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Abstract

We study the dynamics of a two-electron atom interacting with a pulsed, el-
liptically polarized, ultrashort, excited coherent state. We use path integral
methods and integrate on the photonic part. We angularly decompose the
Coulomb interaction term of the two electrons and the interaction term of the
two electrons with the photonic field and solve the sign problem. We give re-
sults on the survival probability of the ground state of Helium.
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1. Introduction

The study of the interaction of radiation with matter is an area of major im-
portance in physics. The production of pulses of various durations and central
frequencies in laboratories has given a further boost to that study. These pulses
can be used in the study of various elementary processes, such as the excitation or
photoionization of atoms [1]-[4]. This is possible due to their short time length of
the order of a few femtoseconds or of a few hundred attoseconds. Sub-100-as
pulses have been generated as well [5]-[8]. Moreover, their photons’ energy may
belong in the ultraviolet or extreme ultraviolet, and therefore, just one or two pho-
tons may be enough to cause excitation or ionization.

In the present paper, we introduce a fully quantum mechanical field theoretical
treatment for the interaction of elliptically polarized ultrashort pulses with atoms
or molecules. We confront the photonic field from a quantum mechanical—path

integral point of view. The atoms or molecules under study can be considered
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either relativistically or non-relativistically, depending on their structure and the
parameters involved. Here, we considered a non-relativistic case. Relativistic sys-
tems will be considered elsewhere. More particularly, here we study the Helium
atom. So, proceeding, we restrict ourselves to the weak field limit and keep first-
order terms in a possible expansion over the field. We consider the transition be-
tween an initial excited coherent state and a final coherent one (we have consid-
ered other photonic states elsewhere [9] [10]). We integrate over the photonic
field and angularly decompose both the Coulomb two-electron interaction and
the electrons-photonic field interaction terms. With that technique, we circum-
vent the use of the spectral representation of the helium atom propagator we
would use in a possible perturbative expansion. We use the propagator that ap-
pears in its sign solved propagator (SSP) form [11] [12]. As an application, we
study the survival probability of the ground state of Helium. After the photonic
transition, the atomic system may have a wide range of states. So, the survival
probability is smaller than one and decays in an exponential way with possible
temporary trappings and changes of channels (for a more extended discussion,
see at the end of Section 4).

The present paper proceeds as follows. In Section 2, we describe the present
system and integrate over its photonic part. Then, in Section 3, we give the angular
decomposition of the propagator in the case of elliptic polarization. In Section 4,
we give our results, and in 5, we present our conclusions. In Appendix A, we study
the path integral of Helium and give its angular decomposition. In Appendices B
and C, we give certain necessary integrals, and in Appendix D, we give a notational

list of the variables used.

2. System Hamiltonian and Path Integration

In the present paper, we consider a two-electron atom initially in its ground state
under the action of an ultrashort, pulsed, excited coherent state. Therefore, the
system Hamiltonian H can be decomposed into a sum of three terms. The two
electrons atom one H,,, , the photonic field one H; and an interaction term

H, of the photonic field with the two electrons
H=H,+H,+H, (1)

H,. hasthe form

e

Moz zZ, 1 2
Hue (P P11, = >t s ] |r2|+|r1—r2| (2)

where Z isthe atomic number. r, and r, are the position vectors of the two
electrons with respect to the nucleus. The photonic field has Hamiltonian
H, =wa’a (3)

while the interaction term H, in the Power-Zienau-Woolley formalism takes

the form

H, =—er-E,(r,7)—er,-E,(r,,7) (4)
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E; (r,r) is the field operator of the photonic pulse given by the expression

1. S I S T
Ef(r,z'):Wll(a))go(r)[eae'kphr—8 are’ " | 5)
¢(r) isthe pulse’s envelope function. In expression (5), | (a)) =+2n® isareal
frequency function, & is the polarization, ® is the pulse’s carrier frequency,
K,, is the radiation wave vector and V is a large volume. Then H, has the

form
H, =g(‘r)a+g*(1)a+ (6)
We have set

a(r)= —%iel (w)gg(r)(g ) rl(r)eikph.rl(r) iée, (T)eikph-rz(r)) @)

The propagator has the following diagonal form after the integration over the

photonic field

K(a*'rlf’rzf it ;a’rli’rzi'ti)

=|{Dr(r Dp, (7) r,(r Dp, ()
[1or () T Don 1) 225

<exp itjdr[pl(r)-r'l(r)+ 02 ()1, ()~ Hu (P P11,

(8)

+ Aty ) -B(t, -t )|af + Dy (t, .t Ja+ D(t, ,ti)a*}

The parameters are given as

T

t
At t)= _V1e2|2 (o) [de [dpp(r)(& 1 (e)e" ™ 4 oy, ()"

o

—ikph-n(p)+iop Lgt ) —ikph-rz(p)+iwp)

xp(p)( n(p)e & -n(p)e

€

B(t, —ti)=1—e’i”’(“’t‘) (10)

D(tf ,ti ) :%el ((0) J' dZ'((O(T)(g* . rl(z_)e—ikph«rl(r)+iwr L5 r, (T)e—ikph-rz(r)+i(ur )e—iwtf

(11)

D, (t.t)= _WEI (o) | dfgo(r)(é r (z)ehe T g (7)ol )e‘”"i

(12)
In the present paper, we suppose that we have a field transition between an

initial photonic state |(1>1> and a final one |(I>2> . Then, the reduced propagator

takes the form
dza MZ

K(ty ,tf;rli,rZi,ti):jTe (@, ) K (e g 0y s, Tyt )| @) (13)
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Now we assume that the states JCD " } correspond to excited coherent states.
Then, they have the following repr seki t

‘q){lz}> =25, %ﬂfﬁ} (14)

To proceed, we define the functions

ion

(15)

and we integrate over the field variable « . So, after standard manipulations, we
obtain the following reduced propagator for the dynamics of the two electrons
K(rlf NPT T AT ) = C(tf -t )Tflfz»« (rlf Dt r2i’ti)

ot -4)foxie) 22 on ) 2eh1[ L2 g

[ﬁm())]{[n

ey

Now, we proceed to the study of the contribution of the C(t) factor in Equa-

(17)

tion (16). At first, we consider the exponential. We expand the function e*,

Xe (0,1) into a Fourier series where Z#0 isa complex number. The result is

Xz 2mimx
¢ Iy & (18)
ef -1 z Sbz-2=mim

So, on letting X — 0" and setting Z=iot we get

1 1 1 g1 & 20t
B(t) 1_e—l(ut 1_ela)t I[a)t+r;[(a)t)2—(27[m)2}

_1—1|cot[wt]
2 2

Then the measure of the exponential in Equation (17) is

ex p{_——|ﬂ| __| |J —exp(—|ﬂ—y|2+Im(ﬂy*)cot(%t)j (20)

So,if B =y the measure of the exponential becomes one.

(19)

Moreover, after a direct and an inverse Fourier transform, we get the identity

(9]
Alt) _ A(t)FJrE i 5(2—2714)} (21)
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2m
At the times, r the propagator gets zero values. So if S =y, the C(t)
@

1
factor in Equation (16) contributes a E factor.

The action in Equation (16) is

Stot [ OF pzarlnrzaf]

= j[pl(r)’f1(7)+ P, (7) f(7) = Hye (1, pz1r1:rz)}d7

+ I%d Jdr[ﬂ;{ ( ( )eikph'rl(f) 18- r, (r)eikph‘rz(r))
* % —~% —ik h‘rl( ) —~% —ik h‘fz(f)
T I

+\% Idrso fldpso p)é(z=p)

x(é* r(r)e Toon () | ge rz(r)e"k"““(f))

x(8 5, (p)e" 8 5, (p)et )

The function )((T) has the form

//{(T) = KO(T) —iat; —iwt¢ (23)
e '—e¢
And the function & (T - p) is
t -t
Cos[a)(r -p)- w<f2')J
S(r-p)= (24)
( ) . [ w<tf =t )]
SIN| ————
2
Now we observe that in the absence of the Helium potentials
1 .
L(p)=r(z +O(—j i=12 (25)
()= 1(1)+0[ -

When the potentials are present, we have to expand perturbatively over the po-
tentials, apply that approximation and then sum back. Therefore, Equation (22)

takes the form

Stot[pll CYLTIPI ]

—J[Fh (7)+ P, (7)1, () = Hue (P, Ppo 1Ty ) Jd T

- i%el(a)) [de| Br(r)(a-n(r)e sz () ) 2e)
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where

Eventually we obtain

Tflfz* (rlf 1Tyt ’tf;rli’rzi’ti)

:”Drl(T)D (13-) Dr,(7) Op. () f [ L )7*+D0(tf'ti)] (28)

P,
(2n) (2n)’ " B(t, -,

. 1 . .
x f; [mﬁ+ D; (t; )Jexp{lstm[pl, 0,017 ]}
where
D, (tf 4 ) = —%el (») J' dry(7)e ~(r1 (r)eikp“'rl(r) +, (r)eik""'rZ(r)) (29)

and the action has the form (26). In the case of more than two electrons, we obtain
a similar expression. Finally, in the long wavelength approximation, we can set

ko ikpn- . .
""" =" =1, Then we get the following expressions

Stot[pl! pz,rl,rz,r]
= j[pl(f)'fl(f)+ P, (7) ()= Hy (P11, ) Jd7

ALl (o) Joel ()7 (s 56 77 ()2 () ()]

G

+V£e2|2 (a)):f drv(r)|§'(r1(7) +h (T))r

tf

Dy 1, ,ti):_%el(a))tjdq(r)g.(rl(f)+ (7)) (31)

As an application in Section 4, we study the survival probability of the ground

state of Helium in the case of an initial excited coherent state of the form
1
—Za* |ﬂ> and a final coherent state |,B> .
JL+|A|
Now, we proceed to the angular decomposition of the above expressions.

3. Angular Decomposition of the Photonic Part

We intend to perform angular decomposition and evaluate the SSP corresponding
to the propagator (28) in the long wavelength approximation.

In the present paper, we consider elliptic polarization so that the polarization

£=¢&, cos(gji iéysin(gJ (32)

vector takes the form
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where &, and &, are the unit vectors along the x-axis and y-axis. The upper
sign corresponds to left elliptic polarization, while the lower one is to the right
one. Here, we consider the right elliptic polarization. Moreover, we direct the
wavevector along the z-axis.

The propagator Tfffz* (I‘1f B U P P ,ti) of Equation (28) with the above po-

larization vector has the discrete form

Tfff; (bt ot
A o g 0 1 25

1 2t \H
f * / I, +r,
X l[B(tf—t) ‘E‘Z/}fn (1n 2n)]

1 2new \H
fr et (r, +r 33
X Z{B(tf _t) gzl (ln Zn)] ( )
_N+1
XexF’{'Z[ Prn '(r1n - r1n-1)+ Pzn '(an - r2n—1)_‘9HHe
n=1

- 2 —~ * * ~%k
+I\’ ng[ﬂlng-(l’ln+r2n)+;/ Xn€ '(r1n+r2n)]
2 ~ ~ ~ ~%
+$evn (|g . r1n|2 +é- r2n|2 +(g A +c.c.))}}

All the functions with index n are evaluated at time 7, =ng+t, where

= t[ij :_t]'. . %, and v, are related to the functions defined in Equations (23),
(27) as
2 =2(7,) (34)
and
v, =v(7,) (35)

Additionally, we notice that we have set r,=r, and Iy, =1r;.

Now, we insert delta functions in (33) to get

$
Tflf; (rlf optes 1|’r2|'ti>

- o ] 1 o i 2 i e
xfj[(s@(wm - ]ﬁﬁ dZWZn}ﬁ[é'(z)(WZn ~5n,))

n=l| —»
1 2nw &
f *—,/ W, +W.
x 1[8(':f _ti)y V 3;%( 1n Zn)J

. 1 2 N+1 .
<t sy s )
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N+1
Xexp{iZ[pln '(rln _rln—1)+ Pzn '(r2n _an—l)_gHHe
n=1

+i\/2\7_w3[ﬂln(wm W )+ 7 20 (W, + W, )} (36)
o (e e (VRS c.c.))]}

We have defined 5 (z)= 5(2)5(2*) . Moreover W, =W, +iw,, . Here and
below j=12.

21
+
V

1
In Appendix A, we give the angular decomposition of the ﬁ term
fin = Ion

appearing in the Helium Hamiltonian. In fact, there, we give the angular decom-
position of the path integral of the 3D Helium atom. That approach is an alterna-
tive way to introduce the possible correlations in atoms or molecules compared,
for instance, with the hyperspherical coordinates methods [13].

The delta functions in Equation (36) have the representation

5(2) (an —c- rjn)

l 1 1 o~ 1 * o~k
:(271)2 I Id A EXD[IE ﬂ,nwm+/1mwm) 2,1jng.rjn_5/1jng 'rjn:|

: 5 (37)
= (271:)2 :[O:[Odzl eXp|:|ﬂxJan1n - y]n Wyin M, COS[ ZJ £ Ty,

+il, sm(§ }
yjn 2

We have set 4;, =4, +id;, . Now, we perform the change of variables

Ay Ao
Ay = ——— 5 Ay > —2—, wxjnecosﬂéijjn, wyjnasin(gjwyjn.The

v cos(‘fj’ y]n sin(gj 2
2 2

factor due to the integration over 4, is canceled with the factor due to the inte-

gration on W, . Further, we expand angularly according to the identity

) o |
e =4my i (|&]r) Vi (9.0, )Yin (9.0) (38)

1=0 m=-I

where j, are spherical Bessel functions, and Y,, are spherical harmonics. So,

for right elliptic polarization, we get

5wy, — -1, ) = ZF (Wi, 100 950,030 (39)

where
Ty, (Wi 80, 0) = lz g,nmm( VA, (900)  (40)

and
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0 mo %%
9|mmjn (W}n,i‘jn):(_i)hn ( j:_c)] :.' ‘[dZﬂ exp[lﬂxJn x;n_ an yjn:| an)
% j'in(

n rjn )exp<_imjn(oﬁjn )

o = (| o, )
. (42)
- (21, )('m m,) 2
(|JHJr m)l L —l,-my, +1
2
We notice that if 1;, +m;, is odd then O,jnmjn is zero. Moreover, |/1jn s Piin
are the polar coordinates of 4;, on the x-y plane. We have set
Wy, = W, cos( j [, |cos( @, )cos(gj (43)
W, = W, Sin |w sm( )sm (1 (44)
yin jn ¢)an 2
and
Wi, =Wy, +IW, = |w}n e (45)
On integrating over ¢,;, we get
gljnmjn( n’rln)
(46)

!

O ©
— (i) énﬁjn exp(lm,n(cow,n D!dm Piy b, (pljnr,-n)ijn (m,.n W,-n)

and ijn are Bessel functions. In Appendix C, we give results for the

expression (46).

Finally, we replace the delta functions in Equation (36) with the above angularly
decomposed expressions. As N — o and within the range from n=0 to N,
we keep first-order angular terms. Only a finite number of terms have non-zero
|, otherwise, the angular parts of non-zero order terms would contribute infini-
ties. For a specific transition within the present system, let I, and |,,, be the
leading |, and |,, respectively, with non-zero contribution to the final result.
Further, we let those factors correspond to the M, values h,;,h,,...,h, of In
and the M, values hy Ny, of 2n. Moreover, we set h, =10,
hyy=20,and hy, ,, =IN+1, h,, ,=2N+1.

Finally, the propagator has the expansion

(47)°

rlfr errZi

Il o h = Gi o b @ Di .
22 z 2 2 z z z Z Kiifﬁuzl;lzlunl}zluzgihf%fpﬂ(rlf’er’tf;rli’rz“ti)(47)

m=—1l=0my=—h t4j =0 p1j=—0hj lz=0 My=—I5 02 =0 ppi =—0lz;
iIYllml (‘glf 1 Prs )Ylm (‘91f ' Prs )lem2 ('ng 1 Dot )Y (’92f 1 Dot )

Xqufplf (19” 1Py ) i Pri (lgll‘(pll) A2t P2t (BZT 1Pt )YQZipzi ('92i’(p2i)

¢ .
Tflfz» (rlf e 'rli'rzi’ti)

M

X

N
o

X
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On taking into account the transformations below Equation (37),

£y 3 1hmylomy ( )
qui Prizi P2i G Prfd2f P2t LT PP has the form

&y f2lhmylomy ( )
Chi P1i%i P2ith  Pud2 f P2t oGt it

1 11, 1l (00

j=1 j=1

M+l © jhj,
Vo om (00 2, Vo o, (O 02,
Z Z 9jnj, Pinj, hiy (/)Jh 9jn, Pinjy hip-1 q)lhm 1

J
=) =2 jhip, Opjhm ~Ajhj,

o 115 o 53 T o ],

n=1 ‘WZn‘<r2n n=

N 1 2TC(() N+1
r A T f t - ’
Xlr;1[|: Lot (Wln n Y10 (01n):| 1[B(tf _ti)}/ v Séln (Wln +W2n)]

1 N+1

xlj[l“lm ((W;n,an,BZn,goZn))] f) [ B(tf " ) angz ;{n( +W2n)]

N+1

x€XPIY [ Po (B =T 1)+ Pon (o = o s ) — €| HiE + H2 +

nzﬂ:[ 1 (l 1 l) 2 (z 2 1) 2 m\/ﬁ
1 ,2 * ok * *

+1 \T;a)g[ﬂ;{n(wln-i_WZn)-i_y ln (W1n+W2n):|

2nw 2 2 * "
+ Tgvn (|W1n | + |W2n | W W, + W, W, ):|}

N+l N
x H IJ. d WZn le[ foan (un ):I 1:IOZNJr1 (UN+1) g|1N+1mlN+1 (W1’N+1’ r].N+1) gIZNHmZNﬁ (W£N+1' r2N+1)

Q s the solid angle and the f;", f” functions are given by Equations (A9-

All). In Equation (48), after the angular integrations, we drop the factors

Y, 9. -
9jnjna ; +1 Pl j 41 Ithj+1’¢thMj+1

final factors Y

aj oy (ij \Pir ) j=12 and correspond to the indices

Oys Prs Uy Po¢ in Equations (47), (48).
The Hamiltonians
p2, gj(a;+1) 7z

qj :
er{ :TJJFT__ 1=12

jn jn

j=1,2 that remain there. In fact, those are the

correspond to one-electron atoms ones. q]-‘ may be n dependent. Due to the

Coulomb degeneracy, they do not appear in Equation (48) after the solution of

the sign problem. We notice that to evaluate the integrals in Equation (48), we

have to take into account the expressions (43-45).

Further, we observe that
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1 Tonf1] 7 [ 11) 0 e 110 @m0

—ay = ‘Wl'n‘<r1n n=1 ‘Wén‘<r2n

N - N - 2 * * * *
X H[goo (Wén ' r.2n )]exp{l‘92|:|\’$ [ﬁln (Wln + W2n ) + 7 ;{n (Wln + WZn ):|
n=1 n=1
2 2 * *
+Tvn |W1n| +|W2n| + Wy, Wy, +W2nW1n:|_

(50)
o
- exp{itj d{ 2;\5/@ v(z)(r2 (r)+17 (7)) - r zr)}}

In fact, we take as common factors from Equation (48) the integrals on the left-

2w [

hand side of Equation (50) and let N — . In the remaining expression, the in-
finitesimal parameter ¢ isinterpreted as a one form, and we integrate it on time.

So, for example, if f, = f, =1 we obtain the expression

&llymylm, ( . )
Kamapamazp, (e e Lo B Foio

=F nim (i hor )1 a Dr, ( DQ‘ )
i | e ot

(51)
xDr, (7)——— pZ( )eXp{ jdf[pﬂ‘l"‘pzrz (T)_HSZ(T)]
ty
. 2 1
where
lfl1mllzm2 (rlf ' rzt )
H dw; H dws, Gm, (Wl’f T )glzmz (W;f ey )
o ¢ < |ws ¢ [<rz
[2ror . o - (52)
X EXP{_ %w[ﬂﬂf(tf )(Wlf + Wos )+ v (tf )(Wlf + Wos )J
2nw -
2, Y o o o
The 1, functionsin Equation (51) are given in Appendix B. For the evaluation
of the F mi,m, functions, we use the expressions in Appendix C. We have set
t
(t)=]x(p)dp (53)
5
t
ﬁ(t)zjv(p)dp (54)
G

If fl(a*): 1+1|ﬂ|2 at, f2<a*)=1,and L=y weget
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K (Reoby tiki 1 0)

i PriG2i P2ifyf PLf A2 P2 £

1

FI1n11I2m2 feo D ) s Drl
et o0
L1 2nw b ()
x{ﬁ B 0w GO —\/;mfp“ [(Yer, o E[dr 'Eoooo(rf(f)-rz(f)) (55)
X4n{z|-|#1m100( ( ) Z(T))Y|#1”‘1YOO+mZLSO|#2mz(rl(r)’rZ(T))Y00Y|#2m2]Y“dlpl|>YCIz.Pz.>}
2(7) 2 (7)) = —
(O (2) 42 (5) r@}}

1 Dr, (T) Dp, (T)

-
X exp ijdr[plfl + Pt —HE (7)- HE (T)J-i—ij'd‘{znw
0 3V

0

where
lfoooo(rl(r)'rZ(T))
= ” d2W1, J:[ dzwégoo(Wl'lrl(r))gOO(Wé’rZ(T))

Iwi[<r(7) ws|<rz(7)

« exp{_\/z\’;z[ﬂ;z(r)(wl w,)+ 87 () (W +w) )]

2T . 2 2 N .
+ ITV(T)DW1| + W[+ W+ wyw ]}

(56)

and

Lfm.#zmz(rl( ).%(7))

= [ dw ] dz""zglmml W, (7)) 9y, m, (W, ()W,

[wi|<r(7) \w2\<r2

y exp{_\/z\jz[ﬁj(r)(wl +W,)+ B 7 (r)(Wf + WZ)]

21w 2 2 * .
HTV(T)DWl' +|w, | +W1W2+W2W1:|}

(57)

with j=1,2.
We recall that if o is the pulse duration then ;((T) has the form (cf. Equa-

tion (23))

2(7)=p () 8)

We can expand the above expressions in powers of volume. We give such results

in the next section.

4. Application and Results

As an application in the present paper, we study a Helium atom initially prepared
in its singlet ground state. According to standard methods [14], it has the follow-
ing multiconfigurational Hartree-Fock (MCHF) wavefunction

v, (1,.1,) =0.995965(1s* ) - 0.06229( 25 ) - 0.007349(35° )

+0.010282(2p? ) +0.062454(3p? ) - 0.012099(3d) (59)
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(15) , (25) , (38) , (2 p) , (3 p) and (Bd) are supposed to be appropriate or-
bitals with Z =2 . We derive them variationally and insert them in the various
configurations on which we expand to obtain the multiconfigurational wavefunc-
tion (59). The energy corresponding to the wavefunction (59) is E, =-2.901840
a.u, while the accurate value of the energy of the state Hels® 'S is —2.903724 a.u.

In general, there is a variety of methods and techniques to derive expressions
similar to the present one and their corresponding energies. They include hy-
perspherical coordinates methods [13], variational Monte Carlo methods [15],
and density functional theories [16].

The survival amplitude of the state  (I,1,) is
1 *
:Ejj.ﬂdrlfdrzfdrlidrzi (‘//g (rlf ey )) Té,; (rlf e Gl Ty 'O)l//g (1 T5i) (60)

Here, we have taken into account Equation (16) and the conclusion below
Equation (21).
For the photonic part we suppose that we measure a final coherent photonic

state so that |<D2> = |ﬁ> ,and f, (a*) =1, and that we prepare it in an excited co-
1 .

1
—2a+|/5'>.So fila” =—a
Vel -

We solve the sign problem and apply the sign solved propagator theorem.

herent state of the form

Therefore, we replace the Hamiltonians defined in Equation (49) with certain ex-
pectation values. Those expectation values do not depend onthe ¢, and ¢, pa-
rameters due to the Coulomb degeneracy and so the whole phase oM M2t i can-
celed in the survival probability |A(t)|2. Therefore, we drop it and the survival
amplitude takes the form

1
N:RY§
SHIDIDEIDIDID DI J1 e, i, o e, ——

1=0 m=—1 =0 my =—h 6 =0 pyj =—chi I =0 My=—15 02 =0 p2j=—0; M il B
Sllymylomy
(‘/’g ( 162 fas )) anmiqzipzaqlfquzfpzf ( TR rln’rzwo)
il
XYy (31f 1 Prs )Ylm ('91f 1 Pr )lem2 (‘92f 1Pzt )Y (‘92f 1Pt )

><Yq1f PLt (Lglf %K )Yq;pli (‘91i1¢’1i )Yqu Do (92f 1Dot )Yq;pﬁ (‘gzlv‘ﬂz. )'//g ( 1|’r2i)
(61)

A(t) =8n?

&llymylpmy

G Py bt PLs T g Pa (I‘1f N P ,t;rli,rZi,O) is given by Equation (55). In its sign

solved propagator form [11], it becomes

&llmylm, ( )
KQlipliQZiPZiqlfplfQprzf AR TR At 0

t

:5("1f _rli)5(rzf _r2i>lfllnhlzmz(|1f’r2f)|| W'af

x (ﬂ* B(O’) 5Q1fQ1i5q2fq2i5p1f Pri 5P2f P2i
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N 2\7;_a)72(t)<quf PLt KYqu P2

g(rlf +r2f )|thip1i>|YQZiP2i >]
xexp{izé\t/—wﬁ(t)(rlzf +r5 )_ié}

We can extract the results

SNITAE 1+2’“" (2 +12 ( | (t) +cos§Re[(,B;2(t))2]) 63)
lfnoo(rlf,rzf):J% [cos(§+2jﬂ;{ t)+sm(§ Zj[)’*;}*(t)} (64)
Frso (R B )= \/%r“ [sm(% %) +cos(§+%)ﬁ*f(t)} (65)
ﬁOOll(rlf,rzf)zJ%rzf|:COS(2+ZJ,B;((t +sm(§ Zjﬂ*;}*(t)} (66)
B (Bt )= _Jéf\‘/zr“ [m[%%) ﬂ;}(t)+cos(§+%) o (t)} (67)

- 2T E om L (E W ks ’
Fllll(rlf’er) rlfer 0s 2+4 )+sin E"’Z B 7 (1) (68)

(62)

2

'fl—ll—l(rlf 1 ) rlf Fo¢ [ n(Z +%jﬂ7? +COS(§+%jﬂ*f* (t)j (69)
Fip 1('1f ey ) R 111(r1f ey )

zzgz_wqfrzf(cos(é ]ﬂg()+sin(§+%)ﬁ*f(t)} (70)

[sm(é ]ﬂ;{( )+cos(§+%)ﬂ*;}* (t)]

Here we consider the case of a pulse of duration o with envelop function of
the form

. T
smz(—j 0<r<o

o (71)

0 otherwise

In order to derive A(t), firstly, we evaluate analytically the integrals (53) (54)
using Equation (58) and Equations (24) and (27), respectively. Then, we compute
the angular parts in Equation (61), taking into account the one-hand expression
(59) and, on the other, using the values |,1,,l, =0,1,2 in the calculations. Finally,
due to the delta functions in Equation (62), we obtain a double radial integral,
which we evaluate numerically for each time value t. So eventually, we derive
and give in Figure 1 the plot of |A(t)|2 as a function of t for various values of
o . We observe that the survival probability of the ground state of the atomic
system as a function of time is smaller than one and decays. Moreover, we observe

that the larger the interaction time before the measurement of the photonic
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Figure 1. Survival probability of the ground state of Helium as a function of the interaction time. We give curves corresponding to

pulse durations (a) o =150 as and(b) c=2fs. Weuse ®=0.855a.u., =14, V=10" and Z=2.

field state, the larger the probability of transfer of the atom to another state and
the smaller the survival probability of the ground state. In fact, according to the
results, survival probability decays in an exponential way, and in certain time in-
tervals, we observe temporary trapping or possible change of channels, which
cause the modification of the slope of the curve in Figure 1(b).

Further, as we can check from Equations (61)-(70), the zeroth order terms of
the survival probability with respect to the volume are independent of the polari-
zation parameter ¢&. So, in Figure 2, the survival probability of the ground state
of Helium at various times seems to be independent of & as, in fact, the pertur-
bative parameter we use in the present approach is the inverse volume. For in-
stance, this may not be the case in studies of possible transitions via scattering

theories. We intend to study such points in subsequent papers.

5. Conclusions

In the present paper, we develop path integral methods in the study of the inter-
action of exited coherent states with two-electron atoms. We integrate over the
photonic field and angularly decomposed both the interacting part of the electrons
with the field and the propagator of the two-electron atom. We use them in their
sign solved propagator representation. Via that approach, we circumvent the in-
troduction and, therefore, the summation over the intermediate atomic eigenstates
and eigenenergies appearing in the spectral representation of the Helium propaga-
tor, and therefore, we bypass numerical problems relevant to that summation.

We apply the whole method in the evaluation of the survival probability of the
ground state of the Helium for a certain photonic transition. In fact, we suppose
that we prepare the photonic system in an excited coherent state and measure a

final coherent one. Then at the time of the final measurement the atomic system
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Figure 2. Survival probability of the ground state of Helium as a func-
tion of the polarization parameter &£ at several times. We consider the

case of pulse duration 0 =2T15. Weuse w=0.855a.u., g=14,
V=10" and Z=2.

is expected to be in a range of final states. So, as we should expect, the probability
that the atom remains in its initial ground state is smaller than one, and it decays
in an exponential way.

To conclude, the present method is a combination of three techniques. The co-
herent state path integration of photonic systems, the angular decomposition of
the path integrals of multidimensional systems, the solution of the sign problem,
and the extraction of the relevant sign solved propagator. The whole approach is
tractable and can be used in many problems involving the quantum mechanics of

two-electron atoms interacting with radiation.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this paper.

References

[1] Pazourek, R, Feist, J., Nagele, S., Persson, E., Schneider, B.I., Collins, L.A., et al
(2011) Universal Features in Sequential and Nonsequential Two-Photon Double Ion-
ization of Helium. Physical Review A, 83, Article ID: 053418.
https://doi.org/10.1103/physreva.83.053418

[2] Bertolino, M., Busto, D., Zapata, F. and Dahlstrém, .M. (2020) Propensity Rules and
Interference Effects in Laser-Assisted Photoionization of Helium and Neon. Journal
of Physics B: Atomic, Molecular and Optical Physics, 53, Article ID: 144002.
https://doi.org/10.1088/1361-6455/ab84c4

[3] Foumouo, E., Kamta, G.L., Edah, G. and Piraux, B. (2006) Theory of Multiphoton
Single and Double Ionization of Two-Electron Atomic Systems Driven by Short-
Wavelength Electric Fields: An ab Initio Treatment. Physical Review A, 74, Article
ID: 063409. https://doi.org/10.1103/physreva.74.063409

DOI: 10.4236/jamp.2024.1211219

3670 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211219
https://doi.org/10.1103/physreva.83.053418
https://doi.org/10.1088/1361-6455/ab84c4
https://doi.org/10.1103/physreva.74.063409

E. G. Thrapsaniotis

(10]

(11]

(12]

(13]

[14]

(15]

(16]

(17]

Palacios, A., Horner, D.A., Rescigno, T.N. and McCurdy, C.W. (2010) Two-Photon
Double Ionization of the Helium Atom by Ultrashort Pulses. Journal of Physics B:
Atomic, Molecular and Optical Physics, 43, Article ID: 194003.
https://doi.org/10.1088/0953-4075/43/19/194003

Tang, S. and Chen, X. (2010) Generation of Isolated Sub-100-As Pulses with 30-Fs
Lasers. Physical Review A, 82, Article ID: 013827.
https://doi.org/10.1103/physreva.82.013827

Zou, P., Zeng, Z., Zheng, Y., Lu, Y., Liu, P., Li, R,, et al (2010) Coherent Control of
Broadband Isolated Attosecond Pulses in a Chirped Two-Color Laser Field. Physical
Review A, 81, Article ID: 033428. https://doi.org/10.1103/physreva.81.033428

Lan, P,, Lu, P,, Li, Q, Li, F., Hong, W. and Zhang, Q. (2009) Macroscopic Effects for
Quantum Control of Broadband Isolated Attosecond Pulse Generation with a Two-
Color Field. Physical Review A, 79, Article ID: 043413.
https://doi.org/10.1103/physreva.79.043413

Lan, P.F,, Lu, P.X,, Cao, W, Li, Y.H. and Wang, X.L. (2007) Pulse Generation via
Controlling Electron Dynamics. Physical Review A, 76, Article ID: 011402.

Thrapsaniotis, E.G. (2004) Path-Integral Approach of Ionization by Ultrashort Laser
Pulses. Physical Review A, 70, Article ID: 033410.
https://doi.org/10.1103/physreva.70.033410

Thrapsaniotis, E.G. (2011) Chapter 19. Path Integral Approach to the Interaction of
One Active Electron Atoms with Ultrashort Squeezed Pulses. In: George, T.F., Let-
fullin, R.R. and Zhang, G., Eds., Perspectives in Theoretical Physics, Nova Science
Publishers, 249-272.

Thrapsaniotis, E.G. (2008) Path Integral Methods via the Use of the Central Limit
Theorem and Application. Journal of Physics A: Mathematical and Theoretical, 41,
Article ID: 205202. https://doi.org/10.1088/1751-8113/41/20/205202

Thrapsaniotis, E.G. (2022) Angular Decomposition and Sign Solved Propagator of
the 2D and 3D Helium Atom Path Integrals. Journal of Applied Mathematics and
Physics, 10, 538-557. https://doi.org/10.4236/jamp.2022.102040

Klar, H. (2020) Dominant Correlation Effects in Two-Electron Atoms. Journal of Ap-
plied Mathematics and Physics, 8, 1424-1433.
https://doi.org/10.4236/jamp.2020.87108

Fischer, C.F., Brage, T. and Joensson, P. (1997) Computational Atomic Structure: An
MCHF Approach. Routledge.

Kharroube, K.A. (2021) Ground State, Isoelectronic Ions and Low-Lying Excited
States of Lithium Atom in Strong Magnetic Field. Open Journal of Microphysics, 11,
37-51. https://doi.org/10.4236/0jm.2021.113004

Alauddin, M. and Ripa, ].D. (2023) A TD-DFT Study for the Excited State Calcula-
tions of Microhydration of N-Acetyl-Phenylalaninylamide (NAPA). Computational
Chemistry, 11, 37-52. https://doi.org/10.4236/cc.2023.112003

Kleinert, H. (2004) Path Integrals in Quantum Mechanics, Statistics, Polymer Phys-
ics, and Financial Markets. 3rd Edition, World Scientific.
https://doi.org/10.1142/5057

DOI: 10.4236/jamp.2024.1211219

3671 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1211219
https://doi.org/10.1088/0953-4075/43/19/194003
https://doi.org/10.1103/physreva.82.013827
https://doi.org/10.1103/physreva.81.033428
https://doi.org/10.1103/physreva.79.043413
https://doi.org/10.1103/physreva.70.033410
https://doi.org/10.1088/1751-8113/41/20/205202
https://doi.org/10.4236/jamp.2022.102040
https://doi.org/10.4236/jamp.2020.87108
https://doi.org/10.4236/ojm.2021.113004
https://doi.org/10.4236/cc.2023.112003
https://doi.org/10.1142/5057

E. G. Thrapsaniotis

Appendix A: Angular Decomposition of the Helium Path
Integral

The Hamiltonian of the 3D Helium atom has the form

o Z Z 1
Hy, Py P 2 2 1 (A1)
F2 2 g ] In-n

where Z isthe atomic number. r, and r, are the position vectors of the two
electrons with respect to the nucleus.

The path integral of a Helium atom is given as

Kl(rlf’er q :rl..rzpti)

o] [ o T 2

n=1l _» n=l| —» n=1 n=1 ( )

N+1
XeXp{iZ{ Pi '(rln - rln—1)+ P2y '(r2n - an—l)

(A2)

n=1

(p_ 2 7 ;ﬂ
2 2 n| [na| [R =l

t, -t
where ¢= ~. We have set Iy =1,, Ly=l, hy,=h and Gy ,=0h;.
N +1
Now we observe that we can write
1 _ 1 B 1
_r | (2.2 T2, 2
|r1n r2”| \/rln +hn - 2r1n e \/rln +h, - 2r1n r,, COS ‘912n
_ 1
2, 2
\/rln + r.2n \/1_22&”5’1005 1912”
r1n + 2n
B 1 1 (A3)
2, 2 2
Jr e, 1-—= cosd,,
in + r2n
an r1n
1

- 2
\/rln \/1 a ln,an cos.912n

where

2
oz(rln,an):—r - <1 (A4)
By Ton

rZ n rln

and r, :|rn Therefore, the path integral expression (A2) becomes

r2n :|r2n| °

Kl(rlf Do 'tf;rli’rzi'ti)

- Liﬂlﬁ[ T dr,, l[f (dplns}lnjidrz“ijﬁ(%;s}

n=l _» —o0
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N+1
XeXp{iZ[ Pin '(rln - rln—1)+ Pan '(r2n - r2n—1)

n=1

(A5)

pln p n z z 1 1
—g| A+ et
22 n By \Ji2er? \/1— a (1,1, )OSy,
At this point, we insert in Equation (A5) delta functions to get the form

K (rlferf th 'r1|'r2|’ti)

= lim ﬁ T drlnﬁ[j (dpma]]ﬂ[ derz”ﬁﬁdpi}

3
=1 o n=l{ n=1 n=1 700(2TE)

N+1f = N+1
XH|:J.dun:|H|: n a(rln’an)Cosngn)] (A6)

n=1

—0

N+1
XeXp{iZ{ P '(rln - rln—1)+ Pay '(r2n - r2;171)

n=1

. F’_fn+h z
2 2 \lrln+r2n Vl U

Further, the delta functions in Equation (A6) have the representation

5(u, —a, c0s 9y, ) = o J‘dﬂ @ /ntn ginc €0 S12n

1 (A7)
— i2nUn
= (2I +1)i"R, (cos9,,) j;odﬂe J, (@,4,)
where «, = a(r,,1,,). We set the integrals appearing in Equation (A7) as
L [ dae™j (an)= £ (u) (A8)
2m
Then, after standard calculations, we obtain the results
1 .
— if lu<a
(e()={2a M (49
0 otherwise
and
iu .
-— ifju<a
f(u)=1 2a° M (A10)
0 otherwise
Moreover, the following recurrence relation is valid
I 2+1u
fou)=—1f%u)-i———1“ All
o) = s (o) -2 e ) (A1)

Therefore, we can perform the integrations in Equation (A7) according to the
expressions (A8-A11) and place the results in Equation (A6). Within the range
n=1 to N ,we keep leading terms with respect the | as the angular parts

of higher order terms contribute infinities as N — oo . Now expression (A6)
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becomes

Kl(rlf Dt .l'l,,I’Zi,ti)

_ ..mmdrmﬁ[ ; dpma}mdrznﬁﬁ d, ]

n=l _ n=1 _w( n=1l _ n=1 _w(2ﬂ)3

xﬁ{? dun:|ﬁ[|: n)][ i (21, +1)i" R (cosG,y,) fe (U Nﬂ)j (A12)

A1 n=1 In+1=0

N+1
XeXp{iZ;[ Pun(Bin = Tint) + Pan(Fon = Tona)

2 2
Z Z 1 1
—c pln + p2n e e
2 2 rln r2n rlﬁ +r22n Vl_un

We have set the range of integration over U, intheinterval from -, to «,,

otherwise, the functions f* (u) are zero (see Equations (A8-Al11)). Moreover,
in Equation (A12), we have kept the full series appearing in Equation (A7) in the
case of the N +1 factor as it involves the final coordinates.

Now, in Equation (A12), we perform certain standard manipulations [17], in-
cluding angular decomposition of the path integral and the use of the addition
theorem of spherical harmonics for the Legendre polynomial R | (cosd,y,) to

obtain the result

K (rlf e 'rl|'r2i’ti)

o

0 | © oil @© 2
T K Lot t
PRI PTAPY ; ; Z=: Zf:CMzZ;Opz;:th lqqu(r“ bt tl) (A13)
xi! Yo (19“ 1 Pr )Ylm (‘91f 1 Prs )Yquz (‘92f 1Pa ¢ )Y (lng 1Pa ¢ )

(lgll’q)ll) 9P (‘92i '¢2i)

The term KIqlqz (rlf B PPN P AN PN ) corresponds to the path integral

Klqmz (rlf hates rli’rzivti)
= lim ﬁTdrln U dp,, i|ﬂTdr2nﬁ|:j deH}
n=1o n=1 27 n=1 i)

pz (g +1) (A14)

N+1
Xexp{i2|:pln( 1n ~ P l)+ pZn( 2n _anl)_g[T+ . 2r2

n=1 1n
Z p g,(q,+1) 2z
_E"' 2 % EJ:I}H(ru’r12!"'lGN+1’r211r221"'1r2N+1)

We have set Iy =1, hy=r;, hy,=h; and I, = while the factor

F (M0 fiags Bpa Tpoe oo, Dyyy ) appearing above has the form

Fl(r11!r12-""r1N+11rzl’rzzv"'!rzml)

N+1| @n N N+1 1 (AIS)
= du, fo (uy) [ £, (uy.,)exp—ie

H{L }H[ 0 ( )J ( n+1) EXP ZIJT% \/7}
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Some of the integrals in Equation (A15) are given in Appendix B.

So,as N — oo the product becomes

imf 1

N+ t 1
exp '82 =exp| —i | dr——| (A16)
~On 20 :| l:\/rln-i_an Vl u :l {!. r>(T)
where r =max(r,r,) and r.=min(r,r,).
Now we combine Equations (A14-A16) to get (see Equation (B5) in Appendix

B as well)
Klodqz(rlf'rzf’tf;rlilrzilti)
t -t
S jDr | 2'01 Jor, [ 22 (AL7)
r“+r2f o Zo €T
tf tf 1
X exp ijdr[p1q+ p,f, —H, - Hz]—ijdr—
t ti >
We have set

H, =

2 (g, +1
&JF&JZ)_E j=12 (A18)
2 2r; r
The combination of Equations (A13, A17) gives the angular decomposition of
the path integral of the 3D Helium atom. Further, the sign solved propagator of

expression (A17) has the form
K, (rlf Nt ;rn'rzwti)
=5(n; — 1) (rys —rZi)exp[—i(Hl+ H,)(t, —t, )J (A19)
t; -t 1
| W,Qf exp{—l:(tf _ti )]

The phase in Equation (A19) is calculated with respect to an appropriate sam-

x |

pling function. Then, due to the Coulomb degeneracy of the energy of hydrogen-
like atoms, we can conclude that the phase in (A19) is independent of the numbers
g, and 0,,and the expectation value is constant. So, we can ignore it. Therefore,

we obtain the following expression for the SSP of the Helium atom

Kl(rlf e ;rli'rzi’ti)

4 1

>f
(A20).
t; -t

[ o ﬁ,af iIthm (lglf’(plf)Ylm (‘91fv€01f)

XYquz ('92f 1Po ¢ )Y|:1 ('92f 1Py ¢ )Y (‘91| P )Yquz (‘92i’(p2i)

M
-

=0 p=—

\‘ M.o

1l
o

Appendix B: Integrals for the Helium Path Integral

In the equations of Appendix A, there appear integrals of the following form (see
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Equations (A8 to A11) for a definition of the f,”(u))

0(p u):jduf,“(u)exp[—i\/lb_iu} (B1)

After standard calculations, we obtain

Ig(b,u):i(u ~1+ ibx/l—iu)exp{—i

b ] b? b
Vl—u}_zE{ \/l—u} (52
Zi(ib*V1-u +b” (u~1)+ 2iby1-u(u+5)

I (bu)=- -

+6(uz_1))exp{_i%}+Tlazib2(12+b2)Ei{—i ;’_J

(B3)

19 (b=~ (~ib* VL= ~b (u~1)-60°(u~1)(u +9)
[04
~2ib*Vi-u (u+29)+1200” (u-1+ibVi-u)
. b (B4)
—120(u® —1) - 24ibv1—u(u® +3u+11))ex {—u—}
b
+280a 3b2(360 1200 +60b2+b4)5{ \/1—7}
The functions |, in Equations (A17, A19, A20) have the form
I,(b,a)zI,O(b,a)—llo(b,—a) (B5)
Further V1-a = |rl_r2| and V1+a _hth
Nl \/r +17
Appendix C: Integrals
In Equation (46), we have set (here we drop the jn indices)
! H Om H K H !
g.m(W-r)=(—')'Z—'Ttexp[lm(wwv+g)jfdpmu. (£1) 30 (2, [wW])
0
mom im, K ’
=(-i)'i o "’“’\/Efdm o) ;(plf)Jm(szWI)
1n O o Jrfw[" F( +1) l+m +1 WP
_J) on S “mal F 2 1 5 m+Li—- |, W <r
= " rMF[ " )F(m+1) r ()
0, [wW|>r
(—i)lim%eim% 2 x/—l"(+1j n - r2—|w'|2 |W,|<r
= 21 ( m+1j \/r r ’
0, [W|>r
We remind that
1 m
0, = 2|+1 - 2|+1 -m) \FZ (C2)
I+m I—m+1)
2
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If I+m isoddthen O, =0.
We give the following subcases:

1 1 ,
G (W.7) | 25 0[] ©
0, |wW|>r
_[Bet w1 ,
, oo 7 =, w|<r
glil(W’r): wr Al _|W’| (C4)
0, [w|>r
J5 1 2rt 3w’ wl<r
Qo (W.1)=1 2 273 17w’ (C3)
0, [W|>r
et w1
! 3 !
Uyip (W , r) _Jod2 2n r \/rz —|W'|2 (C6)
0, [w|>r
Appendix D: List of Variables
r,,r, = Electron positions
p,, P, = Electron momenta
Z = Nuclear charge
H = Total Hamiltonian
H,. = Helium Hamiltonian
H; = Photonic field Hamiltonian
H, = Interaction Hamiltonian
a",a = Creation and annihilation operators
@(7) = Envelop function
V = Volume
K, = Radiation wavevector
o = Carrier frequency
& = Polarization vector
t,t;,t,7,0 =Times
|®@,),|®,) = Photonic states
a”,a = Field variables
K, K,Téfz, ,K, = Propagators
St = Action
A(t) = Survival probability
g = Ellipticity angle
& = Infinitesimal time slice
5 = Two-dimensional delta function
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r, 191» @ = Spherical coordinates
w,(n.1,) = Ground state wavefunction

o = Pulse duration
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