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Abstract

Properties from random matrix theory allow us to uncover naturally embed-
ded signals from different data sets. While there are many parameters that can
be changed, including the probability distribution of the entries, the introduc-
tion of noise, and the size of the matrix, the resulting eigenvalue and eigenvec-
tor distributions remain relatively unchanged. However, when there are cer-
tain anomalous eigenvalues and their corresponding eigenvectors that do not
follow the predicted distributions, it could indicate that there’s an underlying
non-random signal inside the data. As data and matrices become more im-
portant in the sciences and computing, so too will the importance of pro-
cessing them with the principles of random matrix theory.
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1. Introduction

While many random systems exist in the universe, predictions and conclusions
can still be drawn from them. Whether it be energy states of Hamiltonian nuclei
or biological signals among unicellular processes, the principles of random matrix
theory can be used to denoise systems and parse out the most important infor-
mation by studying the eigenvalues and eigenvectors of a random matrix.

It turns out that random matrix theory imposes more structure, not less. The
patterns of universality hold independently of numerous parameters in the sam-
pling of a random matrix, which allows the process described in the article to sep-
arate the randomly generated noise from important signals in natural data sets.
However, data collection methods are often imperfect; sometimes readings are
false, entries are missing, and data sets are too large to compute with a reasonably-

powered computer, but the beauty of Random Matrix Theory is that it can use this
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GOE Distribution for n=10

well-defined structure, along with some algorithms, to recover the important sig-

nals even despite some flaws in the data.

2. Random Matrix Theory Fundamentals

A random matrix is defined as a matrix whose entries are randomly sampled. An
ensemble of random matrices is a group of matrices whose entries are sampled in
the same manner. Examples of ensembles include the Gaussian Orthogonal En-
semble (GOE), which is sampled as a symmetric, NxN matrix A where entries
above the diagonal are sampled from N(0, 1) and entries on the diagonal are
sampled from N(0, 2) with all entries being divided by a factor J2n [1]. The
probability density of the eigenvalues of a GOE matrix is defined by the Wigner

Semicircle distribution f () =2i V4-x* , and the components of the eigenvectors
T

follow a normal distribution. As n increases, the density of the resulting eigen-

values will converge to the Wigner Semicircle Distribution (Figure 1).
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eigenvector components for n = 500.0
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Figure 1. Eigenvalue and eigenvector distribution for GOE matrix of n = 10, 100, 500, 1000 [2].

The Wishart ensemble is defined by an mxn matrix A containing entries
T
is then constructed to form

sampled from N(0, 1). The gram matrix W =

the Wishart matrix [3]. The resulting eigenvalue probability density, known as the
Marchenko-Pastur (M-P) Distribution, which depends on the parameter r, is de-
fined by:

1
p— (A4, -x)(x=4),0<r<1
/“(X)z 1 1 ’

where r=%, A =0*(L+vr) ,and 2 =o?(1-Vr) (Figure2) [1].

A

.\
randomly generated Wishart matrix will not have an eigenvalue greater than 4, .

is also known as the Tracy-Widom Critical Eigenvalue since a completely
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Eigenvalues for r = 0.5
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Figure 2. M-P distribution eigenvalues and eigenvectors for matrices with entries sampled from N(0, 1) for different r values and n

= 1000 [2].
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Eigenvalues forr = 1.0

The eigenvector components follow a normal distribution. It’s also worth noting
that the process of creating the Wishart ensemble closely resembles the Singular
Value Decomposition of A, where A=UXV', and the singular values in X
are proportional to the eigenvalues predicted by the Marchenko-Pastur distri-
bution.

It turns out, however, that many things do not affect the overall structure of
random matrices, which is known as universality. As long as the mean x and
variance o are constant, the distribution of eigenvalues and eigenvectors for a
given ensemble does not change based on the overall probability distribution from

which the entries are sampled. For example, the Reademacher

1
P(Xi' i = —l) = P(Xi' i = 1) =3 distribution, a distribution where the probability of

1
sampling a —1 and 1 are equal at > can substitute a normal distribution and

the eigenvalue distribution of the resulting matrix, whose entries strictly consist
of %1, remains the same (Figures 3(a)-(d)). Likewise, adjusting the mean u
does not change the core of the distribution of the entries, but it introduces dis-
tracting outlier eigenvalues outside the bounds of the Marchenko-Pastur distribu-
tion, and therefore, it is best for data sets to be z-score normalized. What about o

then? It turns out that adjusting the standard deviation & scales the length of the

distribution by a factor ¢® and the height by a factor iz , maintaining the
o

total area under the probability density curve (Figures 3(a)-(d)). The only thing
that does affect the patterns is that the entries must be sampled independently,
and matrices with heavily dependent columns behave very differently from the
predicted distributions (Figure 3(e)). Thus, the Random Matrix Theory shows
that the eigenvalue distribution for a given ensemble does not change with re-
spect to the distribution of the entries of the matrix, nor the mean nor standard

deviation.
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Figure 3. (a)-(d) adjusting the distribution, mean, and standard deviation with respect to a standard normal distribu-
tionandr =1 [2]. (e) eigenvalues for a 1000 x 1000 dependent matrix composed of 10 identical but randomly generated

1000 x 100 blocks [2].

3. Natural Signaling

A common application of random matrix theory is to retrieve natural signals. We
embed a simulated natural signal by adding the gram matrix (SS') of a low-rank
randomly generated signal S of dimensions mxKk, where k< m to random
matrix A. Often, biological signals come embedded in this form. Doing so will
generate n—Kk eigenvalues within the M-P distribution and k eigenvalues
much larger than the Tracy-Widom Critical Eigenvalue, and their corresponding
eigenvector components are not normally distributed like the other eigenvectors
[2]. Interestingly, the rank of the signal can be recovered by the eigenvalues alone.
The eigenvectors of the k largest eigenvalues should form the span of the natu-
ral signal. Forthe k=1 case, the error margin can be easily visualized and meas-
ured as the angle between the vectors. The typical error between the eigenvector
and signal is around 0.02 - 0.06 for n=1000 (Figure 4).
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Figure 4. A 2-D projection of the eigenvector (yellow) and signal (red)
plotted along with a guess of the signal rank and error margin [2].

4. Noise

A common noise model is known as sparsity, where entries of a matrix are ran-
domly replaced by 0 since experimental data often has large gaps due to imperfect
measuring methods. The procedure involved pre-multiplying a diagonal matrix
set to 95% 0 s and 5% 1 s to the random MxN matrix A with the signal already
added, which would zero-out 95% of the columns. The following denoising algo-

rithm was then applied to the entries:

1x10°
A= mn A W
A; =log, (1+ A;) (2)
Aj _ Aij —H 3)
(o2

where 1,07 is the mean and variance of all the entries of the previous line [4].
T

The gram matrix W = is calculated and the eigenvalues and eigenvectors

are then computed. The resulting k signal eigenvectors almost form the span of
the signal; however, they are instead parallel to DS where Dis the diagonal ma-
trix with a 1 for every nonzero column and 0 for every sparse column, and S is the
full signal (Figure 5).

In the real world, data collected are often sparse, so utilizing the theorems of
random matrix theory allows signals to be approximated even when as much as
95% of the entries are 0 due to sparsity. While having more data available would
yield a higher accuracy, having the vast majority of entries 0 is still enough to

gather information about a potential signal [2].

5. Linear Sketching

Some matrices are too large for a reasonable computer to calculate all the
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Figure 5. Error-values in the signal for a 95% sparce matrix (left)
compared to its non-sparsified counterpart (right).

eigenvalues and eigenvectors. A linear sketch is a projection of a square matrix
R" > RP with p<n [5]. The projection matrix P is set to dimensions pxn

and be 95% 0's, 5% 1 s, meaning that the columns of a resulting sketch are a linear
combination of other vectors [5]. The sketch is then denoised using the same al-
gorithm and its eigenvalues and eigenvectors are calculated. While something like
a 10,000 x 10,000 matrix is too large to calculate in a timely manner, it is possible
to make multiple 100 x 100 sketches of the large matrix and obtain an accurate
approximation of the signal (Figure 6). Even though higher-dimensional sketches
are more accurate, taking many low-rank ones can dramatically speed up compu-
tational efficiency without sacrificing accuracy since eigenvalues are orders of
magnitude easier to calculate with a smaller matrix size while still yielding an ac-

curate result.
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Figure 6. Signal from two 100 x 100 sketches compared to a simulated 10,000 x 1 signal added to a 10,000 x 10,000 matrix [2].

As it can be seen, the linear sketch is able to well-approximate the signal direc-
tion of the larger matrix while taking a lot less time to compute all the eigenvalues

and eigenvectors. The error &, measured by

180 1( V-S ]
0=—-coS" | — |,
m [vIls]

a1
where v= PT(PPT) X, X is the signal eigenvector, and s is the simulated

signal.
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Taking multiple sketches and then applying the algorithms to a new matrix T_,
with its 7th entries being the mean of the 7th entries across the sketches then

decreases the error dramatically (Figure 7).

Error Margin per Projection
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0.004 4

0.003 A
[ ]

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10p(1:10) Tm
Projection

Figure 7. Graph of 10 sketches T1-T10, along with their mean, and
the error margin for a matrix Tm [2].

When applying the above sketching process to a public 32,738 x 2700 PBMC
data set, representing single-cell mRNA expression vectors from blood cells, by
making 10 sketches of the matrix with rank 500, 7 eigenvalues stand out about
1000 times greater than the predicted T-W critical eigenvalue (Figure 8). This, in
turn, leads to a rank 7 signal. Higher-dimensional sketches of rank 1000, and rank
2000 were also made, and the result was corroborated; however, taking the entire
32,738-dimensional would have required a much more powerful computer and

taken a lot longer.

Eigenvalues for pbmc data
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Figure 8. Eigenvalues of a 500 x 500 sketch of the described PBMC
data set. While most of the eigenvalues fall within the range of the
M-P curve, there is a small but notable spike far out from the rest
of the eigenvalues [2].
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6. Conclusions

Despite its seemingly random nature, there are many mathematical patterns in
the world of random matrix theory. It is, therefore, straightforward to analyze
random processes like unicellular data or Hamiltonian nuclei that, even while af-
fected by error in human measurements, still lead to convincing conclusions about
the behavior of these systems. In addition, universality with respect to mean, stand-
ard deviation, and distribution of the entries of a random matrix further highlights
the predictable properties of random matrices.

This approach has been used in many instances to separate noise and improve
calculation efficiency while maintaining an accurate depiction of the properties of
a matrix that would otherwise be difficult to glean any information from. With
the rise in the importance of matrices in emerging fields like biotechnology and
artificial intelligence, they will be a very important tool for solving future prob-

lems.
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