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(OMOMMY g pcces: |

The main purpose of this note is to provide a complete presentation on the special
termination of MMP. We begin by extracting the positivity condition on the
boundary from [1], which we define as the BCHM condition. This condition as-
serts that the boundaries of a Kawamata log terminal (klt for short) or divisorial
log terminal (dlt for short) pair (X,B) include an ample divisor. A key ad-
vantage of the BCHM condition is that it remains preserved under restriction and
throughout the Minimal Model Program (MMP) after appropriate boundary mod-
ifications, enabling us to establish the existence of pl-flips by induction on dimen-

sion.

2. Preliminaries

Let k& be an algebraically closed field of characteristic zero fixed throughout the
paper. A divisor meansa R -Cartier R -Weil divisor. A divisor D over a normal
variety X is a divisor on a birational model of X. A birational map XY isa
birational contraction if its inverse map contracts no divisor.

Pairs. A pair (X /U ,B) consists of normal quasi-projective varieties X, Z a
R -divisor B on X with coefficients in [0,1] such that K, +B is R -Cartier
and a projective morphism X —U . If Uis a point or Uis unambiguous in the
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context, then we simply denote a pair by (X,B). For a prime divisor D on some
birational model of X with a nonempty centre on X; a(D, X, B) denotes the log
discrepancy. For definitions and standard results on singularities of pairs, we refer
to [2].

Log Minimal Models. A projective pair (Y JU,B, ) is a log birational model
of a projective pair (X/U,B) if we are given a birational map ¢:X >Y and
By =B +E where B” is the birational transform of B and FE is the reduced
exceptional divisor of ¢, thatis, E= Z E; where E; are the exceptional/X
prime divisors on Y. A log birational model (Y/U,B,) isa weak log canonical
(weak Ic for short) model of (X /U ,B) if
* K, +B, isnef/U;and

» for any prime divisor D on X, which is exceptional/ ¥; we have

a(D,X,B)<a(D,Y,B,)

A weak lc model (Y/U By ) is a Jog minimal model of (X/U ,B) if
« (Y/U,B,) is Q -factorial dlt,
* the above inequality on log discrepancies is strict.

A log minimal model (Y/U,B,) is goodif K, +B, issemi-ample/U.

Ample Models and Log Canonical Models. Let D be a divisor on a normal
variety X over Z. A normal variety 7'is the ample modell Z of Dp if we are given a
rational map @:X »T such that there exists a resolution X <~ X'—>T with
* gbeing a contraction,
« pD~,qD; +E where D; isanample/Zdivisorand E>0,and
 for every divisor Be | p*D/ZLR ,then B>E.

Note that the ample model is unique if it exists. The existence of the ample
model is equivalent to saying that the divisorial ring R ( D) isafinitely generated
O, -algebrawhen D>0 is Q -Cartier.

BCHM Condition.

1) Xis n-dimensional @ -factorial normal algebraic variety, 7: X —>U isa
projective morphism of normal quasi-projective varieties.

2) (X,B) isdlt pair with S :|_BJ or (X,B) isakltpair.

3) There exists a relatively ample R -divisor A over Usuch that B> A.

3. Special Termination Theorem

Firstly, we recall some classical theorem

Theorem 3.1 (Basepoint-free theorem). Let (X ,A) be a projective kit pair.
Let D be a nef Cartier divisor such that aD — ( Ky + A) is ample for some a>0.
Then, there is a positive integer b, such that |bD| has no base points for every
b>b,.

Theorem 3.2 (Rationality theorem). Let (X,A) be a projective kit pair such
that K, +A isnot nef Let a>0 be an integer such that a(Kx + A) is Car-

tier. Let H be an ample Cartier divisor. We define

r=max{teR|H +t(K, +A)is nef |
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Then r is a rational number of the form ul v, where u and v are integers with

0<vsa(dimX +1)

The final theorem is the cone and contraction theorem.

Theorem 3.3 (Cone and contraction theorem). Let (X ,A) be a projective kit
pair. Then, we have the following properties.

1) There are (countably many possibly singular) rational curves C; — X such
that

NE(X)=NE(X )y, .0 * L Ruo[ C; ]

2) Let RcNE(X) bea (Ky +A)-negative extremal ray. Then, there is a
unique morphism @ : X — Z to a projective variety Zsuch that ((pR )* O, =0,
and an irreducible curve C c X is mapped to a point by ¢, if and only if
[C]eR.

Assume that we are given an LMMP with scaling, which consists of only a se-
quence X~ Xi,,/Z; of log flips, and that (X,/Z,B,) is Q -factorial dlt. As-
sume |_51J #0 and pick a component S, of |_B1_| . Let S, X, be the bira-
tional transform of S, and T, the normalisation of the image of S; in Z,.Us-
ing standard special termination arguments, we will see that termination of the
LMMP near S, isreduced to termination in lower dimensions. It is well-known
that the induced map S;~>S,,,/T; is an isomorphism in codimension one if
i> 0. So, we could assume that these maps are all isomorphisms in codimension
one. Put Ky +Bg = (Kxi +B, )L .In general, S;»S,,,/T; isnota (KSi +B;, ) -
flip. To apply induction, we note that S, >S, , /T, can be connected by a sequence
of (Kg, +Bg ) -flips [3].

Theorem 3.4 Let n: X —U be a projective morphism of normal quasi-pro-
Jective varieties. Let (X,B+C) be a Q -factorial dlt pair with S = LBJ , such
that K, +B+C isnefover Uand (X,B) satisty BCHM condition. Let @, : X,
> X,,, beasequence of flips and divisorial contractions over U for the ( Ky + B)
-MMP with a scaling of C over U.

Then, there exists an integer i>0 such that for all j>i,¢; is an isomor-
phism on a neighborhood of &.

Proof. Given that (X : B) satisfies the BCHM condition, we can write
(X , B) =(X,S+A+ E) where E>0 and Aisanample Q -divisor. Fix any ir-
reducible component S, of S= LBJ .

For any rational number 0<e<1, the divisor A+¢(S—S;) isanample Q
-divisor. Now, take a sufficiently general effective R-divisor A =, A+¢(S-S,).
Then (X,A+E+(1-€)(S-5,)+S,) ispltand
(X,A+E+(1-€)(S-5,)+S,+C) isdit. Since
B=, A+E+(1-¢€)(S—S,)+S,, after replacing Band B} we may assume that
(X , B) is plt.

Let S;,A,E;,B, and C, be thestricttransformsof S,AE,B and Con X;.
Notice that (X;,S;+A +E;) ispltand S, +A +E =S;,then S, is normal

By adjunction formula, we can write
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(Ky, +By, )Li —K, +B,
where (Si By, ) is klt. Define the set B [0,1] as the following:

1 b,
B—{x—l—a+z‘j—

iel

b, € Coeff (B),me Z.,,r, eZm}

We have Coeff (BSi ) c B forany i Since BN[0,1-¢| isa finite set for any
¢>0 and (S;,B,) isklt, we define an integer 0<d, <o by

dB(s,BS)::gB#{E|a(E;s,BS)<—ﬂ}

Moreover, we have that a(E; S, By, )S a( E;S,.., BSM) for any divisor E over
S. Thus,

dg (S,Bs, )2 dy(SiasBs,,,)- (1)

Weclaim that ¢;:S;~S;,; isanisomorphicin codimension 1 for i 0. Sup-
pose there is a divisor Pc S, and (ai’l )* P =0. Then inequality (1) is strict,
as —a(P; Sit Bsi+1 ) e B . Notice that B 0[0,1— e] and picard number is finite,
so ¢; isisomorphicin codimension 1 after deleting finitely many steps.

By the above argument, we only need to consider the flip X~ X, ., over Z_.

. Ks, +Bs, > the

Since (X,B) containing ample divisor A and (me + Bm)
pair (Sm, B, ) satisfy BCHM condition.

Now, take h:S_ — S, tobea Q -factorialization. Then we have
Ks +Bs =h" ( Ks, +Bs ) and (§m, B, ) satisfies the BCHM condition.

Next, run an MMP with scaling C, over T, , where C is the birational
transform of C_,and T, isthe normalisation of theimageof S, in Z  [4].
As a result, we obtain a minimal model (§m+1, I§Sm+1) , which factors through
S,.>as S, isthelogcanonical modelof S, .

For the same reason, we can inductively construct a sequence of MMP on
(gm,lgsm) over T :

S~m =Spo 2 Spy > > Sy = §m+1

Since K, +B, +1,C, is numerically trivial over Z, the induced divisors
Ks,, +Bni +1,Cpni =0 over Z . Hence, it is straightforward to verify that the

sequence
S=8y=S550 801> "> S =S, =514” 8,

is, in fact, an MMP on f: (§ , BS~ ) — Z with scaling of C.

By inductive hypothesis, this MMP terminates. This means that, after finitely many
steps, KS~m + Es_m becomes nef over T, ,and consequently, Ks +Bg isalso nef
over T, .On the other hand, —( Ks, +Bs, ) isampleover T, ,so S, — T, does

not contract any curve on Z . Similarly, S ., > T, does not contract any curve

m+1

on S ,.If S intersects Exc(a,),then S, asa divisor on X, ample over

m+l *

T,.Hence, —S_ , isampleover T, which contradictsto thefactthat S ,, —>T,

m+1

does not contract any curve on S_,, . This implies that the original MMP
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terminates in a neighborhood of S.

To construct log minimal model in dimension n assuming non-vanishing, one
needs the special termination with scaling in dimension n, which is reduced to
termination with scaling in lower dimension. More precisely, let (X/U,B+C)
be a kit pair of dimension n and satisfy BCHM condition. Run MMP on K, +B
over Uwith scaling C, we need to prove this MMP terminates. By the definition
of such MMP, K, +B; +4C; isnefover Uand 4, 24, 2. Then
(X;,B,+4C,) isaminimal model of (X,B+AC;) over U.

The critical aspect of proving termination with scaling lies in demonstrating
that there are only finitely many possible minimal models [5]. Specifically, if the
MMP does not terminate, it implies the existence of infinitely many distinct min-
imal models, which would contradict the boundedness condition imposed by the

special termination.
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