A, — A, € A, then (by Prop-

osition 2.2 (a) and (3.35) (3.38))
X1 + Y5, — 125, € Z. (3.40)

From Claim 3.1, we know that A -1, €A UA,. In the case A -1, €A,
from Proposition 2.2 (b) and (3.35) (3.40), we have X;,, Y5, € Z, a contradiction.
In the case A, — 4, € A, from (3.37) (3.39) (3.40) and Proposition 2.2 (c), we get
Xgp +1y,,—12,,€Z and X,,,2,,€Z, a contradiction. If 4;-4, €A, then
Ya1: 253 €Z ( by Proposition 2.2 (c) and (3.35) (3.38)), a contradiction.

Case (¢): 4, -4, €A, 4, —4, €A In this case, from (3.35) and Proposition
2.2 (b), we have

Y,y €Zandy,,, z,, e%+ Z (3.41)

With the same method as Case (b), we can prove that the set {4 — 43, 45 — 4, }
has at least one element in A . In this case, without loss of generality, we may

assume that
A=A €A (3.42)
Combined with (3.37), we have A, -4, € A/ UA. If A -1, € A, from Prop-
osition 2.2 (b) and (3.35) (3.41), we have
Vs Yso€Zand A, -4, € A UA,. (3.43)

In the case A;—4, € A, from Proposition 2.2 (a) and (3.35) (3.43), we have
Xs1 +1y5, — 125, € Z and X5, € Z,acontradiction. In the case 4; — 4, € A, from
Proposition 2.2 (c) and (3.41), we get Y,,, Z,, € Z,acontradiction. If 4; -1, € A;,
then (by Proposition 2.2 (c) and (3.35) (3.37) (3.42))

1
241,25, €2, 254,25, € §+ Zand X, +1ys, —lz;, €Z (3.44)

and A -4, € AUA,.Inthecase A, -1, € A, from Proposition 2.2 (a) and (3.35)
(3.44), we have Xg, +lyg; —1z5,, X, +ly,; —1z,,€Z and x,, €Z,a contradic-
tion. In the case A -1, €A, from Proposition 2.1 (iv) and (3.35) (3.41)

(3.44), we have g, e%+ Z and X, Ys, €Z,acontradiction.

Hence the set {4, —1,,4, —4,} has at least one element in A . In this case,
without loss of generality, we may assume that A, — A, € A, then (by Proposition
2.2 (a) and (3.37))

X3y +1y5, —l2;, e Zand x,, +ly,, —1z,,€Z (3.45)

and 4, -4, €A, UA,.
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If 4,—-4,€A,,then
Y., €Z. (3.46)
If A,—4, € A, then (by Proposition 2.2 (a) and (3.35) (3.45))
Xsq Y5y 1251, X5 + Y55 — 125, € Z (3.47)
and A, -4 €A, UA, . In the case A, — A, €A,, from Proposition 2.2 (b) and
(3.35) (3.47), we get X;,,Ys; € Z, a contradiction. In the case ;- /4; € A;, from

Proposition 2.2 (c) and (3.35) (3.45), we have X;,,Z;, € Z, a contradiction. If
A — A, € A,, then (by (3.35) (3.46))

y5,1 € % + Zr y5'3 € Z (348)
and A, -4, €A UA, . In the case A -4, €A, from Proposition 2.1 (iii) and
(3.35) (3.37) (3.45) (3.48), we have

Xs4 + 154 =254, Y4 € Z. (3.49)

Hence, 4;-A4,€A; and z, e%+ Z.Combined with (3.49), we get X, ,€Z,

a contradiction. In the case A5 —4; € A;, from (3.35) (3.45), we have X;,,2;,€Z,
a contradiction. If A — 4, € Ay, then (by Proposition 2.2 (c) and (3.46)) z,,€Z,
a contradiction.

If A,—1, € A, then (by Proposition 2.1 (v) and (3.35) (3.45))

2, e%+ Z, Xy, +ly,, =1z, € Zand x,, +ly,; —lz,, e%+ Z (3.50)

If A, -4, € A, then (by Proposition 2.2 (a) and (3.35) (3.45))
Xs1 +1ys, — 125, €Z (3.51)

and A, -4, €A UA,. In the case A, —4; € A,, from Proposition 2.2 (b) and
(3.35) (3.51), we have X;,,Ys, € Z,a contradiction. In the case A5 —/; € A;, from
Proposition 2.2 (c) and (3.35) (3.45), we get X;;,Z;; €Z, a contradiction. If
As — 4, € A,, then (by Proposition 2.1 (iv))

Yo, € % +Z (3.52)

If A;—/4; €A, then (by Proposition 2.2 (a) and (3.37)) X, +1ys, 125, €Z
and A, -4, €A UA, . In the case 4, -4, €A, from Proposition 2.2 (b) and
(3.50) (3.52), we get X,,,Y,, € Z,acontradiction. In the case 4; — 4, € A;, from

Proposition 2.2 (c) (3.50) (3.52) and A —4, =(4 -4 )— (4, —4)e A— A, we

1
have z,,€Z,12,, €E+ Z and Xxg,,Z3,€Z, a contradiction. If A —-4;€A,,

then (by Proposition 2.2 (b) and (3.35) (3.52)) y,,€Z and VY, e%+ Z.Com-
bined with (3.35) and (3.50), we have X,,,Y,,€Z, a contradiction. If

As — A, € Ay, then (by Proposition 2.2 (c) and (3.35) (3.45)) X;,,2Z,,€Z, a con-
tradiction. If 4; -4, € Ay, then (by Proposition 2.2 (c) and (3.35)) z,,€Z.

1
Combined with (3.35) and (3.50), we have X,,,Y,,,2,, € > + Z, a contradiction.
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Case 4.2. 4, — /A, € A;. In this case, we have

Vas €Z, 2,4 e%—i— Z. (3.53)

With the same method as Claim 3.3, we can prove that the set
{A%3—=4, 4 —4,} has at least one element in A . Without loss of generality, we
may assume that 4, — A4, € A, then (by Proposition 2.2 (a) and (3.35))

Xg1 + Y5, — 12, € Z. (3.54)
If A,—4, €A, then (by Proposition 2.2 (a) and (3.35) (3.53) (3.54))
Xgg 14012405 X45+1y,5—12,5€Z and X,;€Z,acontradiction.
If 4,—1,€A,,then (by Proposition 2.2 (b) and (3.35))
Yo €Z. (3.55)
If A, -4, € A, then (by Proposition 2.2 (a) and (3.35))
X1 + Y5, — 125, € Z. (3.56)
Combined with (3.54) and (3.55), we have X ;+ly;;—1z,;€Z and
A=A, € A, UA,. In the case A, —4; € A,, from Proposition 2.2 (b) and (3.35)
(3.56), we get X4, Ys; € Z, a contradiction. In the case Ay —4; € A;, from Propo-

sition 2.2 (c) and (3.35) (3.54), we have x,,,Z,;€Z, a contradiction. If
A — 4, € A,, then (by Proposition 2.1 (iv) and (3.35) (3.55))

yM6%+ZymeZ (3.57)
and A, -4, €A UA,. In the case A, -4, € A, from Proposition 2.1 (iii) and
(3.54), we get

Xgq +1Ys; — 125, € % +Z. (3.58)

1
Combined with (3.35) and (3.57), we have X, € 3 +Z , a contradiction. In the

case A5 — /4, € A, from Proposition 2.2 (c) and (3.54), we get X;,,Z;, € Z,a con-
tradiction. If A;—A, €A, , from Proposition 2.2 (c) and (3.55), we have
Y211 25, € Z, a contradiction.

If A4,—1, € A, then (by Proposition 2.1 (v))

Qle%+z. (3.59)

Combined with (3.53), we have
2,,€Z. (3.60)

If A, -4, € A, then (by Proposition 2.2 (a) and (3.35) (3.54))
X5y +1Ys, =125, € Zand X5 +1ys 5 — 125, € Z. (3.61)
Hence, A, -4, €A, UA;. In the case A, —A, € A, from Proposition 2.2 (b)

and (3.35) (3.61), we have Xg,,Ys, € Z, a contradiction. In the case 4 —4; € A,
from Proposition 2.2 (c) and (3.35) (3.54), we get X,,,Z;; € Z, a contradiction. If
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A — A, € A,, then (by Proposition 2.1 (iv))

Y. e%+ Z. (3.62)

Inthecase A, -4 €A, for 4, -4, 4, — A, € A, Proposition 2.1 (i) and Claim
3.1, wehave A4,—-4, €A UA If A -1, €A, then, for
A=A =(As—24)— (4 —A)e A—A and (3.53), weget X, Y,,<€Z,acontra-
diction. If A, — 1, € A,, then (by Proposition 2.2 (b) and (3.35) (3.60) (3.62)),

1
Ya1 € E+ Z and Y;,,Y;,.2;, €Z,acontradiction. In the case A; -4, € A,

from Proposition 2.2 (b) and (3.35) (3.60) (3.62), we get Y,,,Z;, € Z, a contra-

diction. In the case A5 —4; € A;, from (3.35) and (3.54), we have x,,,Z,,€Z,a

contradiction. If A, — 4, € A, then (by Proposition 2.2 (c) and (3.35) (3.59))
1

2,,€2Z,2,, €E+Z . Combined with (3.53) and (3.54), we have x,,,z,,€Z, a

contradiction.

The above discussion shows that L* ( Hy ’D) can not contain five mutually or-

thogonal exponential functions. Take

I J+J
o) (o)) [P
0 2 2 i
A=1|o], 0 , AR A - |
| P 2
0 o 2 .
2 0 >

where p,, p,, P; €(2Z+1)\ {O,il} | €2Z . We can verify that E(A) isa4-ele-
ment 4,  -orthogonal exponentials, which yields the number 4 is the best.

Corollary 3.4. For the self-affine measure , , corresponding to

B0 0 0) (d)(0) (0
M=lP, P, 0|andD={l0/|0||d]|]|O][t
R 0 P 0)lo)lo)(d

if p,(2Z+1)\{0,41)(j=1,2,3),p, # p;,d #0 and
P =1(p—P,). Ps=1(py—p,),

where |e2Z, then there are at most 4-element 4, , -orthogonal exponentials,
and the number 4 is the best.
Example 3.5. Let

5 0 0 0)(1)(0) (O
M=|-52 31 0|, D=<(0|,|O|,|21[,0];,
36 0 23 0)10){0)(1

then there are at most 4-element 4, , -orthogonal exponentials, and the number
4 is the best.
Take | =2e2Z, one can verify that p, =5, p, =31,
p;=23e(2Z+1)\{0,+1}, p,=2(p,—p,)=-52, Py =2(ps—p,)=36, which
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shows that the condition (1.8) holds. Then there are at most 4-element , , -

orthogonal exponentials, and the number 4 is the best.
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