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Abstract 
Using a rigorous mathematical approach, we demonstrate how the Cosmic 
Microwave Background (CMB) temperature could simply be a form of geo-
metric mean temperature between the minimum time-dependent Hawking 
Hubble temperature and the maximum Planck temperature of the expanding 
universe over the course of cosmic time. This mathematical discovery suggests 
a re-consideration of hR ct=  cosmological models, including black hole cos-
mological models, even if it possibly could also be consistent with the Λ-CDM 
model. Most importantly, this paper contributes to the growing literature in 
the past year asserting a tightly constrained mathematical relationship be-
tween the CMB temperature, the Hubble constant, and other global parame-
ters of the Hubble sphere. Our approach suggests a solid theoretical frame-
work for predicting and understanding the CMB temperature rather than 
solely observing it.1 
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1. All Electromagnetic Energy Can Be Expressed through the  
Compton Wavelength 

Arthur Holly Compton [2], in 1923, gave us a formula for the Compton 
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wavelength of a particle 

 h
mc

λ =  (1) 

Furthermore, the reduced Compton wavelength is equal to 
mc

λ =
 , where   is 

the reduced Planck constant 
2
h

=
π

  . Since pure energy can be expressed as 

equivalent rest-mass energy 2
Em
c

= , then we can also write 

 
2

c
Emc Ec
c

λ = = =
    (2) 

Haug [3] has recently at length discussed and demonstrated how the Compton 
wavelength likely is the true matter wavelength and how the de Broglie wavelength 
likely is only a mathematical derivative of this. We refer the reader to that paper 
for an in-depth discussion on this. Even if one does not agree with this, one simply 
needs to understand that the formulas just represented are valid. 

2. The Maximum and Minimum Temperatures and Their  
Links to the Shortest and Longest Reduced Compton  
Wavelengths 

The Planck [4] [5] temperature is given by 

 
5

321 1 1 1.42 10 Kp
p p

b b b p b

Ec cT f
k G k k l k

= = = = ≈ ×


   (3) 

This means that the Planck temperature is the Planck frequency times the 
Planck constant, which is the Planck energy expressed as a temperature by divid-
ing the Planck energy by the Boltzmann constant. 

The Planck length is assumed by many physicists [6]-[9] to be the shortest 
meaningful length. This also means that the Planck frequency is the highest pos-
sible frequency, and this again indicates that the Planck energy is the highest  

possible energy for a photon: 2
p p p

p

cE m c f
l

= = =   , where pf   is the Planck  

frequency. Furthermore, since the Planck temperature simply is the Planck energy 
converted to the temperature scale of Kelvin by dividing it by the Boltzmann con-
stant, this implies that the Planck temperature is likely the highest possible tem-
perature, as also suggested by multiple researchers [10], even if there is still some 
question as to whether the maximum temperature could be somewhat lower [11] 
or somewhat higher [12] than the Planck temperature. It has recently been 
demonstrated that the Planck length is closely related to gravity, as the Planck 
length and other Planck units can be extracted directly from gravitational obser-
vations without knowledge of G or  , see [13] [14]. 

The reduced Compton wavelength of the Planck energy is 
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 p
p p

l
m c E

λ = = =
   (4) 

Alternatively, we could modify the Planck temperature slightly by assuming 
that the shortest possible wavelength is related to the radius of a Planck mass  

micro black hole, which has a Schwarzschild radius of 2

2
2p

s p

Gm
R l

c
= =  and a  

circumference of 2 4s pR lπ = π   with a corresponding (circumference) Planck 
temperature of: 

 31
,

1 1.13 10 K
4p BH

p b

cT
l k

= ≈ ×
π

  (5) 

This is exactly twice that of the Hawking temperature of a Planck mass micro 
black hole: 

 
3

,

2

1 1
28 4 24

Hw p BH
pb p s

b

c c cT T
Gmk Gm R kbk
c

= = = =
π π

π

    (6) 

If the maximum temperature is linked to the shortest possible reduced Comp-
ton wavelength, and if the Planck energy is the highest localized energy possible, 
then the lowest possible energy must be linked to the longest possible wavelength 
in the universe. We assert that the longest possible wavelength is the diameter of 
the Hubble sphere. This implies that the minimum temperature is related to what 
we can call the “Hubble frequency,” and it must be given by: 

 30
min

1 8.3 10 K
2 H b

cT
R k

−= ≈ ×  (7) 

The term 
2 H

c
R

 can be referred to as the Hubble frequency 181.09 10Hf
−≈ ×  per 

second. Consequently, the minimum temperature is simply given by min
1

H
b

T f
k

=  .  

This represents the lowest frequency above zero that one can observe, as no wave-
length can be longer than the diameter of the universe or certainly no longer than 
the circumference of the universe, as we will soon also look at. 

As a function of time, the minimum temperature can be written as: 

 ( )min
, ,

1 1 1
2 2 2 Hw

H t b s t b

c cT t T
R k R k

= = =
π

   (8) 

That is, the Hubble radius is time-dependent and equal to , 2
p

H t
p

Gm tR
tc

= , or 

simply HR ct= . This means that the minimum temperature at any time is equal 

to 1
2π

 times the Hawking temperature of the black hole universe at any given 

time. 
In the Λ-CDM model, the diameter of the universe extends far beyond the Hub-

ble radius HR  due to the assumption of the expansion of space, including accel-
erated expansion. However, there are various alternative cosmological models 
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within the linear HR ct=  category, as illustrated in, for example, [15]-[21]. Yet 
another concept to consider is the idea that the Hubble sphere is a black hole with 
an event horizon at the Hubble radius. In this scenario, no wavelength can be 
longer than the diameter of the Hubble sphere or, at the very most, the circumfer-
ence of the Hubble sphere. This imposes a maximum limit on the wavelength of 
electromagnetic radiation and, consequently, a minimum energy above zero—a 
sort of “energy gap,” and the lowest even theoretical measurable energy above zero. 
The temperature gap found here is in line with the new gravitational field theory 
of Haug [22] and also recent discoveries with respect to the Planck constant [23]. 
The notion that the observable universe could be inside a black hole is not a recent 
idea. It was proposed as early as 1972 by Pathria [24] and later in 1994 by Stuckey 
[25]. This idea, despite being in conflict with the Λ-CDM model, continues to be 
a topic of ongoing discussion, as evidenced by recent publications such as [26]-
[28]. 

We observe that if we multiply this minimum temperature by 1
2π

, it is sur-

prisingly identical to the Hawking temperature [29] when the mass in the Hawk-

ing temperature is the critical Friedmann mass 
3

02c
cM

GH
= : 

 
3

301 1 1 1 1.32 10 K
8 2 2 2Hw H

b c H b b

c cT f
k GM R k k

−= = = ≈ ×
π π π


   (9) 

The difference of 1
2π

  between the prediction from Equation (7) and the  

Hawking temperature formula could have multiple reasons. Even if not ideal, ad-
justing the end result with a factor like 2π is not abnormal. For example, Adler et 
al. [30] did so and simply called it a “calibration factor.” The maximum reduced 
Compton wavelength could also be seen as the circumference of the Hubble 
sphere instead of the Hubble diameter, making the difference only a factor of 2 
relative to Hawking temperature Equation (9) as we then get a minimum temper-
ature of: 

 30
min

1 2.64 10 K
2 H b

cT
R k

−= ≈ ×
π

  (10) 

So, we will assume, by Hawking temperature Equation (9), that the minimum 
temperature is the Hawking temperature. 

The small difference mentioned above could be because the Hawking radiation 
is derived from the Schwarzschild metric. Other metrics, such as the Kerr [31] and 
Kerr-Newman [32] [33] metric, as well as the recent Haug and Spavieri metric 
[34], can likely also be used to derive similar temperatures; but, likely, there will 
only be small differences from the Hawking temperature. We do not have the final 
answer as to why there is a small difference of 2π or π in the formulas, so we will, 
like Adler et al., for the moment, call whatever the small difference may be a cali-
bration factor. 

For now, let’s assume that the Hawking temperature and the minimum 
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temperature calculated from this alternative method, based on the Compton 
wavelength and the Compton frequency, indeed represents the minimum temper-
ature inside a black hole. This would mean that the Hawking temperature possibly 
does not solely represent radiation emitted from a black hole, but could also be 
the minimum temperature (above zero) that could potentially be observed at any 
point inside the Hubble sphere. We can call this the Hawking Hubble temperature. 

3. The CMB Temperature as a Geometric Mean of the  
Maximum and Minimum Temperature in the Hubble  
Sphere 

Since the discoveries by Hubble [35] and Lemaitre [36], as well as the theoretical 
work of Friedmann, there has been great progress in cosmology, both experi-
mental and theoretical. However, the standard Λ-CDM model, as well as most 
other cosmological models, has no way to predict the current CMB temperature. 

Mean temperature plays an important role in various fields, including climate 
science, fluid dynamics, and biophysics [37]. To our knowledge, mean tempera-
tures have not been linked to the CMB temperature, except that the 2.725K meas-
urement can be called a type of mean (i.e., average) temperature in all of the empty 
space of the Hubble sphere. To establish a more solid theoretical connection to 
the CMB as a mean temperature, a solid mathematical and physical foundation is 
necessary. It is not sufficient to simply take the mean of some temperatures and 
call it the mean temperature; as we will suggest, one must comprehend the Planck 
temperature, cosmic temperatures, and their inter-relationships in terms of the 
only variable that differentiates different energy levels—namely, the electromag-
netic wavelength. Additionally, we know from mathematics and statistics that var-
ious types of means exist. 

The geometric mean traces back to the Pythagoreans, who defined the three 
most commonly used means even of our time–namely, arithmetic mean, geomet-
ric mean, and harmonic mean (see [38]). The geometric mean, indicating a central 
tendency of a finite set of real numbers by using the product of their values, has 
wide applications across diverse fields, from economics, finance, engineering, nu-
clear medicine, informatics, ecology, surface and groundwater hydrology, geosci-
ence, geomechanics, machine learning, and chemical engineering, see [39]. The 
geometric mean is utilized for various applications and challenges also in physics. 
For instance, Henderson [40] demonstrated the use of the geometric mean for 
problems in gas dynamics, Zhang et al. [41] employed the geometric mean density 
of states in one-dimensional nonuniform systems, and Yamagami [42] relied on 
the geometric mean of states and transition amplitudes, see also [43]. The poten-
tial role of geometric means in average temperatures should not be surprising. The 
reason that maximum and minimum temperatures in the Hubble sphere have not 
previously been linked to the CMB as a geometric mean temperature is likely to 
be that it has only recently been discovered that the reduced Compton wavelength 
plays a much more central role in energy, matter, and even gravity than previously 
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thought. 
Assume that the measured CMB temperature is somehow related to some type 

of mean value between the maximum and minimum allowed temperature in the 
Hubble sphere. The longest possible reduced Compton wavelength in the universe, 
or at least in a HR ct=  universe as well as a black hole Hubble sphere, is the 
diameter of the Hubble sphere, so we have 

 Maximum 2 .HRλ =  (11) 

Furthermore, the shortest possible reduced Compton wavelength is assumed to 
be the Planck length, so we have 

 Minimum .plλ =  (12) 

The geometric mean of the shortest and longest reduced Compton wavelength 
is given by 

 Maximum Minimum 2gm H pR lλ λ λ= =  (13) 

we can call this wavelength: gmλ , the geometric mean reduced Compton wave-
length of the observable universe. We find the temperature correlating with this 
wavelength by taking the energy of its frequency and simply dividing that by the 
Boltzmann constant. This gives 

 1 1 34.27 Kgm m
gm b b

cT f
k kλ

= = ≈   (14) 

If we divide this by a calibration factor of 4π, and use the recent Hubble constant 
value given by Kelly et al. [44] of 4.1

3.366.6+
−  (km/s/Mpc), we obtain the CMB tem-

perature of 

 0.082
0.069

1 1 1 2.72 K
4 4 4gm m

b gm b bmax min

c cT f
k k kλλ λ

+
−= = = ≈

π π π
    (15) 

Or, if we use the circumference of the Hubble sphere instead of the diameter as 
the longest possible wavelength and the Planck circumference of a micro black 
hole instead of the Planck length as the minimum wavelength, then we get: 

 0.082
0.069

1 1 2.72 K
2 2gm

b gm bmax min

c cT
k kλλ λ

+
−= = ≈   (16) 

So here, we only need to use a calibration factor of 1
2

 to get the Hubble temperature  

very close to measured CMB temperature values; see, for example, [45]-[48] (see 
also the Appendix). We are convinced that this is not simply a coincidence. The 
CMB temperature seems indeed to simply be related to the geometric mean of the 
shortest and longest wavelengths possible within the observable universe. Since 
the only thing that differentiates the different energy levels of electromagnetic ra-
diation (a single beam of photons) is the wavelength, energy that corresponds to 
the geometric mean of the shortest and longest wavelengths, expressed as temper-
ature (simply by dividing it by the Boltzmann constant), can be termed the geo-
metric mean temperature. This suggests that the CMB temperature is simply the 

https://doi.org/10.4236/jamp.2024.1210198


E. G. Haug, E. T. Tatum 
 

 

DOI: 10.4236/jamp.2024.1210198 3334 Journal of Applied Mathematics and Physics 
 

geometric mean temperature between the lowest and highest possible tempera-
tures in the Hubble sphere, but through our reduced Compton wavelength ap-
proach. In our view, this is quite revolutionary, as it also points in the direction 
that HR ct=  cosmological models, as well as black hole cosmological models, 
seem to be supported over the Λ-CDM model. However, as we will also show, the 
Λ-CDM model should not yet be excluded. 

Our new discovery also seems to be related to recent breakthroughs in the the-
oretical foundation of the CMB temperature linked to the Planck scale. In their 
black hole cosmological model, Tatum et al. [49] proposed the following formula 
for the CMB temperature in 2015: 

 
3

8CMB
b c p

cT
k G M m

=
π
  (17) 

In direct comparison to the Hawking temperature formula, the M in the denom-
inator is simply changed to c pM m , where cM  is the critical mass in the Fried-
mann [50] universe. Making use of the Schwarzschild formula, Tatum et al. also 
re-wrote their formula in the form of 

 
4CMB

b h pl

cT
k R R

=
π
  (18) 

Their use of geometric means in these formulae is now obvious. Recently, it has 
been published that these Tatum et al. formulae are derivable also from the Stefan-
Boltzmann law [51] [52]. Furthermore, it has been demonstrated that rewriting 
them to find the Hubble constant (by substituting H0 for c/R0) and then deriving 
the Hubble constant from published CMB temperature studies dramatically in-
creases the accuracy in predicting the Hubble constant, see [53]. Tatum et al. 
define plR  above as the Schwarzschild radius of the Planck mass, so this means  

2

2
2p

pl s p

Gm
R R l

c
= = =  which also means that their formula easily can be rewrit-

ten as 

 1 1 2.725 K
24 2CMB m

bb h p

cT f
kk R l

= = ≈
π


  (19) 

where mf  is the reduced Compton frequency of energy with a wavelength con-
sisting of the geometric mean wavelength from the lowest and highest possible 
temperatures in the Hubble sphere. The Tatum et al. formula immediately above 
gives an identical result to that given in our last geometric mean temperature 
formula. One should remember that the use of the Schwarzschild formula for 
substitutions between mass and radius is allowable in a black hole cosmology 
model. One can even use such a substitution in the Hawking black hole tempera-
ture formula to arrive at the following Equation (by realizing that the mass in a  

Schwarzschild black hole must be 
2

2
c RM

G
= ): 

 
3 3

2
2 1

8 2 28Hw
b bb

c c G cT
k GM R kk Gc R

= = =
π ππ
 

  (20) 
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This result is identical to Equation (6), so no calibration factor is needed. 
Our new geometric mean methodology in this paper arrives at the same formu-

lae using a very different approach in comparison to Tatum et al.: by focusing on 
the Compton wavelength and Compton frequency in matter and energy, and by 
taking the geometric mean between the maximum and minimum reduced Comp-
ton wavelengths, we then examine the temperature to which this leads. This pro-
vides a new perspective on the Hawking temperature potentially being the mini-
mum temperature in a black hole, the Planck temperature being the maximum 
temperature, and the average temperature inside the black hole being the geomet-
ric mean temperature in the way described in detail above. 

Figure 1 demonstrates the Hubble sphere, where we show the minimum tem-
perature that is likely in the Hubble sphere surface and the CMB temperature, 
which is the geometric mean temperature in the Hubble sphere. The CMB tem-
perature varies according to which cosmic epoch we are considering. As with the 
Hubble sphere minimum temperature, the CMB temperature was a higher tem-
perature in the past than it is now. Cosmic mass and radius values were presum-
ably smaller the earlier the cosmic epoch. 
 

 
Figure 1. This figure illustrates one possible geometric interpretation of our approach. The Hawking temperature, besides 
representing Hawking radiation, also seems to be consistent with a minimum temperature in the Hubble sphere, which 
could be at the very surface of the Hubble sphere. The current CMB temperature is the geometric mean temperature related 
to the minimum possible wavelength (the Planck length) and the maximum possible wavelength, which is related to the 
Hubble diameter. This approach seems to be able to precisely predict the CMB temperature now and in the past. Such a 
geometric picture can likely be consistent with multiple cosmological models, in particular, black hole cosmological models, 
which will be discussed in the following section. 

4. Hubble Sphere in Growing Black Hole Models 

Two of the most interesting cosmological models likely to benefit from using a 
geometric mean CMB temperature approach are growing black hole models and 

hR ct=  models. A growing black hole model is illustrated in Figure 2. 
The Tatum et al. [49] model appears to have been the first cosmological model 
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that accurately predicted the Hubble constant value using only the CMB temper-
ature as an input value. This model basically assumes that the current Hubble 
sphere started out as a Schwarzschild black hole continually growing in mass and 
radius in a way consistent with a type of hR ct=  model, where the Hubble radius 
is equal to the Schwarzschild radius ( h sR R= ) at any cosmic time t. On the other 
hand, the Lambda-CDM model does not have the mathematics or geometry that 
can predict today’s CMB temperature from a known Hubble constant value or 
vice-versa. That said, we do not exclude yet that the geometric mean approach 
between minimum and maximum temperatures, which we introduce herein, 
might also be incorporated into the Lambda-CDM model. However, if so, we sus-
pect that it might be an overly complicated process, something we leave to future 
research to find out. 
 

 
Figure 2. This figure illustrates a universe that started as a Planck mass black hole and then grew into today’s Hubble sphere. 
The black hole radius, which is also the Hubble radius, grows at the speed of light c. 

 
The growing black hole model of Tatum et al. is interesting in several other 

respects, not the least of which is the 4-axis log graph it implies with respect to the 
growth and expansion of the cosmological black hole. See Figure 3. 

In such a model, expansion is commensurate with mass growth over cosmic 
time. This is very different from the Λ-CDM model, but it may be worth consid-
ering that there could be ongoing matter production coming from the cooling 
cosmic vacuum under continuing adiabatic expansion. If so, then this might sug-
gest a new way to approach the cosmological constant problem. However, such is 
beyond the scope of the present paper. 

Figure 4 illustrates such a growing black hole model. The universe in this model 
starts as a Planck mass black hole at the Planck temperature, and presumably 
arises from what we might call a “primordial Planck mass soup” at the Planck 
density. The radius of the black hole universe grows at the speed of light c, as one 
might expect for a hR ct=  model. The CMB temperature, which is the temper-
ature inside the black hole, is always simply the geometric mean between the 
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Planck temperature (maximum temperature) and the Hawking Hubble minimum 
temperature, which again is directly linked to the Hawking temperature at the 
continually expanding cosmic horizon surface of the Hubble sphere. 

 

 
Figure 3. Growing black hole cosmology model.  
 

 
Figure 4. Hubble sphere that is a growing black hole.  
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Geometric methods are very general, as they rely on core geometric principles, 
specifically the geometric mean in this case. The same approach can, therefore, 
likely be applied to a series of different black hole models, such as Kerr [31] black 
holes, Kerr-Newman [32] black holes, and Haug-Spavieri metric [34] black holes. 
Most, if not all, of these could be extended to growing black hole models some-
what similar to that of Tatum et al. While this must be carefully investigated, the 
main framework for how to incorporate CMB temperature in them based on our 
geometric mean approach is already laid out in this paper. The general principles 
described herein should still hold, but the exact values and interpretations of dif-
ferent black hole universes will naturally vary to some extent. We leave that for 
further work and investigation. 

5. Information Horizon Universes and Steady-State Black  
Hole Type Universes 

As the geometric mean approach is mostly based on core principles in geometry 
and energy (such as simply E hf= ), it is very likely that our approach can be 
applied to a series of different cosmological models. Each model must naturally 
be carefully investigated and checked against many observations, as well as other 
models such as Λ-CDM before one can come to any conclusions and a consensus 
view. However, we would like to mention a few more models that are likely con-
sistent with the geometric mean temperature approach just to demonstrate its 
possible broad application for cosmological models. 

Above, we briefly described growing black hole models, where one model, the 
Tatum et al. model, has already been linked to CMB and Hubble constant theo-
retical predictions that can also be explained by our geometric mean approach, 
both in the present and as a dynamic model wherein the Hubble sphere keeps 
expanding. Another perspective would be a steady-state black hole-type universe 
where every point in the universe is ultimately linked to Planck mass particles 
popping into and out of existence (see [22]), and where the Hubble radius is more 
of a type of information horizon. It is important to be aware that any universe 
with infinite spatial extension (extending infinitely in space), if it has even a min-
imum energy density, will, at least from a mathematical point of view, have an 
event horizon as seen from any point in space. Therefore, the observable universe 
will be different from the total universe. 

The exact event horizon and its interpretations can naturally vary between dif-
ferent metric solutions to Einstein’s [54] field equation. Such an event horizon 
could, under certain assumptions, simply also be interpreted as an information 
horizon, preventing any information from reaching us beyond such a radius. 

Such a steady-state model of the universe, wherein the center is everywhere and 
there is an event horizon at the Hubble radius everywhere, simply due to the en-
ergy density of the universe, is illustrated in Figure 5. Such models would then 
need another form of dynamics to explain them, for example, as to why the pre-
dicted CMB temperature would vary as one looks farther out. One possibility 
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could be that the energy density actually varies through the Hubble sphere, but 
other models of cosmological redshift might also suggest an alternative explana-
tion. We just point this out to illustrate that our geometric mean approach could 
potentially be consistent with multiple cosmological models. 
 

 
Figure 5. This figure illustrates a possible steady-state universe where the center of the universe is everywhere, and all matter is 
ultimately linked to Planck mass particles. In this model, the Hubble radius serves as an information horizon because the universe 
has a minimum energy density everywhere. We mention this to demonstrate that our geometric mean CMB temperature approach 
could potentially be applied to multiple types of cosmological models.  

6. Multiple Possible Mechanisms by Which the CMB  
Temperature Could Be Linked to the Planck Temperature 

Adler, Chen, and Santiago [30] claim that “In the current standard viewpoint, 
small black holes are believed to emit black body radiation at the Hawking tem-
perature.” This is something we agree on, and Haug [22] [55] has recently indi-
cated, based on quantum gravity theory, that all matter may ultimately be derived 
from Planck mass particles popping into and out of existence, lasting only the 
Planck time. These Planck mass particles should have the mathematical properties 
of micro black holes, and their energy could simply be the currency of such inter-
changes. Perhaps they are largely responsible for the proposed quantum fluctua-
tions in vacuum energy. This speculation provides us with a possible underlying 
deeper theory of how the Cosmic Microwave Background (CMB) temperature 
could be related to the Planck temperature. 

The Planck temperature, the maximum temperature that could exist in space, 
could be present only in Planck-sized areas of space, popping into and out of ex-
istence. Even an electron or proton is enormous in terms of spatial dimensions 
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compared to the radius of a Planck mass particle micro black hole. Perhaps all of 
our measurements of the CMB temperature might be of photons radiating from 
Planck mass vacuum particles popping into and out of existence. Our approach 
appears to be consistent with a new way to quantize general relativity theory; Ein-
stein’s field equation, for example, can be rewritten as [52] [55]-[57]: 

 
281 Λ .

2
p

v v v v

l
R g R g T

cµ µ µ µ

π
− + =


 (21) 

This rewritten form of the field equation gives all of the same results as before, but 
it leads, for example, to a rewritten Schwarzschild metric of the following form 

 
1

2 2 2 2 2 2
2 2

2 2d 1 d 1 dGM GMs c t r r g
c r c r

−
   = − − + − + Ω   
   

  

 
1

2 2 2 2 2 22 2
d 1 d 1 dp p p p

M M

l l l l
s c t r r g

r rλ λ

−
   

= − − + − + Ω   
   

 (22) 

where Mλ  is the reduced Compton wavelength of the mass M, and  

( )2 2 2 2d sin dg θ θ φΩ = + . The term p

M

l
λ

 is the reduced Compton frequency per  

Planck time that represents the quantization of gravity. This new way to rewrite 
the Schwarzschild metric provides exactly the same predictions as the standard 
Schwarzschild solution, but it offers a deeper insight, in our view. It shows that 
gravity is ultimately linked to the Planck scale and establishes a connection be-
tween gravitational objects such as the Earth, the Sun, and even the mass or energy 
of the Hubble sphere and the Planck scale. 

Again, it is important to be aware that the Planck length can be found from gravity 
observations without any knowledge of G or even   ; see [13]. Already in 1984, 
Cahill [58] [59] suggested that the Planck units could be more fundamental than  

the gravity constant; he simply rearranged the Planck mass formula p
cm

G
=

  

with respect to G and got 2
p

cG
m

=
 . However, Cohen [60] correctly pointed out  

that this just led to a circular problem, as no one at that time had demonstrated a 
way to find Planck units independent of G. This view has been held until recently; 
see, for example, the interesting paper by McCulloch [61]. Now, it is fully possible 
to find Planck units from gravity observations with no knowledge of G and  . In 
our view, this means that the Planck scale has now been indirectly detected. This 
also indirectly may explain why we can predict the CMB temperature from theo-
retical considerations combined with practical knowledge of the shortest and 
longest possible wavelengths in the Hubble sphere. 

Another view more consistent with the Λ-CDM model is that Planck mass par-
ticles (micro black holes) existed only just after the Big Bang, and that these par-
ticles decayed into today’s known particles. Lloyd Motz [62]-[64] was likely the 
first to suggest the existence of a very fundamental particle with a mass equal to 
the Planck mass. However, he knew the Planck mass was way too massive in 
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comparison to observed particles, such as protons and electrons. Motz tried to 
overcome this challenge by claiming that the Planck mass particles created just 
after the Big Bang had radiated most of their energy away and that this energy 
could have been the origin of the creation of particles such as protons and elec-
trons. Others have suggested a similar idea that there were plenty of Planck mass-
type particles just after the Big Bang, see De [65], but that such super-heavy par-
ticles have radiated away most of their energy. Therefore, one possibility is that 
the CMB is in some way a remnant of that epoch. Only further scrutiny of the 
CMB temperature can provide a final answer to these speculations. What is most 
important is that both the Stefan-Boltzmann law and this new geometric mean 
temperature approach essentially lead to the same conclusion and to the formulae 
suggested by Tatum et al. Now, the CMB temperature can clearly be predicted and 
described theoretically and not simply measured. This theoretical relationship, 
unknown to most astrophysicists at the time of this writing, seems to bind the 
different properties of the observable universe more closely together than before. 
It could be that our recent theoretical breakthroughs concerning the CMB tem-
perature might lead to improved cosmological models. 

Consistent with this view remains the possibility that the universe is a black 
hole-like object wherein the Hubble horizon has been, and continues to be, ex-
panding at light speed. This would be a distinct class of HR ct=  growing black 
hole cosmological models. Our new approach to an understanding of the CMB 
should naturally be carefully scrutinized by multiple researchers over time to 
check which cosmological models, as well as quantum gravity models, it best con-
forms with, or if our new theoretical CMB framework needs further modification. 
Surprisingly, there now appears to be a close theoretical link between CMB tem-
perature, the Hubble constant, and other global parameters of the universe; see 
[49] [53]. 

7. Discussion Concerning How Well Our Model Stands up  
against Observations 

The CMB formula presented herein was first introduced by Tatum et al. [49] in 
2015. It has been recently proven to be consistent with the Stefan-Boltzmann law 
[51] [52]. We have now shown that the current CMB temperature can be derived 
as a geometric mean using the minimum and maximum temperatures. Such re-
cent developments give the formula a solid theoretical foundation. However, a 
theoretical foundation alone is not sufficient. While the formula predicts the cur-
rent CMB temperature very accurately, an important question is how well it per-
forms for earlier cosmic epochs. The Hubble tension [66], which refers to the un-
explained discrepancy in the Hubble constant inferred from local measurements, 
such as supernovae standard candles, and that inferred from direct measurement 
of the CMB, in our view, is related to this issue. 

From observations, it is well established (see [67]-[69]) that the relation 
( )0 1tT T z= +  is correct. Haug and Tatum [70] have recently shown that, in a  
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black hole hR ct=  cosmological model, the redshift must be 1h

t

Rz
R

= −  for it 

to be consistent with their findings concerning the CMB temperature and its 

relationship to H0, and not 1h

t

Rz
R

= −  as typically assumed. Haug and Tatum  

have demonstrated that, based on the CMB temperature and its relationships to 
H0 and cosmological redshift, one can accurately match the full distance ladder of 
redshifts in the Union2 supernova database. From this, they derive a single H0 
value that corresponds to the H0 value derived from CMB measurements, effec-
tively solving the Hubble tension. See also [71]. 

While the Haug-Tatum model clearly appears to solve the Hubble tension in-
side hR ct=  models, we naturally expect discussions to continue for some years, 
as supporters of the Λ-CDM model and other competing models are unlikely to 
quickly accept these claims. Naturally, extraordinary claims should be carefully 
scrutinized over time before being accepted. Nevertheless, one should be open-
minded enough to actually investigate such claims when they are rooted in what 
we claim to be very solid mathematical derivations and tests against observational 
data. 

An effective cosmological model must, of course, also be able to explain much 
more than the Hubble tension in order to challenge or surpass the Λ-CDM model. 
For example, how well the Haug-Tatum model fits observations from the early 
universe is an important question to address. While such is not the primary focus 
of this paper, it is a topic we have actively explored in other publications and pre-
prints. 

For example, the James Webb Space Telescope (JWST) has revealed that early 
galaxies observed at high z appear to be more developed than expected by the Λ-
CDM model, which claims a cosmic age of about 13.8 billion years. The Haug-
Tatum model offers a simple explanation for this “early galaxy maturation” phe-
nomenon. Based upon the full distance ladder of the Union2 supernovae redshift 
database, Haug and Tatum [72] [73] have determined that the age of the universe 
is much closer to 14.6 billion years. This is approximately 800 million years older 
than the Λ-CDM model estimate. Additionally, the Haug-Tatum model, even 
when incorporating the full uncertainty in both observations and constants, pro-
duces a very narrow age range for the observable universe: 415466

41544214622044825+
−  

years. Such precision is significantly higher than that of any other model or ob-
servational study. The reason for this high precision is a new understanding of the 
relationship between the CMB temperature, the Hubble constant, cosmological 
redshifts, and the Planck scale. However, such is not the main topic of this paper, 
so we refer the reader to the above-mentioned works for more details on the 
Haug-Tatum model with respect to the early universe. 

These Haug-Tatum findings strongly support a linear cosmic expansion based 
on hR ct= . In contrast, the Λ-CDM model requires early inflation and a late ac-
celerated expansion. Melia [74], in a recent 2024 paper, found that recent 
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observations from the JWST disfavor the Λ-CDM model and strongly favor the 

hR ct=  model. It is important to note that there are several cosmological models 
consistent with hR ct= . Melia has also predicted an age of the universe of about 
14.6 billion years, although his model does not seem to achieve the same level of 
precision as the Haug-Tatum model in this estimate. At present, the vigorous sci-
entific debate concerning the Λ-CDM model versus the hR ct=  model contin-
ues. 

8. Conclusion 

Using a rigorous mathematical approach, we have demonstrated how the CMB 
temperature could simply be a form of geometric mean temperature between the 
minimum time-dependent Hawking Hubble temperature and the maximum 
Planck temperature of the expanding universe over the course of cosmic time. 
This mathematical discovery suggests a re-consideration of hR ct=  cosmologi-
cal models, including black hole cosmological models, even if it possibly could 
also be consistent with the Λ-CDM model. Most importantly, this paper contrib-
utes to the growing literature in the past year asserting a tightly constrained math-
ematical relationship between the CMB temperature, the Hubble constant, and 
other global parameters of the Hubble sphere. Our approach suggests a solid the-
oretical framework for predicting and understanding the CMB temperature rather 
than solely observing it. 
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Appendix: Wien’s Law versus Planck’s Law for Getting to the  
CMB Temperature 

The CMB temperature has not been measured directly. Instead, it is the radiation 
frequency that is measured. There is a whole spectrum of radiation frequencies, 
but the peak frequency can be easily transformed into temperature by utilizing 
Wien’s (approximation) law or, more exactly, Planck’s law. The transformation 
from the measured peak wavelength to CMB temperature can be achieved by 
utilizing Wien’s law. According to Wien’s law, we can determine that 

 
5 b

hcb
k

=  (23) 

and the CMB temperature is then given as 

 1
5CMB

peak b peak

b hcT
kλ λ

= =  (24) 

For a peak wavelength of 1.0634 mm, this gives a CMB temperature of  
2.706 KCMBT = . 

From Planck’s Law, we get 

 
( )( )5

0

0.002897773
5 5b

chb
k W e

= ≈
+ −

 (25) 

where W0 is the Lambert W function. If the peak wavelength is 1.0634 mm, this 
gives a CMB temperature of approximately 

 2.725 KCMB
peak

bT
λ

= ≈  (26) 

This means that transforming measured peak wavelength from the CMB 
spectrum to CMB temperature using Wien’s law will underestimate the CMB 
temperature by approximately 0.019 K compared to using the more exact Planck’s 
law. 
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