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Abstract

Based on theorems, the Atomic AString Functions theory, evolving since the
1970s, is introduced into Quantum Mechanics to represent a wave function
via the shifts and stretches of smooth finite Atomic Function pulses/solitonic
atoms. It leads to a novel ‘atomic interpretation’ where wave functions become
the superpositions of localized Atomic Wave Functions, which can also describe
collapsed wave functions, represent Gaussians, uphold Heisenberg’s uncer-
tainly principle, and a more generic concept of Atomic Harmonic Oscillator.
Atomic Functions can solve the boundary wave function discontinuity problem
for particle-in-a-box and other solutions by introducing atomic wave packets.
It highlights some limitations of the Schrédinger equation, yielding harmonic
representations that may not be flexible enough to satisfy complex boundary
conditions. The theory follows more generic research on Atomic Spacetime,
quantum gravity, and field theories to derive common mathematical blocks of
unified fields similar to loop quantum gravity and strings theories.

Keywords

Quantum Mechanics, Atomic Function, Atomic Wave Function, Atomic
Oscillator, Atomic Spacetime, Unified Theories

1. Introduction and Main Ideas

This paper continues the research [1]-[9] started in 2017 on the expansion of the
theory of Atomic AString Functions [1]-[19] known since the 1970s to new do-
mains of theoretical physics, including General Relativity, spacetime and field the-
ories [20]-[31] soliton theories [4] [6] and now towards Quantum Mechanics
[20]-[28] [32]-[35]. The theory of Atomic Functions has been evolving since the
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1970s after pioneering works by Academician of NAS of Ukraine V. L. Rvachev!
(Ukrainian V. L. Rvachov) and V. A. Rvachev [10]-[12], who discovered and sys-
tematically researched the smooth finite pulse function for which derivatives are

conveniently expressed via the function itself:

up’(x)=2up(2x+1)—2up(2x—1). (1.1)

Being a smooth finite compactly-supported function like widely-used splines,
this function provides a unique ability to exactly compose polynomials of any or-
der P, (x),hence represents the wide class of analytic functions f(X) and their
superpositions representable by polynomials via Taylor’s series [1]-[19]:

X —ka w Xx-b
Pn(x)zzkckup( j; f(x)=zm_wcmup( ”‘j. (1.2)

a a

m

Because of their universality, Atomic Functions have been often called ‘mathe-
matical atoms’ [10]-[15] due to their ability—like from ‘atoms’—to compose pol-
ynomials, complex analytic functions, and solutions of differential equations of
mathematical physics, including General Relativity (GR) and Quantum Mechan-
ics (QM) [20]-[31].

Following the research [1]-[9] started in 2017 on the theorem-based theory ex-
pansion to mathematical physics, field, and spacetime theories, the ability to rep-
resent spacetime and fields via superposition of localized Atomic AString Func-
tions provides the unique mathematical apparatus to introduce into continuous
theories the finite objects like quanta/elementary distortions/metriants [1]-[9]
leading to the fields unification ideas based on a common ‘mathematical ancestor’
like in string and Loop Quantum Gravity theories [23]-[30]. For example, in Quan-
tum Mechanics focused in this work, continuous wave functions can be composed
of localized Atomic Wave Functions, which also replace probabilistic Gaussians
and collapsed wave functions, leading to atomic interpretation of QM and fixing
some boundary discontinuity problems of Schrodinger equation. Importantly, the
same Atomic Functions can be used in other fields and Atomic Spacetime theories
[1] [2], leading to unification theories based on the common ‘mathematical an-
cestor’ [1]-[9], including Quantum Gravity [22]-[31]. Atomic interpretation of
fields also realizes A. Einstein’s “perfectly thinkable”, “atomic theory” 1933 ideas
[1] [21] where all fields are just “intricate distortions of spacetime” promoted by
S. Hawking [29]. The background, challenges, and contributions to Atomic Func-
tions theory are described in the following historical review.

2. Brief History of Atomic and AString Functions

The theory of Atomic Functions (AF) [10]-[19] has been evolving since 1967-1971
when Academician of NAS of Ukraine V. L. Rvachev and V. A. Rvachev [10] had

envisaged a finite pulse function up ( X) for which derivatives (also pulses) would

"Volodymyr Logvinovich Rvachov (1926-2005), Academician of the National Academy of Sciences of
Ukraine, author of 600 papers, 18 books, mentor of 80 PhDs, 20 Doctors and Professors including the
author. https://en.wikipedia.org/wiki/Volodymyr Rvachov
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conveniently be similar to the original pulse shifted and stretched by the factor of
2:

up’(x)=2up(2x+1)-2up(2x-1),|x| <1: up(x)=0,[x|>1. (2.1)

This and other similar functions possess unique properties of infinite differen-
tiability, smoothness, nonlinearity, nonanalyticity, finiteness, and compact sup-
port and can serve as widely used splines. The most significant is that other func-
tions like polynomials, trigonometric, exponential, and other analytic functions
can be represented either exactly (like polynomials) or via a converging series of
shifts and stretches of AFs. So, like from ‘mathematical atoms’ [10]-[19], smooth
functions can be composed of the AF superpositions, and because of that, those
‘atoms’ have been called Atomic Functions in the 1970s. The foundation of AF
theory [10]-[14] has been developed in Ukraine and enriched by many followers
from different countries, notably by schools of V.F. Kravchenko [13]-[14] [33] B.
Gotovac, H. Gotovac [15] [16] and the author [1]-[9] with the number of papers

and books observed in [14] has grown to a few hundred.

3. History of Atomic AString Functions in Atomic Spacetime
and Fields Research

In 2017, the author noted that AF up(x) (1.1) is a composite pulse consisting of
two kink functions called AStrings [1]-[9], making them more generic:

up(x) = AString (2x+1)— AString (2x —1) = AString’(x). (3.1)

AString is related to the shifted and stretched Fabius function [31] known since
1966 but has been obtained within AF theory as a ‘composing branch’ and integral
of Up(X) . Mutual relationships (2.1) and (3.1) imply that theories and approxi-
mating advantages involving AFs can be reformulated via AStrings too. Compos-
ing AF pulse (2.1) via kink-antikink pair (3.1) of nonlinear AStrings resembles
topological ‘solitonic atoms’ (or bions) from the theory of soliton dislocations
leading to the theory of Atomic Solitons (2018) [4] [6] where AString (3.1) be-
comes a solitonic kink while up(X) is a ‘solitonic atom’ made of AStrings. This
‘solitonic atoms’ analogy also enforces the naming of AF as ‘mathematical atoms’
in the 1970s. The ability of finite AFs to compose smooth polynomials, analytic
functions, and solutions of differential equations, including GR and QM, leads to
novel interpretations of atomic spacetime and field composition from “solitonic
atoms”/atomic solitons described in [1]-[9].

The mathematical foundation of the ‘atomization’ of physical fields is based on
the sequence of Atomization Theorems [1] [2] [3] applied hereafter for QM. Start-
ing from the core theorems from the 1970s and enriched in the 2020s for recently
introduced AStrings with the so-called Atomic Series [1]-[3], it was extended in
[2] [3] to new theorems for complex analytic functions, nonlinear theories, and
finally nonlinear General Relativity equations [1]-[9] [18] leading to the theory of
Atomic Spacetime where Atomic AString Functions can be not only introduced

into GR but also deduced from GR surprisingly finding support from A. Einstein
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[21] who envisaged in 1933 the “atomic theory” for finite “regions of space” with
“discrete energies” resembling finite Atomic Functions. The Atomization Theo-
rems and AF theory can be applied to many physical theories, including electro-
magnetism, elasticity, heat conductivity, soliton theories, and field theories [1]-
[30], including QM [33] focused in this work. A unified representation of fields
composed of superpositions of finite Atomic AString Functions may offer some
novel variants of unified theory under research now [1]-[9] [22] where, like in string

theory, fields become interconnected, having a common mathematical ancestor.

4. Atomic and AString Functions

Let’s describe Atomic [10]-[19] and AString [1]-[9] Functions in more detail.

4.1. Atomic Function

Atomic Function (AF) (V. L. Rvachev, V. A. Rvachev, [10]) up(x) was intro-
duced in 1967-1971 as a finite compactly supported non-analytic infinitely differ-
entiable function (Figure 1) with the first derivative conveniently expressible via

the function itself shifted and stretched by the factor of 2:
up’(x)=2up(2x+1)-2up(2x-1),|x| <L up(x)=0,|x >1. (4.1)

Atomic Function and String

—— Atomic Function
—— Atomic String
1 —— A-Function Derivative |

Figure 1. (a) Atomic function pulse with its derivative and integral (AString); (b) Atomic
function pulse (‘solitonic atom’) in 2D; (c) Two atomic function pulses (‘solitonic atoms’
or ‘atomic solitons’).
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With exact Fourier series representation[1]-[9] [10]-[13],
sin (t2 )

1
up(x ): J'_w T ——— _[_lup(x)dx =1, (4.2)
the values of up(x) can be calculated with computer scripts [2] [4] [19].
Higher derivatives up(") and integrals | can also be expressed via up(x)
(1]-[13] [15]

n(n+l) on

up” (x)=2 2 Z&kup(z”x+2" +1-2k),

O =G =6
I (X)=2%up(2 "x~1+2"), x<1,
_~C3 —m+ (X_l) ) .
I, (X)=2"up(2 1—1)+W,x>1,
1, (x)= up(2 X—2" ) 1(x)=up(x). (4.3)
Due to special double symmetry, AF provides partition of unity [10]-[19] to

exactly represent the number 1 by summing up individual overlapping pulses set
at regular points... -2, -1, 0, 1, 2... (Figure 2(a)):
~up(x—2)+up(x—1)+up(x)+up(x+1)+up(x+2)+--=1.

up(x)=up(-x), xe[-11]; up(x)+up(1-x)=1xe[0,1]. (4.4)

Partition of unity - represent 1 by sum of pulses

08

o8 - up(e=1)
~ up(x=0)

- up(x=-1)

—— Composite Line

04

0.2

0.0

Atomic Function Pulses Combination Shape of Curved Spacetime example

(b)

Figure 2. (a) Partition of unity with Atomic Functions; (b) Representation of flat surface

via summation of Afs; (c) Curved surface as a superposition of ‘solitonic atoms’.
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Generic AF pulse of width 23, height ¢, and center positions b, dis
up(x,a,b,c,d =0)=d +c*up((x—b)/a)- facup(x/a)dx =ca. (4.5)

Multi-dimensional atomic functions [1]-[14] (Figure 1, Figure 2) can be con-

structed as either multiplications or radial atomic functions:

up(xy,z)=up(x)up(y)up(z),
up(r)= up(\/x2 +y2+7? ) jﬂcup(g%,gjdxdydz =ca’. (4.6)

As a normalized finite function, atomic function possesses statistical properties
[10]-[14] of being a weighted density distribution of the random variable ¢&
composed from independent equally distributed variables &, :

n —k 1 (= itx © Sin(tz_k)
E=D 562 & e[-11]; up(x):z—njlwe Hk:l—tZ’k dt.  (4.7)

4.2. AString Function

AString function (Figure 3) proposed in 2018 by the author [1]-[9] as a separate
function as the integral (4.3) and ‘composing branch’ of up(Xx):

Atomic String Function

0.4

0.2

0.0

-0.2

-0.4

20 15 1.0 05 0.0 05 10 15 20

(a)
Atomic Function as a Combination of AStrings Atomic Strings Combinations
= AString(x) ] = =
—— +ASKing(2x+1) 20 | —— Atom!c Str!ng 1
—— _AString(2x-1) ~— Atomic String 2
m— Up(x) via Strings 15 4 —— Atomic String 3
—— Atomic String 4
10 1 —— Atomic Strings Join 1 +1 + 1 +1
5 -
s /
1
! \
\
I’ \ -10
7 v
/I \\ -15
/ \
7 A}
______________ o Mol |20
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0 -40 -20 [ 20 40
() (c)

Figure 3. (a) Atomic string function (AString); (b) Atomic function as a combination of two AStrings; (c) Represen-

tation of a straight line segment by summing of AStrings.

DOI: 10.4236/jamp.2024.1211240 3946 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211240

S. Yu. Eremenko

AString’(x) = AString (2x +1) — AString (2x —1) =up(x).
AString (x) =up(x/2-1/2)-1/2. (4.8)

AString has a form of a solitary kink (Figure 3(a)), which can compose a straight
line y=x asa translation of finite AString kinks (Figure 3(c)):

X = AString x—l + AString x+l , X€E —ll ;
2 2 2 2

x =--- AString (x — 2) + AString (x —1) + AString (x)

. . (4.9)
+ AString (x+1) + AString (x +2)---
The shifted and stretched AString kink function can be generalized as
AString(x,a,b,c,d =0)=d +c* AString ((x—b)/a). (4.10)

Importantly, the Atomic Function pulse (4.6) can be presented as a sum of two
opposite AString kinks (Figure 3(b)), making AStrings and AFs deeply related to
each other:

up(x,a,b,c)= AString(x,%,b—%,c)+ AString(x,%,b+%,—cj. (4.11)

Introduction in 2018 of AString functions capable of composing straight and
curved geodesics and fields via superposition of solitonic kinks inspired the
spacetime ‘atomization’/quantization research [1]-[9] leading to Atomic Spacetime
theory published in 2022-2024 [1] [2].

4.3. Atomic Series, Atomic Splines, and “Mathematical Atoms” as
Building Blocks of Analytic Functions

Atomic and AString Functions (or briefly Afomics) become useful due to their
unique approximation properties. Like from ‘mathematical atoms’ [10]-[14] as
founders coined them, analytic functions and smooth surfaces (Figure 2, Figure
3) can be composed of a superposition of ‘atoms’ via Atomics via Atomic Series

[1]-[18] with an exact representation of polynomials of any order

1 K kup(x —gj = AString (x—k) = x;

k=t k_z_i UD(X—KJ=X2
k== 64 36 4)
k=-+o0

"= C —-k2™
X k=0 kUp(X ) (4.12)

= k=—00

e, (AString (2(x—k2™)+1) - Astring (2(x- k2‘”)—1)).

Importantly for physics, only a limited number of neighboring finite ‘atoms’
are required to calculate a polynomial value at a given point. It means Atomics
can also represent— “atomize”—any analytic function [33] (a function represent-

able by converging Taylor’s series) with calculable coefficients:
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0 y(m)(o) m o m 0 k=-+00 -m
y(X)ZZm:O m' X =zngBmX =Zm:0 k:_meCkup(X—kZ )

= z:k__wcmkup[ X;b”‘k J = :i: AString (x,a,,b,¢).
mk

(4.13)

Analytic functions not only represent a wide range of polynomial, trigonomet-
ric, exponential, hyperbolic, and other functions but also their sums, derivatives,
integrals, reciprocals, multiplications, and superpositions [33]. They all can be ‘at-
omized’ with any predefined degree of precision, underscoring the most important
property of Atomics. Instead of sums (4.12) and (4.13), we will be using short
notation with localized basis atomic functions A (X) and function values y(k)

at node &, assuming summation over repeated indices &
y(x)=A()y"s5 f(xy.2)=A(xy,2)fY. (4.14)

Composing functions from finite pieces can also be achieved with widely-used
polynomial splines but with the limitations that n-order splines can exactly repro-
duce only n-order polynomials (eq cubic parabola cannot be exactly composed of
quadratic splines) as well as only with limited smoothness of connections between
splines. Atomic Splines are more generic and provide a smooth connection be-
tween splines, leading to spacetime and field quantization ideas where Atomics
pretend to be the ‘building blocks’ of fields [1]-[9].

4.4. Atomic Solitons

Being solutions of special kinds of nonlinear differential equations with shifted
arguments (4.1), (4.8), AStrings, and Atomic Functions possess some mathemat-
ical properties of lattice solitons called Atomic Solitons [4] [6]. AString is a soli-
tonic kink whose particle-like properties exhibit themselves in the composition of
a line (4.9) and kink-antikink ‘atoms’ (4.8) (Figure 3). Being a composite object
(4.8) made of two AStrings, AF up(X) is not a true mathematical soliton but
rather a solitonic atom, like ‘bions’ or ‘dislocation atoms’ [4] [6].

5. Atomization Theorems

Unique properties of Atomic and AString Functions allow the formulating of the
Atomization Theorems [1]-[4], stating how scalar, vector, tensor functions, and
solutions of linear and nonlinear differential equations can be represented via a
series of Atomics/Atomic Splines/Atomic Solitons leading to field quantiza-
tion/atomization ideas. The proof of the theorems formulated below is provided
in a detailed paper [2].

Theorem 1 (Polynomial atomization theorem). Polynomials of any order can
be exactly represented/atomized via the Atomic Series of Atomic and AString

Functions, with a limited number of pulses at any given point:
(x“)(n) = thfzup(x— k)=c,

X" = In(thi:up(x—k))z ti:ckup(x—kZ’"). (5.1)
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Atomic Quantisation of Functions - Cubic Parabola (8 atoms)
T

P (X)=x"+aXx" "+ +a, EZkaup[X;kaj

:ZkAString(x,ak,bk,ck): A (%) Pn(k).

Based on (4.12) and finiteness, it states that only a few neighboring Atomics are

(5.2)

required to calculate a polynomial value at a given point (Figure 4(a)).

AString Quantisation - Swartzshield metric density (8 AStrings)

81 —— Curved line via Ups - Exact
—— Curved line via Ups - Calculated

—— Curved line via AStrings - Exact
~—— Curved line via AStrings - Calculated

41

21—

01—

]
2

-5

5 050 075 100

(a)

0.00 0

155 180 175 200 06 08 10 12 14 16

(b)

Wave as Combinations of Strings \

10 4

~— Strings Combo

-30 -20 -10 0

()

Figure 4. Representing sections of polynomials and analytic functions with AStrings and atomic functions. (a) Cubic parabola via 8
Atomic Functions; (b) Schwarzschild metric function; (c) Wave-like formation; (d) 2d surface.

Theorem 2 (Analytic atomization theorem). Analytic functions representable
by converging Taylor’s series via polynomials can be represented/atomized via

converging Atomic Series of localized Atomic and AString Functions:

(m)
0 y 0 m 0 m
y0)=3 L Doy g x

| =3 Y B, Cup(x—k2™)

m=0 k=—0 — M

(5.3)

= Z:k_wcmkup[ X ; B ] = :i: AString (X, a;,b,c ) =A (X) y(k)_
mk
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By definition, an analytic function [33] is representable via conversing Taylor’s
series by polynomials, which in turn can be expressed via Atomics (5.1). It means
physical fields described by exponential, trigonometric, hyperbolic, and other an-
alytic functions are also atomizable. This theorem proven in [2] can be generalized
to various combinations of analytic functions [1]-[4] [33] with the following.

Theorem 3 (Complex analytic atomization theorem). Complex functions Y ( X)
that are sums y=Y, +Y,, products y=Y,Y,, reciprocals y=1/y, (y, #0), in-
verse y( yl) =X, derivatives y =Y, , integrals | (y) , and superposition

y=Y,(Y,) of analytic functions Y,(X),Y,(X) can be represented/atomized by
Atomic Series over Atomic and AString Functions.

Polynomic, trigonometric, exponential, and other analytic functions are the so-
lutions of some linear differential equations (LDE), implying that Atomization
Theorems can be extended to differential equations [1]-[8] [10]-[15].

Theorem 4 (LDE atomization theorem). Solutions of linear differential equa-
tions with constant coefficients can be represented/atomized via series over

Atomic and AString Functions:
() =¥ (02" (1) + 2,5/ () +2,(x) =05
y(x)=A (x)y(k). (5.4)

This theorem can be generalized [1]-[3] to equations with variable analytic co-
efficients frequently appearing in mathematical physics. Atomization of compo-
site functions like arctan (exp(x)),sech (x) satisfying nonlinear soliton differen-
tial equations implies that the atomization procedure is also applicable to some
nonlinear differential equations [1]-[9] [20]-[24], including GR.

Atomization Theorems can be extended to many dimensions, noting that mul-
tidimensional n-order polynomials in m-dimensions P,, =P, (X, ), which
are some multiplications of 1D polynomials exactly representable by Atomics
(Theorem 1), are also exactly representable by multiplications of Atomic Func-
tions (multidimensional atomic functions (4.9) UP (ak 0. ) which in turn are
AStrings combinations (4.8).

Theorem 4 (3D atomization theorem). Representable by converging Taylor’s
series, multidimensional analytic functions with their sums, multiplications, re-
ciprocals, derivatives, integrals, and superpositions can be represented/atomized

via Atomic Series over localized multidimensional Atomic and AString Functions:

P = P (% %) = TTT, P (%) = 3 TTTUm: (% 2By €y )

(5.5)
=Y UP(a,b,.c )= AString(a,b,c )= A (%, %, )P

Similar to the 1D case, the atomization procedure can be extended to multi-
dimensional differential equations containing linear differential operators like La-

placian and Poisson operators widely used in mathematical physics:

(oY) %) =y 2 =0, 7, =2 A= 2wk A
yl’ lym Xl' ' m ) T Hijmn aXT i T 6Xi ’ - P Iz ’ ’ .
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Yi (Xj ) = Zijjkl up; (Xj s a0, Gy ) = Z jiki AString; (Xj s i Dy Cige ) (5.6)

In summary, formulated Atomization Theorems proven in [1] [2] demonstrate
how polynomials, complex multi-dimensional analytical functions, and solutions
of linear and nonlinear differential equations can be represented/atomized via su-

perpositions of localized Atomic and AString Functions.

6. Atomization Theorems and Atomic Functions in Quantum
Mechanics

With linear Schrodinger operator

81//(Xi,t)+ n* 'y (x.t)
ot 2m  ox’

Ls (v (x.t)) =in , (6.1)

the Schrodinger equation as the main equation of QM for a quantum wave func-
tion l,z/(Xi ,t) influenced by the potential V (X, ,t) has the form [20]

Ls (v (x.1)) =V (x.)w (X, t). (6.2)

Linearity of the Schrodinger operator allows splitting the wave function into

spatial and temporal parts:
V/(Xi :t) = V/(Xi )‘//(t) 5 ‘//(X1: X X3,t) = ‘/’(Xll X Xg)‘//(t) (6.3)
resulting in stationary Schrédinger equation solvable for discrete eigenvalues E,
which are the manifestation of the main quantum mechanics idea
1t 2y (x)
2m  ox

+V (% )w (%) =Ew(%). (6.4)

Originally, the Schrédinger Equation (6.2) was obtained [20] based on the hy-
pothesis of L. de Broglie that a 1D wave function can be represented as a harmonic

wave matching that kand wto a particle impulse £ and energy £
w(x)=e"®, k=p/h, @=E/h; E=p?/2m. (6.5)

Some controversies of this harmonic representation will be discussed later.

Quantum Mechanical Atomization Theorem. Schrédinger operator Lg pre-
serves polynomiality and analyticity, and being applied to an analytic function
yields another analytic function. Polynomial solutions of Schrodinger equations
with polynomial potential V(Xi,t) can be exactly represented/atomized via
Atomic Series with a limited number of multidimensional Atomic and AString
Functions, while analytic solutions for analytic potential V (Xi ,t) can be repre-
sented via converging Atomic Series with any predefined degree of precision.

Proof. For polynomial potential V (x,t)=V,Xt', the linear Schrodinger equa-
tion can be solved via polynomials. Really, the linear Schrédinger operator Lg
contains first, and second derivatives and multiplications which preserve polyno-
miality and, applied to a polynomial wave function w(X,t)=w Xt yields an-
other polynomial L (w(%,t))=L,X"t" the coefficients L, of which can be

pa
recurrently chosen to match the right part of the Schrédinger equation having
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polynomials on both sides:
Ls (w) =V LxPt =V xty, x"". (6.6)
So, the wave function is resolved via polynomials ¥ (X;,t) =y, x“t', which can
be exactly represented by Atomic Series via Atomic Functions due to (4.12):
X =C,up(x —k2"); t' =Dup(t-k2"). (6.7)

Therefore, the polynomial wave function ¥ (X;,t), which can be split into spa-

tial and temporal parts
v (%.t) =y (X )y (1) (6.8)

can be exactly representable via the superposition of localized finite atomic func-

tions, which are the combination of AStrings:
w (%)=, up(x,a.b,c)=> AString(x,a,.b,.c,)=A (x )y
v (1)=> up(t,a.b,c )= Astring(t,a,.b,.c,)=A ()y". (6.9

Due to (6.7) the polynomial wave function ¥ (X,,X,,%;,t), which can be split
into a multiplication of 1D polynomials, would be the multiplication of Atomic
Series over the atomic functions exactly representing those polynomials or using

multidimensional atomic functions (4.6)

W (X0 X0 X Xy zt)EH;Pn (Xi)ZZkH?ﬂupi (% 8.y, €4 )
= UP (X, %, %;,t,3,,b,,¢,)
=Y AString(x,, X, X;,t,8,,b,¢,)
— A (%5 X )

Next, the QM Atomization theorem can be generalized to a wider class of ana-

(6.10)

Iytic functions representable by definition [33] by converging Taylor series via
polynomials exactly atomizable via finite Atomic Functions. Schrédinger operator
containing derivatives and multiplications preserves analyticity and, being applied
to an analytic function, yields another analytic function representable by converg-

ing Taylor series via polynomials, which in turn are representable by Atomics:

W (X0 %, Xg,t) = D7 UP (X, %, X3, 1,8,,0,.,C, )
= AString(x, %,,X;,t,a,,b,¢,) (6.11)

= A (%% X, )y,

While polynomial wave functions can be represented exactly, analytic wave
functions can be represented by converging atomic series with any predefined de-
gree of precision by increasing the number of atomic pulses on a lattice.

Proof obtained. This theorem can be understood intuitively, noting that for an-
alytic potentials, the linear Schrodinger Equation (6.2) can be resolved via analytic
functions representable by polynomials exactly composable by Atomic finite splines.
Let’s note that this cannot be achieved with widely-used polynomial splines, which,
according to Streng-Fix theorems, can exactly reproduce only polynomials of a

spline’s order, but not higher [1]-[9]. Atomic splines are more universal and can
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exactly compose polynomials of any order, so better suitable as ‘building blocks’
of quantum fields rather than approximating those fields. Let’s note that similar
atomization theorems are proven in [1] [2] for the spacetime field from General
Relativity, opening the prospects of combining QM and GR.

Let’s also note that Atomic Series is different from the widely-known Taylor’s
or Fourier Series operating with continuous functions because they are based on
finite atomic functions resembling small ‘quanta’ or ‘atoms’ as ‘building blocks’ of
fields, including quantum mechanical fields.

7. Atomic Interpretations of Qquantum Mechanics

Formulated Atomization Theorems provide the theoretical foundation for intro-
ducing finite Atomic Functions into QM and formulating some interpretations
below. They are especially simple yet descriptive in 1D cases where the spatial part
w(X) of the wave function w (X,t)=w(X)y,(X) isrepresented via 1D Atomic
Series (6.9), (5.3).

- b
‘//(X):ZkUp(X’aklbk:Ck):Zk‘/’kUp[X kj; C, =W, (7.1)

E

7.1. Quantum Wave Function as a Superposition of Atomic Wave
Functions

Let us analyze in more detail the atomic representation

w(X)=kakUp(x_bk]- (7.2)

8

First, the Quantum Wave Function is representable/atomizable via superposi-
tion/sum of solitary Atomic Function pulses wup (( x—b) / a) with intensity/height
v , width a shifted to location X =D . Having the same unit of measurement as the
wave function and the shape of the Atomic Function up(x) (Figure 1), we can
introduce an Atomic Wave Function wyup ((X -b) / a) stating that the Quantum
Wave Function l//(X) is a superposition (7.2) of Atomic Wave Functions (AWF).
AWFs are infinitely smooth, non-analytical, finite/localized, and capable of over-
lapping with a few neighbors to compose polynomials and analytical wave func-
tions as the solutions of Schrédinger Equations (6.2).

Unlike continuous polynomial and trigonometric functions, which are the base
of the Taylor and Fourier series capable of composing wave functions from waves
and swings, Atomic Wave Functions are localized/finite and can, like in the Lego
game, compose wave functions (Figure 5, Figure 6) from “building blocks”, or
“mathematical atoms”, as atomic functions were sometimes called in the 1970s.
Let’s note it is impossible to derive similar finite infinitely smooth objects from
other pulse-like functions like polynomial splines, Gaussian functions or the Fou-
rier series, which are widely used in QM. Polynomial splines of n-order cannot
exactly represent polynomials of order higher than 2. Fourier series over Gaussian
functions are used in QM to represent wave packets but, with a limited number of

harmonics, cannot represent even a simple polynomial (a constant or a line). So,

DOI: 10.4236/jamp.2024.1211240

3953 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211240

S. Yu. Eremenko

atomic series over finite functions l//Up((X -b) / a) are unique and have certain
theoretical significance in interpretations discussed hereafter.

Atomic Functions Cmpounding
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301
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Figure 5. Representation of uniform and variable wave functions via atomic functions.

Two Radial Spacetime Solitonic Atoms up(r) + up(r1)
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Atomic Function Pulses Combination Plane in Space as AStrings Combination

Figure 6. (a) Two localized wave function pulses; (b) Constant function as a superposition of a few atomic pulses; (c)

Composing a growing field from atomic wave functions.

Let’s note that it is possible to represent quantum wave functions via more com-
plex atomic functions [10]-[19] discussed in [1] [2] [33] as was done in [33]. Basi-
cally, for every QM state function and the type of Schrodinger Equation (6.2), it is
possible to invent its own complex atomic function. However, this method hides the
universality of the most important and simplest atomic function up (X) , also not-
ing that more complex atomic functions can be ultimately expressed via the ‘main’

function up ( X) using convolutions [10]-[15], making them somewhat secondary.

7.2. Atomization is not a Quantum Mechanical Quantization

Let’s note that atomization (7.2) has a different meaning from ‘standard” QM
quantization of representing a wave function via superposition of QM states (ei-

genvalue modes).
v, (X)=2, dy (X). (7.3)

Here, ¥, (X) are the continuous functions related to some discrete energy
levels while up(x) are localized finite functions related to the special smooth
discretization of space where the wave functions are defined upon. Moreover, an-
alytic QM state functions (X) themselves can be represented via Atomic
Wave Functions yup((x—-b)/a).

7.3. Wave Function Collapse and Localized Atomic Wave Functions

Wave function collapse [20] is a typical QM concept when the QM Wave Function
‘collapses’ into a point during the observation or interaction with the matter, like
an electron hitting the screen in the double-slit experiment [20]. Typically, it is
described by using delta-functions (called Dirac Delta Functions) [20]

S(x=x)=0w0,x=X, §(x=x)=0,x=X];

T S(x=x ) (x)=w(x); [~ 5(x)=1. (7.4)
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S(xa)~

which are often [20] approximated by a Gaussian
1
T

I exp(—(gjzj, j:&(x,a):l. (7.5)

Interestingly, instead of a continuous Gaussian function, it is possible to offer a
Localized Atomic Wave Function cup(x/ a) on the small interval [—a, a] with
typical normalization (4.2), (4.6):

5(x,a):§up(§); I:up(x,a):l. (7.6)

This way not only offers a consistent approach to composing QM functions
with one set of Atomic Functions but also avoids using a concept of a collapsing
to a ‘point’ in space in favor of a more generic concept of a finite region of space,
like in string theory.

Similarly, the concept of Localized Atomic Wave Functions can be generalized
towards well-known QM models of many particles [20] when the combined wave
function of a system v/, (X) splits into many functions y,, associated with in-

dividual particles, as shown in (Figure 5, Figure 6).

WX(X)EZHV/M(X’ak'bklck); (7.7)

X—h
://xl(x,ak,bk,ck):up(x,ak,bk,ck):ckup[ - k). (7.8)
k

7.4. Gaussian vs Atomic Function Distributions

Gaussian function e*/? is often appears in QM to describe the normal proba-
bility distribution of finding a particle at a given location, approximations of Dirac
delta functions (7.5), and ‘ground states’ for QM Harmonic Oscillator [20]. Inter-
estingly, Gaussian, being an analytical function, can not only be represented via
Atomic Functions by Atomization Theorems (5.2)
k
—x2/2 © 2_k (_Xz) .
g(x)=e>?=3"" =Y up(x.a,,b,.c,); (7.9)

k!

but be replaced by an Atomic Function, which also has a probabilistic interpreta-

tion (4.7) and is capable of describing the localization of wave functions (7.2)

y/(x)zzky/kup(x_ b"j. (7.10)

a

It seems more natural to describe localized objects with localized finite atomic
functions as opposed to continuous Gaussian functions spreading to infinity. So,
normal Gaussian distributions, known as density functions of random variables,
& =ZE:l§k can be interpreted as a superposition of more granular weighted

. o s s . n —_k
atomic statistical distributions & = Zk:l &2 (4.7).

7.5. Heisenberg Uncertainly Principle and Atomic Functions

Introducing Atomic Functions in QM also allows incorporation of the core of
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Heisenberg’s Uncertainly Principle [20], which states that the uncertainty AX
(measured as the width of a probability pulse) in the position of a particle multi-
plied by the uncertainty Ap in its momentum is higher than half of a reduced
Planck’s constant:

AxAng. (7.11)

Analyzing the origins of this relation [20] allows us to conclude that it is related
to the Fourier transformation for localized quantum wave packets where the same
Gaussian-based function (p) is used to represent a wave packet in both posi-

tion and momentum space [20]
1 o )
V/(X): \/ﬁjﬁw‘ﬂ(p)eilpx/hdp- (7.12)

Interestingly, replacing the Gaussian wave packet with the Atomic Function
packet described later does not violate the procedure, especially taking into con-
sideration that uncertainties AX and AP can be easily associated with the

widths of atomic pulses wup((x—b)/a) upholding Heisenberg’s principle.

7.6. Quantum Particle in a Box and Wave Function Boundary
Problem

Particle-in-a-box is another well-known QM model [20] describing the probabilistic
nature of a particle, a free particle moving between impenetrable walls X e [—l , |]
which can be modeled by infinite potential V (X)=o0, |X| >1; V(x)=0,

X <l
in Schrodinger Equations (7.1). Solutions shown in Figure 7 have the simple trig-

onometric form:
w, (x.t)=Asin(k, (x=1))e™", |x|<I; w, (x,t)=0,[x =1 (7.13)
n’nh?

— . 7.14
2m(21Y’ 714

k,=2nm/l; E, =ho, =

where k, isthe quantized discrete wavenumber, E, isquantized energy levels,

n

and nis a positive integer (1,2,3,--).

Particle-in-the-box - Quantum Modes Particle-in-the-box - Atomic Quantum Modes

— First Mode
— Second Mode
~— Third Mode

1.00

0.75

0.25

0.00

-025

-0.50

—— First Mode
—— Second Mode
~—— Third Mode

-2.0 -1.5 -1.0 -0.5 0.0

(a)

05 10 15 20 20 15 1.0 05 00 05 10 15 20

(b)

Figure 7. Wave function modes for a particle in a box: (a) Harmonic modes; (b) Atomic function modes.
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Despite upholding the quantization idea, this simple model creates a well-
known boundary problem related to the fact that derivatives of waveforms (7.13)
v, (X,t) would not be equal to 0 at X =, hence creating a discontinuity prob-
lem described in [35] as follows. “Usually in quantum mechanics, it is also de-
manded that the derivative of the wavefunction in addition to the wavefunction
itself be continuous... The wavefunction is not a differentiable function at the
boundary of the box, and thus it can be said that the wavefunction does not solve
the Schrodinger equation at the boundary points (but does solve everywhere else).”
The root cause of this problem is related to the very structure and limitations of
the linear Schrodinger Equation (6.1), which from the very beginning enforces the
hypothesis that a wave function has a trigonometric form [20]

(kx—at)

w(x)=¢" (7.15)

for which it is impossible to demand that both Asin (kn (x— I)) from (7.13) and
its cos derivative be zero on the boundary.

This boundary QM problem can be resolved by seeking a wave function solu-
tion with the factor as an atomic function (or generally another function), which

vanishes at the box boundary along with its derivatives:
w(x)=up(x/1)w,(x); up(x/1)=0, up’(x/1)=0, x =#l. (7.16)

Applying this modulation over ‘standard” sinusoidal modes (7.13) would pro-
duce a composite solution similar to a wave packet shown in Figure 7(b), which

resolves the abovementioned boundary problem [35].

7.7. Atomization of Quantum Harmonic Oscillator

One of the most important concepts of Quantum Mechanics is the Quantum Har-
monic Oscillator (HO), described by L. Susskind [20] as a “...second basic ingre-
dient of Quantum Mechanics” (after qubit). The classical HO model [20] describes
an oscillation Y(t) of a mass particle on a spring with linear restoring force yield-
ing a simple harmonic solution
y"—k’y=0; y=Asin(kt+c). (7.17)
Quantum HO described by Schrodinger Equation (6.4) with quadratic potential
[20] [36]
2 0%y (x
—g—m%ﬂLV(X)V/(X):EW(X), V(x)=1/20°x’ (7.18)
X

leads to quantized eigenvalue solutions for energy and eigenmodes expressible via

Gaussians and Hermite polynomials H, (X) [20] [36]:
1
En:ha)(n+5j; y/n(x):Ath(x)e’B"XZ. (7.19)

Both classical and quantum HO models yield analytic functions which, accord-
ing to the QM atomization theorem (§6), can be represented/atomized via the su-

perposition of finite atomic functions (6.9), (7.1):
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v, (x)=3 up(x.a.b.c.) = A, (X)wl. (7.20)

It leads to the atomized interpretation of harmonic oscillators distributed in
spacetime as an overlapping superposition of solitary atomic wave functions in
line with generic atomic QM interpretation (§7.2). Due to the statistical properties
of atomic functions, quantum probabilistic distributions can be represented as a
superposition of atomic probabilistic distributions (4.7).

Generalization of quantum harmonic oscillator toward the chain of many rigid
balls connected by elastic springs can be used according to [20] as a foundation
model for Quantum Fields Theories [20]-[30] and other fields. While being uni-
versal, this model has some pitfalls. Rigid balls/nodes imply linear displacements
between balls, which is mathematically equivalent to approximating a continuous

function with linear splines:
w ()= N, (X)w (%) + N, (X)w (%) + Ny (X)w (%); N;(x)=ax+b. (7.21)

For smooth fields, this creates an unphysical discontinuity in deformations of
springs between nodes &, = (u2 -U, )/a #Epy = (U3 -u, )/a . The problem can be
resolved by using Atomic AString Functions splines AN, (X), which not only
provide smooth connections between HO nodes but also represent via Atomiza-
tion Theorems (§5) a polynomial of any order and solutions of differential equa-

tions describing quantum fields:
w(x)=up(x,a,,b,,c. )= Astring (x,a, b, c,)
k n
= AN, (X)w (%) + AN, (X)w (X, )+ ANy (X)w (X ) ++++;

This Atomic Oscillator model suggests the improvement of fundamental HO

(7.22)

models by replacing ‘rigid balls’ with interacting quanta/atoms, with more physi-
cal preservation of smoothness with Atomic Wave Functions, as shown in Figures
1-7.

7.8. Limitations of Schréodinger Equations and Use of Atomic
Functions

The abovementioned particle-in-a-box model and harmonic oscillator discussion
highlight the following limitations of the ‘standard’ linear Schrédinger Equation
(6.2) and Quantum Mechanical models based on it.

1) The Schrodinger equation was derived with the assumption (6.5) (hypothesis
originally introduced by L. de Broglie in the 1920s [20] with his wave-particle du-
ality), that wave function is a continuous infinite harmonic wave function
(6.5),(7.15) !//(X) =e ™) hich locks the mathematical model in the domain
of trigonometric functions which as demonstrated (§7.6) was quite limited to sat-
isfy some complex boundary conditions involving both the function and its de-
rivatives on a boundary. Meanwhile, using representation y (x)= f (kx—ot)
for a more generic periodic function would yield another Schrédinger-like equa-
tion that may be more suitable for resolving boundary problems.

2) Wave function in the original form w(x)= e ') are infinitely-defined
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(—00 < X <400 ), while quantum systems with discrete eigenvalues are typically
confined. It sometimes creates hidden contradictions (not only related to QM) in
describing finite physical objects with infinite functions—the problem also noted
by A. Einstein [1] [4] [21]. Finite Atomic Functions are capable of both composing
any analytic function and satisfying complex boundary conditions, so they can be
useful in many physical theories dealing with finite systems, including Quantum
Mechanics.

3) There is a linearity problem—with the originating function  (x)= g i)
satisfying linear differential equation for trigonometric functions, the Schrédinger
Equation (6.1), (6.2) becomes linear, with problems to describe typically nonlinear
wave packets like Gaussian (7.12) and atomic packets (7.16) shown in Figure 7.
To resolve this, Schrédinger himself introduced the nonlinear Schrédinger equa-
tions yielding wave packet solutions with secant envelope functions [36], which
seems more adequate description of nonlinear particle localization than standard
linear waves suitable mostly for infinite continua. Atomic packets (7.16) are also
nonlinear, with the benefits of consistent usage of the same atomic function
up(x) for linear QM wave functions atomization (7.2) as well as for nonlinear
envelope packets (7.16).

4) In QM, wave functions as the solution of the linear eigenvalue problem for
quantized energy levels (6.4) are represented by the superstition of linear vibrating
modes like in Fourier Series (7.3), (7.12), which has some well-known problems
to represent polynomials and even a simple constant with a limited number of
harmonics. The problem can be resolved by using Atomic Functions, which, with
Atomisation Theorems (§5), can compose constants, polynomials, and harmonic
functions too.

5) The linearity of the Schrodinger Equation (6.1) with originating function (6.5)
w(x)= o-ilot
problem of quantum gravity [22]-[28] —to combine nonlinear Einstein’s General

) becomes the well-known obstacle to resolving the fundamental

Relativity where spacetime is curved with linear Schrodinger equations where
spacetime is flat [22]. This mutual incompatibility of equations can be resolved by
reformulating QM equations in curved space like it is done in [22] and other pa-
pers [23]-[28] and finding common mathematical terms linking two theories as it
is discussed in [1] [2] [22].

Let’s note that the above-listed problems do not disregard the merits of Quan-
tum Mechanics as one of the most successful and testable physical theories. It ra-
ther highlights the possibility of the theory enhancements based on field finite
atomization and novel interpretations based on finite Atomic Functions, which

can be used for both Quantum Mechanics and General Relativity [1]-[9].

8. Summary and Future Research Directions

This paper describes how the Atomic Functions theory [1]-[19] started after pio-
neering works in the 1970s [10]-[18] and evolved since 2017 towards major physical

theories [1]-[9] can be introduced into Quantum Mechanics to represent/atomize
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a wave function via the superposition of localized finite smooth spline-like atomic
pulses often called ‘mathematical atoms’. It offers the novel ‘atomic interpretation’
of QM where wave functions are the superpositions of localized Atomic Wave
Functions, which can also describe collapsed wave functions, represent widely-
used Gaussians, uphold Heisenberg’s uncertainly principle and quantum har-
monic oscillator concepts. Also, Atomic Functions can help solve the wave func-
tion discontinuity boundary problem for a typical particle-in-a-box and other QM
models by seeking a solution as an atomic wave packet vanishing at the boundary
along with its derivatives. These kinds of boundary problems highlight some lim-
itations of the QM Schrédinger equation originating from infinite harmonic trig-
onometric representation of a wave function, which may be not flexible enough
to satisfy complex boundary conditions for typically confined QM systems. Find-
ing a more generic nonlinear Schrédinger equation yielding atomic wave packets
is an interesting future research direction.

Introducing Atomic Functions in QM has another theoretical significance as it
follows more generic research started in 2017 on Atomic Spacetime and fields the-
ories [1]-[9] where Atomic AString Functions capable of composing smooth fields
from ‘finite objects’ resembling quanta/metriants/solitonic atoms/elementary sta-
tistical distributions are suggested to describe some fundamental ‘building blocks’
of fields similar to loops and strings from string and loop quantum gravity theo-
ries [23]-[29]. It offers a unified mathematical framework for the ‘theories of eve-
rything’, including Quantum Gravity [22]-[28], with ongoing research in this im-

portant direction.
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