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Abstract 
The paper deals with a study of the Schrödinger equation with an original ap-
proach. Recalling the well-known relation: Δrp i→  . It considers this equa-

tion for which the kinetic factor is 
2 2

2Δ
2 2Kin r
pE
M M

= = −
 . Making the kinetic 

factor 2ΔKin rE = −  can be obtained if one defines a mass 
2

2
M =

 , very 

small and close to the accepted mass of a neutrino eν . The Schrödinger 

equation reduces to: ( ) ( )2Δr r E rφ φ− = . The energy E is that given by Dirac 
(1927), (c being the light velocity), with his remark that two solutions exist 

2 2 2 4E p c M c= ± + . The body of this paper shows all solutions obtained 
when solving the simplified Schrödinger equation. 
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1. Introduction 
This paper studies all combinations and solutions for which the kinetic operator 

2
2 2Δ Δ 1

2Kin r rE
M

= − = − = −
  that is: 

2

2
M =

 . Thus: 

 2ΔKin rE = −  (1) 

Applying this transformation to the Schrödinger equation: [1] For free particles 
as photons or neutrinos, it is correct to put V = 0, and separate variables r and 
time t.  

 ( ) ( ) ( ) ( )
2

2, , ,
2 ri r t r t E V r t

t M
∂
Ψ = − ∆ Ψ = − Ψ

∂


  (2) 
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 ( ) ( ) ( )
2

2, , ,
2 ri r t r t E r t

t M
∂
Ψ = − ∆ Ψ = Ψ

∂


  (3) 

 ( ) ( ), e
E ti

r t rφ
×

−
Ψ = ×   (4) 

 ( ) ( )2
2

2Δr
Mr E rφ φ− =


 (5) 

The phase factor e 1
E ti ×

−
=  for time 0t =  and ( ),r tΨ  reduces to ( )rφ . 

It is important to note that the kinetic factor 2Δr−  makes this equation a wave 
equation that propagate. 

Defining the Planck constant as: 341.054571 s10 J−= × ⋅  and 2h = π× , a 
neutrino has a velocity close to the light velocity c, thus it is possible and reason-
able to write 0V = . 

If one considers a photon, the energy is E pc hν ω= = =  . ν  is the frequency 
of the photon. 

In a 1D approach, it is possible to write: 

 ( ) ( )
2

2
x E x

M
φ φ′′− =

  (6) 

 ( ) ( )
2

2

2
x Mc x

M
φ φ′′− =

  (7) 

 ( ) ( )2
2Mx E xφ φ′′ = −


 (8) 

Equation (8) is the expression of a wave equation, with very simple trigonomet-
ric solutions. E is positive and restricted to the kinetic energy of the neutrino. 

If the neutrino has a small mass, inferior to 
2

20.8 e
c

, this mass is accepted for 

the eν , [2] the electronic neutrino: mass of the neutrino  
361.425976 10 kg

e
mν

−= × .  

Dealing with relativity, the energy has to be changed according to the famous 
Albert Einstein formula: 

2E Mc=  or 2Mcγ × , where 
2

1
1

γ
β

=
−

 is the Lorentz factor and v
c

β = . 

This relation requires 1γ =  that is 0v = , thus 0M M=  is the rest mass. The 
impulse p is: p M vγ= ×  combining these relations. The relativistic energy fol-
lows from: [3] 

The theory shows that in a frame where the velocity of the particle is v, the 
energy E and the impulse p M v= ×  are given by:  

( )2 2 2 2  1E Mc Mc v cγ= ≡ − , ( )2 21p Mv Mv v cγ= ≡ − . 

Finally: 
2 2 2 2 4    .E p c M c− =  

Assuming a small but real mass M for the neutrino, it is correct to write: 

 2 2 2 2 4E p c M c= +  (9) 
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 2 2 2 4E p c M c= ± +  (10) 

Retaining the positive root that is: 2 2 2 4E p c M c= + . 

2. Obtaining the Kinetic Term E 

Setting 2E M c= ×  the solution of Equation (5) is: with a 1D approach Equation 
(8) admits the simple solution:  

 ( ) ( )2
2Mx E xφ φ′′ = −


 (11) 

 ( )
2 2

2 2sin 2 M cx c xφ
 

=  
 
 

 (12) 

Numerically: 

 ( ) ( )42
2 sin 2.84278 10x c Mxφ = ×  (13) 

2c  is an integration constant taken as 2 1c = . It is possible to define a mass M so 

that this mass M in this equation is written as: M
c x

=
×
 . 

It has a correct dimension of a mass x being a length, taking 2
2

x π
= , quantity 

that is a length; thus, the dimension of M is correct. Numerically  
423.518 10 kgM −= ×  gives a simple argument in the ( )xφ  and this is compati-

ble with an accepted neutrino mass, leaving aside the three different neutrino 
masses. Because of the smallness of the neutrino mass, [2] it is possible to write as 
a first-order development:  

 
2 4 2 4

2 2 2 21 1
2

M c M cE pc pc
p c p c

 
= × + ≈ × + 

 
 (14) 

The quantity hcpc hν
λ

= =  is the energy of a photon, or a neutrino with no 

mass. 

Setting 2E M c= ×  the mass M in this equation to M
c x

=
×
 . It has a correct 

dimension of a mass x being a length, taking 2
2

x π
= , quantity that is a length; 

thus, the dimension of M is correct. Numerically 423.518 10 kgM −= ×  compati-
ble with an accepted neutrino mass, leaving aside the three different neutrino 

masses. [4] [5] The neutrino estimated mass is less than 2
0.8 eVm

cν =  giving a 

numerical estimate: 361.42685 kg10mν
−= × . It appears that the sin function is 

oscillatory as a photon wave function (not normalizable). 

Because the neutrino estimated mass is very small, 2
0.8 eVm

cν ≤  choosing the 

development at first order in Equation (14). 

That can be written 
2 4

Δ
2

M cE
hν

= . 
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Replacing 2M  by the value 
2

2
2 2M

c x
=

×
 .  

 
2 4 2 4

2 2 2 21 1
2

M c M cE pc pc
p c p c

 
= × + ≈ × + 

 
 (15) 

 
2 4

2
M cE pc

pc
= +  (16) 

 
2 4

Δ
2

M cE
pc

=  (17) 

 
2

2 2M
c x

=
  (18) 

 
2 4

2 22
cE pc

c pc x
= +

×
  (19) 

 
2

22
cE pc

p x
= +

×
  (20) 

For a photon (massless particle) E pc hν= =  thus hp
c
ν

= . Thus, it proves 

that the neutrino (when considering its mass) differs from the photon by an 
amount of energy: 

 
2

2Δ
2

cE
p x

= +
×
  (21) 

Let’ s solve the correct equation easily obtained with Mathematica: 0E >  is 

the photon energy: cpc h hν
λ

= = . 

 
2 4

2
M cE pc

pc
= +  (22) 

The mass M is defined: M
c

=
 . 

Inserting the mass M in the energy equation 
2 4

2
M cE pc

pc
= +  gives numeri-

cally: 

 
60

8
2

1.66702 10 2.99792 10E p
p x

−×
= + ×

×
 (23) 

The solution to find with Mathematica is a little more complex: 

 M
c x

=
×
  (24) 

 
2

22
cE pc

p x
= +

×
  (25) 

 ( ) ( )x E xφ φ′′− = ×  (26) 

 ( ) ( )
2

22
cx pc x

p x
φ φ

 
′′− = + × × 

  (27) 
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1Using the relation 
25 2

81.34719 10 2.99792 10ME p
p
×

= + × , the Mathematica 

solution is: 

 ( )
8 2 25 22 2.99792 10 1.34719 10cos Px M xx

Px
φ

  × − ×=  
   

 (28) 

 
8 2 25 22 2.99792 10 1.34719 10sin 1Px M xi

Px

 × − × + − 
    

 (29) 

 
25 2 8 21.34719 10 2.99792 10cos M Px x

Px

  × + ×  
   

 (30) 

 
25 2 8 21.34719 10 2.99792 10sin M Px xi

Px

 × + × −  
  

 (31) 

Finally, taking the real part of ( )xφ  the expression reduces to: 

 

( )
8 2 25 2

25 2 8 2

2 2.99792 10 1.34719 10cos 1

1.34719 10 2.99792 10cos

Px M xx
Px

M Px x
Px

φ
 × − ×

= − 
 
 

  × + ×  
    

 (32) 

or else: 

 

( )
25 2 8 2

8 2 25 2

1.34719 10 2.99792 10cos

2 2.99792 10 1.34719 10
cos 1

x M Pxx
Px

x Px M

Px

φ
 × + ×

=  
 
 

  × − ×   −      

 (33) 

To be closer to a full solution, it is possible to obtain the squared module of 
these functions: 

 

( )
25 2 8 2

2 2

2
8 2 25 2

8 2 25 2

25 2 8 2

1.34719 10 2.99792 10cos

2 2.99792 10 1.34719 10
cos 1

2 2.9979 10 1.34719 10
sin

1.34719 10 2.9979 10sin

M Px xx
Px

x Px M

Px

x Px M

Px

M Px x
Px

φ
 × + ×
 =
 
 

  × − ×   −      
  × − ×  +     

 × + ×
 −

 

2





 (34) 

 

 

1Here, the light velocity is fixed 8 12.99792 10 m sc −= × ⋅ . 
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Using the relation 
2

22
cE pc

p x
×

= +
×

 , 

 
25 2

81.34719 10 2.99792 10ME p
p
×

= + ×  (35) 

leads to another solution is: 

 

60

60

6.6681038 10( ) ( [ (17314.5 ]
2

6.6681038 10[ (17314.5 ]
2

x x BesselJ Pxx
Px

BesselY Pxx
Px

φ
−

−

×
=

×
+

 (36) 

The relation 2 2 2 4E p c M c= − +  holds with the negative sign and gives an-
other solution for ( )xφ  expressed as an exponential. Changing the sign of the 
energy, that is: 

 ( ) ( )x E xφ φ′′− = − ×  (37) 

 ( ) ( )
2 2

2
2 0M cx xφ φ′′ − =


 (38) 

leads to other solutions: That is with M, Px, x variables: 

 ( )
25 2 8 2 25 2 8 21.3471910 2.9979210 1.3471910 2.997910

e e
x M Px x M Px

Px Pxxφ
+ +

−
= −  (39) 

 ( )
25 2 8 21.34719 10 2.9979 102sinh x M Pxx

Px
φ

 × + ×
=  

 
 

 (40) 

That can be shown with several Plot3D functions with Mathematica:2 

3. Conclusions 

The main idea in this article is to change the kinetic term that makes the Schrö-
dinger equation: 

 ( ) ( )
2

2Δ
2 r r E r

M
φ φ− =

  (41) 

It is possible to change the factor 
2

2Δ
2 rM

−
 , that is 

2

2
M =

 , then the wave 

equation is simpler: 

 ( ) ( )2Δr r E rφ φ− =  (42) 

In a 1D approach, it reduces to: 

 ( ) ( )
2

2
d
d

x E x
x
φ φ− =  (43) 

 ( ) ( )x E xφ φ′′− =  (44) 

The wave solution is simpler. With such small mass 
2

680.55 10 kg
2

M −= = ×
 , 

it can concern neutrinos with their maximal estimated mass:  

 

 

2The integration constant is fixed to 1 1c = . 
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36
2

eV0.8 1.42598 10 kgM
cν

−= = × . 

 

 
Figure 1. E = simple oscillating 3D plot (Mass, x) with a 

260 4.48 10 kgM −≤ ≤ ×  and 0 4x≤ ≤ π  as a variable. 

 

 

Figure 2. 
4 20.5

2
c ME pc
pc

+=  ( 230 4.48 10 kgM −≤ ≤ × ) pc is 

the photon energy. 

 

 
Figure 3. Simple oscillating solution free wave function for 
photon (M = 0) and neutrinos with a small neutrino fixed mass 

262.84 10 kgM −= ×  with x as a variable. 
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Figure 4. Exponential solution  

( )
8 2 602.9979 10 1.6670 102sinh Px xx

Px
φ

− × + × =
 
 

 the varia-

ble 360 1.42598 10 kgPx −≤ ≤ ×  Px maximum value for the 
neutrino with 0 4x≤ ≤ π  as a variable. 

 

 

Figure 5. Solution ( ) 2
xφ  the mass M is fixed  

208.4 1 g0 kM −= ×  and 0 4x≤ ≤ π  with Px (impulse) ≤ 1.42598 
× 10−36 kg, for the neutrino with 0 4x≤ ≤ π  as a variable. 

 
Owing to the sign of the Einstein formula 2 2 2 4E p c M c= ± +  two solutions 

exist, one is a wave equation that is the usual wave function of a photon or a neu-
trino propagating in space-time. 

The second solution gives a new insight into neutrino theory. The complex 
wave function appears, a new phenomenon shown in this paper. 

That can be shown with several Plot3D functions with Mathematica. (See Fig-
ures 1-5) 
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