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Abstract
Let G be a connected graph with vertex set v (G) - Then the degree re-

sistance distance of G is defined as D (G) = Z (d (U)+ d (V)) R(U,V) ,
{uvjev(c)
where (u) is the degree of the vertex y,and R (u,v) is the degree resistance

distance between , and v in graph G . A unicyclic graph is a connected
graph with a unique cycle. In this paper, we characterize the unique graph with
the third-maximum degree resistance distance among all unicyclic graphs
with n vertices.

Keywords

Degree Resistance Distance, Unicyclic Graph, Resistance Distance, Kirchhoff
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1. Introduction

In this paper, a graph means a simple undirected graph. Let G = (V, E) be a graph
with n vertices and m edges. The degree of vV in G, denoted by dg(V), is
equal to the number of vertices adjacent to v in G. The distance between two
vertices U and V of G, denoted by dg(u,V), is the length of a shortest path
joining U and v in G. For notations and terminologies undefined here, the
readers may refer to [1].

In theoretical chemistry, to correlate molecular structures with the physico-
chemical and bilogical properties of molecules, many topological indices have
been introduced and investigated over the years. One of the most studied prob-
lems in chemical graph theory is to characterize extremal graphs with respect to

certain topological indices among the set of all trees, unicyclic graphs, bicyclic
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graphs, tricyclic graphs, etc. The Wiener index, as the oldest and one of the most
popular molecular structure descriptors [2] [3], is well correlated with many phys-
ical and chemical properties of a variety of classes of chemical compounds. This
topological index was introduced in 1947 [4] and is defined as the sum of distances
between all pairs of vertices, namely that
W(G)= > d(uv).
{uviev(6)

For details on its mathematical properties, see the survey [5].

A modified version of the Wiener index, introduced by Dobrynin, Kochetova
and Gutman [6], is the degree distance defined as

D(G)= > (d(u)+d(v))d(u,v).
{uviev(e)

In 2006, Yuan and An [7] presented the maximum value of degree distance for
unicyclic graphs. Later, Tomescu [8] determined the unicyclic and bicyclic graphs
with minimum degree distance. Some further mathematical results on degree dis-
tance can be found in [9] [10]-[13].

Based on the theory of electrical networks, Klein and Randi¢ [14] 1993 intro-
duced a new distance function named resistance distance. They viewed a graph
G as an electric network N such that each edge of G is assumed as a unit
resistor. The resistance distance between two vertices U and v of G, denoted
by R(U,V) = R(U,V | G) , is defined as the effective resistance between the nodes
U and v in N . This new kind of distance between vertices of a graph was
eventually studied in detail [15]-[20]. By replacing the ordinary distance with re-
sistance distance in the expression for the Wiener index, we can arrive at the
Kirchhoff index

Ki(G)= ¥ R(uy)
{uviev(e)
which has been widely studied [19] [21]-[25].

In analogy with the degree distance of a graph, the degree resistance distance of

agraph G was first proposed by Gutman, Feng and Yu [26] as
D, (G):{ }Z\;( )(dG (u)+dg (V))Rs (u,v).

Palacios [27] named the same graph invariant “additive degree- Kirchhoff in-
dex”. In [26], some properties of Dy -index are given, and the unicyclic graphs
with minimum and second minimum D; -value are determined. Later, the uni-
cyclic graphs with the maximum and the second-maximum Dg -value are char-
acterized in [28] [29]. Qi ef al [30] considered the maximum Dy -value of n-
vertex unicyclic graphs with a given maximum degree. The first three minimum

Dy -values among all cacti with n vertices and t cycles are completely deter-
mined in [31] [32].

To the best of our knowledge, the third-maximum value of degree resistance

distance for unicyclic graphs has not been considered so far. We will solve it in

this paper. Recall that a unicyclic graph is a connected graph with the same number
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of vertices and edges. Denote by U (n) the set of all unicyclic graphs of order
n.Let P,,C, and S, bethe path,the cycleand thestaron n vertices, respec-
tively.

This paper is organized as follows. In Section 2, we introduce some transfor-
mations to compare the degree resistance distance of two graphs. In Section 3, we
determine the unique graph with the third-maximum degree resistance distance

among unicyclic graphsin 4(n).

2. Lemmas

Let R, (U,V) denote the resistance distance between U and Vv in the graph
G. It is known that Ry (u,v)=R;(v,u) and R;(u,v)>0 with equality if and
onlyif u=v.Foravertex vV in G, we define Kf (G)=> Rs(u,v) and

D, (G) = ZUEV(G)dG (U) Rs (U,V) :

For the sake of brevity, in the whole of our context, for any two vertices U,V
of G (or G'),welet d(v)=dg(v) (or d'(v)=dg(v))and
R(u,v)=Rs(u,v) (or R'(u,v)=Rg(u,v)). In the following, we give some nec-
essary lemmas that will be used to prove our main results.

Lemma 1 ([14]) Let G bea graph, X bea cutvertexof G andlet U,v be
vertices belonging to different components which arise upon deletion of X . Then
Rs (U,v)=Rg (U, )+ R (x,V).

Gutman et al. [26] presented the following exact formulas for cycles.

Lemma 2 ([26]) Let C, bea cycle with length k and veC, . Then

k® -k k®—k k?-1
Kf(Ck):T, DR(Ck): 3 aﬂd KfV(Ck):T

ueV(G)

Definition 3 ([26]). Let v be a vertex of degree p+1 ina graph G, such

that wv;,w,,---,vv_  are pendant edges incident with v, and u is the neighbor

P
of v distinct from v;,v,,---,v, . We form a graph G'= o(G,v) by deleting the

edges w,,W,,---,w  and adding new edges Uv;, uv,, -+, uv, . We say that G’ is

a o -transform of tfle graph G (see Figure 1).

Lemma 4 ([26]) Let G'=G(G,V) be a o -transform of the graph G ,
dg (u)>1. Then Dg(G)=Dg(G'). Equality holds ifand onlyif G isa star with
V as its center.

Lemma 5 ([28]) Let G, be a connected graph with m,>1 edges, and
u,veV (GO) be two distinct vertices with the degree at least3 in G, such that
R(u,v)=I. Let P,=uu,---u
and t>1, respectively. Let G, be the graph obtained from G,, P, and PR,

. and B =vV,---v, be two paths of order s=1
by adding edges uu,, W,. Suppose that G, =G, —UU, , +Vu, and
G101 =Gy —ViuVy UV, . Then either Dy (GS’t ) < Dy (Gs—l,t+l) or
D, (1) <Dy (o)

Remark 6. From the proof of Lemma 5, we know that the conditions
dg, (U),dg, (V) 23 are not necessary. As long as G, is nota path, or G, isa

path with max {dGO (u),dg, (V)} > 2, the result in Lemma 5 always holds.
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Us

Uy U1 (51 U1

G G’

Figure 2. Graphs G and G’ inLemma7.

We show in the following lemma that the result in Lemma 5 still holds if u
and Vv are the same.

Lemma 7. Let G be a connected graph with a cut vertex U and dg (u)23.
Let the paths P,=uu, ---U, and P,=VV,--V, (1SSSt) be two connected
componentsof G—u. Let G'=G-v_v, +UV, (seeFigure2), where v,=U if
s=1. Then Dy(G)<Dg(G').

Proof. Let d(V,,)=a.Then a>2.Let A=V (G)-{v,_,V,,u},

B={Viy,V, U} , C={u,Uy--U_}, D={v,V,--,V,,} . For the transfor-
mation from G to G’', one has R(x,y):R’(x,y) for any X,yeA,
d(x)=d’(x), R'(xV,;)=R(x,v;) and R'(x,u)=R(xu,) for any xeA.
By the definition of the degree resistance distance, we get

D= 3 [(8/(0)+0'(y))R (x.y)~(d (x)+d (v))R(x.y)] =0

{x,y}jcA

0= 3 [(@(x)+d (V)R (xy)=(d(x)+d (V)R (x.y)]

{x.y}cB

=(d" (Vo) +d" (Vo)) R (Vep v )(d(sl)+d(s)) (VooVs)
+(d"(vey)+d'( ) Ve gt )—(d (Ve ) +d (u, )R(vsl,ut)
( )R(Vs'ut)_(d VS )

a(t+ ) (a+1) (a+1)(s+t-1)— (a+1)( +t— )+3—2(t+s)
(a-2)(t+s-1)

0

+

\%
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and

= 2 L@+ (IR () ~(d () +d ()R (x )]
ZA[( () d' (%) R (60v,0) =(d ()44 (V) )R (v,
+Z[d(x )+ d"(vo)) R (x,v) = (d (x)+d (v, R(x,v,) |
(%) +d"(u))R' (%) = (d (x)+d (w))R(x.u) |

d(x)+a-1)R(x,v, ) (d (x)+a)R(x,V,,)]

() + )R (%) ~(d () + R (xv,)]

+2[(d(x) +2)R(xu) (d()+)R(xu,)]

:gR(x,ut)—gR(x,vHﬁX;(d(x)+l)(R'(x,vS)—R(x,vs))

> 2 (d()+)(RI(xv,) =R (xv,))

=TI.
If $22,then C#J and

r= XEZC:(d (X)+1)(R(x%,Vv,)=R(x,Vv,))+ Z,;(d (x)+1)(R'(x,v,)=R(x,v,))

[

-3
oo
(

o 3 @00(R ()R

(=1 (2+1) (t-1)(25+1) (s—2)(2t+s+1) (s—2)(s+1)
e S S s 2
+XEA_(ZC:UD)(d(x)+l)(R’(x,vs)—R(x,vs))
=3$—&—3+X€A%UD)(d(x)+1)(R'(x,vs)—R(x,vs))
>3s-3t—3+4(t+1-53)

=t-s+1

>0.

If S=1,then D=0 and

F:XEZC:(d(X)+ 1)(R(x,v,)— R(xv))+ Z (d(x)+1)(R'(xv)=R(x,v,))

—C

2 2 -
zxgc(d(xﬁl)(R'(x vo)—R(x,Vv,))
>2(t+1-5)
> 0.

:3((t_1)(2+t) (t-1)(2+1) ]+ > (d(x)+1)(R'(x,v)-R(x.V,))

Since D, (G")-Dy(G)=D, +D, +D,,wehave D_(G')~D,(G)>0-

Let z2/(n,k) be the set of all unicyclic graphs with order n and girth k, and
Pk denote the graph obtained by identifying one end-vertex of P _,,, with any
vertex of C, . Let T(k,i,1) be the graph constructed from R, =vv,---v,, by
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adding one pendant edge to the vertex v, (1<i<k-2) and U (C|;T(k,i,1))
(1=31<i<k-2k+1=n+1) betheunicyclic graph obtained fromacycle C,
by identifying v of T(k,i,1) with a vertex of C, . Figure 3 illustrates the
graphs p3 and U (C3;T (n -2,n- 4,1)) ]

Chen et al. [28] characterized the unicyclic graphs with the maximum and the
second-maximum D, -value. They also obtained the unique graph with maxi-

mum D -value among ¢/(n,1).
Theorem 8 ([28]) Let G eu/(n,1), then

1 2 1
Dy (G) <I? —5(4n + 3)|2 +nl+ §n3 —gn , the equality holds if and only if
G=P'.
Theorem 9 ([28] [29]) Let G eu(n) be an arbitrary unicyclic graph, then

2n°  28n
D; (G)< <3t 18, with the equality holds if and only if G =P?.

Theorem 10 (28) Let Geu(n)(n=6) be an arbitrary unicyclic graph,

2n°  40n
G2P?. Then Dg(G)< T_T+ 28, with the equality holds if and only if

G=U(C,iT(n-2n-41)).

Remark 11. From the proof of Theorem 8, we have Mmax { Dy (Pn' )} =Dy (Pn4) .

3. The Third-Maximum Degree Resistance Distance of
Unicyclic Graphs

In this section, we will determine the unique graph with the third-maximum de-
gree resistance distance among z/(n) . Let B!, G" and U (C3;T(n—2,i,1))
(1<i<n-5) bedepicted in Figure 4.

u Un—2
]> l>v1 V2 U3 Un—4 Un—3
v
p3 U(C3;T(n—2,n—4,1))

| /u\
v V2 U3 V4 Upn—-3 Un-2 Un—2 v U1 V2 V3 Upn—4 Un-3
4 *
P} G
u
A‘A /)n_2
.......... —
v U1 U2 U Un—4 Un-3

U(C3;T(n—2,i,1))

Figure 4. Graphs B, G" and u(c,T(n-2,,1))-
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Lemma 12. Suppose G isagraphin 14 (n) having the third-maximum de-
gree resistance distance, where N >6. Then G = P4, or G", or
U (C3;T (n—2,i,1)) for some 1<i<n-5,

Proof. Let | be the girth of G . By Theorem 8 and Remark 11, G = Pt if
| >4, Suppose 1=3 and C=uwy, be thecycle of G.We show that G=G”,
or U (Cg;T(n—z,i,l)) ,where 1<1<n-5.

Let T,, T, and T, bethe componentsof G—{vu,vv,,uy,} containing v,

u and v, respectively. If min{’\/ (T (T (T )

}22 , by Lemma 7, T,

(T , T, ,resp.)isapathsuchthat v (v, u,resp.)isaleafin T, (T, , T, ,resp.).
By Lemma 5 and Remark 6, there is a graph 1

G'eU(n\{P%U(CyT (n-2n-41))} with b, (c)<D,(c"), a contradic-
tion. Thus, mln{‘v )V (T (Tvl)

pose N(Tu) =1, ie, V (T,)={u}-

By repeating the use of Lemmas 7, 5 and Remark 6, we have

G=U(CyiT(n-2i1)) for some 1Si<n-5 if min{V (T,)[|v (T, )

) }:1,

} =1. Without loss of generality, we sup-

and G=G  if min{’\/(Tv)|,|V(Tvl)

}22.

Now we give our main result as follows.
Theorem 13. For graphs in U(n)\ {P:,U (Cs;T (n-2,n- 4,1))} (n>=6), G
is the unique graph with maximum D, -value, where G~ is depicted in Figure
2n® 50n 142

4 and DR(G*)=T—?+?.

Proof. By Lemma 12, in order to prove this theorem, it suffices to show that
D;(G")>Da(Py) and Dg(G")> Dy (U(CyiT(n-2i1))) for each
1<i<n-5.1et G=U (C3;T (n -2,n- 4,1)) be depicted in Figure 3.

(1) By Theorems 10 and 8,

DR(G)_DR(pn4) Zl_ﬂ +28 |- Zi_@ +48 :@_20
3 3 3 3 3
(2) Let A={u,v;,Vy, Vo s,Vos}> B={V,Vv, ,,V, ,} - For the transformation

from G to G'=G",onehas R(x,y)=R'(xy) forany X,yeA,

d(x)=d'(x)> R(xV,,)=R(xv,,) and R'(x,v)=R(xv) forany X€A.By
the definition of the degree resistance distance, we get

D= Y [(d(x)+d(y))R(xy)-(d"(x)+d'(y))R'(x.y)]=0,

{xyjeA

D.= 2. [([d()+d(V)R(xy)=(d(x)+d' (V)R (xy)]

=(d()+d( 2))R(VV, o) =(d'(v) +0" (Vo) )R (W1, )
+(d(v)+d(v,,))R (va (d’() (d ) VVn4)
+(d (Vo a) + A (Vo) )R (Vi Vo o) = (A" (Vo) + 0" (Vo 0) )R (Vi Ve o)
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:3(n—4+g —4+5(n—5+g -5 n—5+g +4-3 n—4+z
3 3 3 3

=0
and
D= 3 [(800+0()R0Y)-( () 8/ (5))R ()]

= 3 [(d(0+d (V)R O6)~(¢'(x) e ()R ()]

=3 (A(0 80, RO ) ~( (0 -8, )R (x4,

#2[(4 (040 (92 R(X Voo )~(d ()46 (v 2R (%,
=3 [(A +2)R(x0)~(¢ (94 3)R(xv)]

=280+ 3R 0, )~ (4 ()4 2R (v, )]
3[40 YR ) ~(d () 4R (xv, )
=S RO+ RO )+ 3 (A () +1)(R(xv o) ~R (1,.)
EESIES ICENTES
10n_8

3 3

10n 58
Thus, Dg(G)-Dy(G")=D,+D,+D;==— T

(3) Let A=V (G)—{Vi\VyasVao}> B={V,,V, ,,V, ,} For the transformation
from G to G'=U(CgiT(n—Z,i,l)),onehas R(x,y)=R'(x,y) for any
X,yeA, d(x)=d’(x)> R'(XV,_4)=R(XV,,) and R'(x,v;)=R(x,v,) for
any X€A.If i#1, then

0= 3 [(d(x)+d (y)R(xy)-(d(x) + @' (V)R (x.y)] =0,

{x,y}cA

D= 3 (400 +d ()R(Y)~(d () + 0" (1)) R (x,Y)]

}

x
=(d(v (v 2))R(Vi Vo) —(d'(

+(d v) na) ) R(ViaVog )= (A" (V) +(d" (Vg ) )R (Vi Vs )
A, 4) )Ry ¥y 2) (6 + ()R (Y, 2)
(n -i)- 4+5(n 4-i)-5(n—-4-i)+4-3(n-3-i)

D, = X;\[(d (%) +d (vi))R (%) =(d"(x) +d"(v) ) R'(x.v, )J
- X;[(d () +2)R(x,v,)=(d (x)+3)R(x.v,) ]

=-2 R(xv)
xeA
2
=—i2+(n—5)i—3n —261n+38,
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D, = Z[(d (x)+d (vn_4))R(x,vn_4)—(d’(x)+d'(vn_4))R'(x,vn_4)J

xeA

= Z[(d (X)+3)R(x,v,_4)—(d (x)+2)R(x,vn74)]

XeA

= ZR(X’Vn—4)

XxeA

and

D, = ;A[(d (X)+d(V,., ))R(x,vnfz)—(d’(x)+d’(vnfz))R’(x,vnfz)]
= é[(d (X)+1)R(x,v,_,)—(d (x)+1)R’(x,vn_2)]
= é[(d (X)+1)(R(X,V,,)— R'(X,VH))J

2 2
=[3l—%+3i +4j—[3%+3i2 —3ni+17i +12—177”j

=-3i2 —14i +3ni+2n-8.

: 3n® -27n+74
Similarly, if 1=1, then D,=0, D,=n-5, D3=—T,
n> 7n 22
D4 =?——2 +—3 and D5:4n—20.

Let f(X)=-4x"+4nx-18x+2n-8, 1<i<n-5.Then
Dg (G)~Dg (U (CyiT (n-2,i,1))) =D, + D, + Dy + D, + Dy

= (i)
> f(n-5)
=4n-18.
Since min{ o 20100 38 4 1l 200 5B e n>6 e get
3 3 3 3 3

Dy (G*)> DR(PnA) and Dy (G*)> Dy (U (CS;T(n—Z,i,l))) for each
1<i<n-5. Moreover, by (2) and Theorem 10,
D:(G")=Dx(U(CyiT(n-2n-4 1)))—[10—“—5—8j
R R 39 ) ) 3 3
2n°  40n 10n 58 2n® 50n 142
= 28— — =+ —

3 3 3 3 3 3 3

4.. Conclusion

In this paper, we completely characterized the unicyclic graphs with the third-
maximum degree resistance distance. Some transformations for comparing the
degree resistance distance of two graphs were introduced. This may help deter-
mine the maximum or minimum degree resistance distance for other classes of

graphs. We will investigate these problems in our future studies.
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