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Abstract

In this paper, we investigate one kind of complex-valued systems with an
impulsive control field, where the complex-valued system is governed by the
Schrodinger equation, which is used for quantum systems, etc. We study the
convergence of the complex-valued system with impulsive control fields by
one Lyapunov function based on the state distance and the invariant princi-
ple of impulsive systems. We propose new results for the mentioned com-
plex-valued systems in the form of sufficient conditions and also present one
numerical simulation to illustrate the effectiveness of the proposed control
method.
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1. Introduction

Extending control to complex-valued systems, such as quantum systems, Ze,
physical systems whose behavior is not governed by classical laws but dominated
by quantum effects, has become an important area of research recently [1]-[6] and
references therein. The growing interest in the subject can be attributed both to
theoretical and experimental breakthroughs that have made control of quantum
phenomena an increasingly realistic objective, as well as the prerequisite for many
exciting novel technologies, such as quantum chemistry, quantum information
processing, quantum electronics, etc. One of the proposed techniques to control
quantum systems is the Lyapunov method ([7]-[11]). Lyapunov Asymptotic Sta-
bility (LAS) deals with the behavior of a system within a sufficiently long (in prin-

ciple infinite) time interval. The Hilbert-Schmidt state distance between an arbitrary
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initial state and an arbitrary target state is used as the Lyapunov function ([7] [12]).

As a matter of fact, practically, there has been increasing interest in the analysis
and synthesis of impulsive systems, or impulsive control systems, due to their sig-
nificance both in theory and applications, see [13]-[16] and the references therein.
The switching control method has been applied to control problems in many sys-
tems ([17]-[20]) and is also available to complex-valued systems. Inspired by the
switching control method, we develop the impulsive control method to drive a
complex-valued system to a given target state.

In this paper, we develop the notion of impulsive stability for one kind of com-
plex-valued systems based on the Lyapunov method and the invariant principle
of impulsive systems. The further part of the paper goes ahead with notations and
definitions of quantum systems (one kind of complex-valued systems) with im-
pulsive control fields and introduces the invariant principle of impulsive systems.
Section 3 provides one control field to drive quantum systems based on a Lya-
punov function and analyzes the asymptotic stability of quantum systems with
impulsive control fields. We justify the effectiveness of the proposed control field

in one simulation experiment in Section 4.

2. Mathematical Preliminaries

Consider the impulsive dynamical system described by
2(t)=1.(2(t)), te(r.mi);
Az(t)=f,(z(t)), t=r7.

where Z(t)€R" denotes the system state, f;(z) isa continuous function from

R" to R", the set E={r,7,,--17,<7,<--}cR" is an unbounded, closed,

(2.1)

discrete subset of R* , which denotes the set of times when jumps occur and
f; :R" > R" denotes the incremental change of the state at the time 7, . In the
n-dimensional complex space C", we choose the most common norm ||Z|| = \/E ,
where z is represented as a column vector (Zl, Z,, Zn) ,and Zz° denotes its
conjugate transpose. Denote by M, ((C) the space of nxn complex matrices
with an inner product (-, ) ‘M, ((C) xM, ((C) —C,

(a,b)=Tr(ab),

and the norm ||a||2 = (a, a) .
Consider the following complex-valued system, which is a n-level quantum sys-

tem with two control fields, and set the Plank constant 7 =1:
i (t)) :(HO +f(OH, + f, (1) H,0(t—7, )]|a(t)>, (2.2)
k=1

where the ket |a(t )> €C" represents the state vector of quantum systems, which
is right continuous, and the state vector evolves on or in a sphere with radius one,
and we denote the set of quantum statesby VS ,and & () is the Dirac impulse.
Physically, two states |a1> and |a2> that differ by a phase 6(t)eR, ie,
|a1> = exp(iH(t))| a2> , describe the same physical state in or on the sphere of C".
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We denote the bra associated with the ket |a (t)> with <a (t)| . When the quan-
tum system evolves freely under its own internal dynamics, i.e, there is no exter-
nal field implemented on the system, just the free Hamiltonian H, isintroduced.
H, (j=12) represents the interaction energy between the system and the exter-
nal classical control fields f i (t)(] =1,2) , and are called interaction Hamiltoni-
ans. H;(j=02) are all nxn self-adjoint operators in the n-dimensional
Hilbert space H and assumed to be time-independent. In this paper, we set the
first control function f,(t) is continuous, the otherone f,(t) only takes effect
to quantum systems at the impulsive points £.

By choosing a special basis of Hilbert space, we can suppose H, diagonal, and
set H,=diag(a,a,-a,), with a >a,, and w,=a, —a <0 when k<I,
and

Hy=(hy) by =hg i k=12,-n,
under this basis.

For quantum systems, the target state is usually an eigenstate of the free Ham-

iltonian, and suppose the target state |af > satisfies:
H, |0:f > =4 |0{f >,

where A, isthe eigenvalue of H, corresponding to |af > .
By the same method in [18], we obtain that quantum systems (2.2) with impul-

sive control fields can be described as
i|ar(t))=(Ho + f () H, )| (1)), t=z;
Ala)=f,(t)H, a(z'l:)>, t=17,.

When taking non-trival geometry about states, we add a second control @

(2.3)

corresponding to 6(t) into consideration [10], then investigate the following

quantum systems
i|d(t)>:(H0 FH(H Y, (t)Hzé(t—rk)+a)lJ|a(t)>, (2.4)
k=1

where 7is the identity matrix. If the control field f,(t) only takes effect at the
impulsive point E, the quantum systems with impulsive control fields are

i|d(t)>=(Ho+fl(t)Hl+a)I)|a(t)>, t#7,;

Ala)= 1, () Hy| (7)), t=1, (2.5)

In order to control quantum systems(2.2) or (2.4) to target states, we focus on
finding control fields f;(t) and f,(7,), such that the quantum systems with
impulsive control fields (2.3) or (2.5) are driven to target states. Firstly, we intro-
duce the invariant principle of impulsive systems.

Lemma 2.1. [21] Consider the impulsive dynamical system (2.1), assume
D, <D is a compact positively invariant set with respect to (2.1), and assume
that there existsa C' function N :D, - R such that
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1) \/(X(t))SO,XeDC,tiz'k;

2) V(x(rk‘)+ fd(x(r;))sv(x(rk‘)),XEDc,t=rk;

Let
G é{XEDC 't ¢Tk,\/(X(t))=O}U{XE'DC :t:rk,V(x(rk’)+ f, (x(r;))=v(x(r;))}
,andlet M c G denote the largest invariant set contained in G. If X, € D, , then

X(t)—)M as t—>owo.

We also applied the invariant principle of complex-valued impulsive systems in
[13].

3. Main Results

In this section, we shall establish the stability criteria for one kind of complex-
valued systems. The Lyapunov function is given based on quantum state distance,
which will reach 0 if the system state is driven to the target state. It is commonly

used in control theory.
Theorem 1. For the quantum system (2.3), if H, Is non-degenerate, set con-

trol fields f,(t)= Klgl(lm(ei4<"‘(t)‘”‘f><0¢f |H1|a(t)>)) and

()= Kzg{Re(e“<“(’k)“*><af H,

the image of function Y; =g; (X i )(J =1,2) passes the origin of plane X; -y,

a(‘rg )>D where constants K ,K,>0,

monotonically and lies in quadrant I or III, then quantum systems with impulses
(2.3) converge to the largest invariant set NS, N E,, where

E = {|a> ; <af | H,|a)= 0} . Ifall the states in E, are equivalent to the target state

|ozf > , then the systems will converge asymptotically to the target state |0:f > .

Proof. Choosing a Lyapunov function
V(|e(t)).t) :%(1—‘(0:f |a(t)>‘2). (3.1)
When t#7,,
V ==t () Im({e, [Hy|e(t){a(t)]e))
==, (t)[(e (V)] ) |m(ei4<a<t>\af><af |H1|a(t)>),
as discussed in [8], by the control field
()= K, Im[e " o (1)), 62
we have
V (€)=K, (1)) im{ £ ([ 1) gl(um(ei‘<“<‘>‘“f><af |H1|a(t)>)j
< O(t #7T, )

When t=r7,,
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1

:E(l_<a(f;)\(| + £, (5 ) )| e Ve [(1+ £, () Hy) a(r;)>)
iZ(alrg || (3.3)
- (‘a(rk_»,rk_)— fz(rk)<a(rk’)‘af> Re{eI {afee ) f><af |H2 a(rk_)>j
(e (e e (),

by the control field

f,(7)=K,9, (Re(eié<a(rk)at><af |H2 ‘a(rk’ )>D (3.4)

and <oz(rk’)‘H2|af><ocf |H2‘a(rk’)>>0,we have

V(|a(rk)>,rk)<V(‘a(z’k’)>,z—k’), (3.5)
where K, ( i=1 2) can be chosen properly to adjust the control amplitude. And
if <0¢(t)|o¢f > =0, or <a(rk’)‘a, > =0, we set L<a(t)|a, > =0", or

4<a(rk’)‘af>:0°.

By the definition of the invariant set and properties of the limit point, if we
choose the control field f, (t) (3.2), which is the same as that in [8], the largest
invariant set of quantum systems with impulses (2.3) is VS, N E,, where

E = {|a> : <af |Hl|a> = 0} . From the invariant principle Lemma 2.1, quantum
systems with impulsive control fields (2.3) will converge to VS, NE,.

Thus, we complete the proof.

4. Illustrative Examples

In order to illustrate the effectiveness of the proposed method in this paper, one
numerical simulation has been presented for one five-level quantum system, which
is a complex-valued system, and the Fourth-order Runge-Kutta method is used to
solve with time steps size 0.06.

Example 1. Consider the five-level quantum system with internal Hamiltonian,

the first control Hamiltonian [4, 8], and the second control Hamiltonian given as

follows:
1 0 0 0 O 0 0011 00100
012 0 0 O 0 0011 0 0011
H,=|0 0 13 0 O |,H;={0 0 0 1 1[,H,={1 0 0 0 O]
0 0 0 2 0 11000 01001
0 0 0 0 215 11000 01010

Let the initial state and the target state be |ao>=(1 0 00 0)T and
|01f > =(0 0 00 1)T , respectively. The parameters are chosen as K, =0.15,
K, =0.001. Set the state |a(t)> =% X X X X )T , by the control fields.
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fi(t)= Kllm(eié@(t)‘af > <0£f | H1|a(t)>),

f,(z,) = KZRe[ei‘<“(’k)“‘><af [H,ar(z, )>j

we have the simulation result shown in Figure 1. The component Xy increases
to 1 as time is more than 50, and the other four components decrease to 0, espe-
cially, the components x,,X, and X, when time is more than 50. It demon-
strates the control performance with an impulsive control field f,(7,), and the
finial transition probability attains about 0.94149, which excels the one (about
0.93785) in [8].

0.9} Lot 1
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r\'x ‘2
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Figure 1. The population of the five-level system trajectory from
|aty) by control fields f;, f, in Example 1.

5. Conclusion

In this paper, the stability of a kind of complex-valued impulsive systems has been
addressed. Taking advantage of the Lyapunov function based on system state dis-
tance in the complex fields, the stability criteria of a complex-valued impulsive
system has been established, which not only generalised some known results in
literature but also greatly reduced the complexity of analysis and computation.
The theoretical results have been verified by a numerical simulation to illustrate the

effectiveness and advantages of the proposed method compared with existing results.
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