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Abstract 
Game theory is explored via a maze application where combinatorial optimi-
zation occurs with the objective of traversing through a defined maze with an 
aim to enhance decision support and locate the optimal travel sequence while 
minimizing computation time. This combinatorial optimization approach is 
initially demonstrated by utilizing a traditional genetic algorithm (GA), fol-
lowed by the incorporation of artificial intelligence utilizing embedded rules 
based on domain-specific knowledge. The aim of this initiative is to compare 
the results of the traditional and rule-based optimization approaches with re-
sults acquired through an intelligent crossover methodology. The intelligent 
crossover approach encompasses a two-dimensional GA encoding where a 
second chromosome string is introduced within the GA, offering a sophisti-
cated means for chromosome crossover amongst selected parents. Addition-
ally, parent selection intelligence is incorporated where the best-traversed 
paths or population members are retained and utilized as potential parents to 
mate with parents selected within a traditional GA methodology. A further 
enhancement regarding the utilization of saved optimal population members 
as potential parents is mathematically explored within this literature.  
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1. Introduction 

The aim of this initiative is to further enhance solution convergence within a game 
theory environment via a maze application. This game theory application consists 
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of a combinatorial optimization problem where the maze explored requires a se-
ries of directional moves, i.e. (N, S, E, & W) with the goal of determining the op-
timal sequence of moves required to navigate and complete the maze. Game the-
ory is further explored within the concept of decision support, as represented by 
a series of chosen moves within a designated population, which represents travel 
sequences or decisions to effectively negotiate the maze application. Embedded 
rules based on domain-specific knowledge are explored within this research, 
which further aids in the decision-making process when traversing the maze ex-
ample. As taken directly from Webb, et al. [1], one of the most interesting appli-
cations of genetic algorithms falls into the area of decision support. Decision sup-
port problems involve a series of decisions, each of which is influenced by all de-
cisions made prior to that point. As referenced by Webb, et al. [1], decision sup-
port has developed into a broad spectrum of applications encompassing optimi-
zation through a variety of methods, including genetic algorithms [2] [3], and [4]. 
A traditional genetic algorithm is an evolutionary approach where problem char-
acteristics are encoded to initially form random chromosome strings where 
strings are paired, and the exchange of essential data is passed to create offspring. 
This offspring is evaluated against an objective function and potential optimiza-
tion constraints, which determine the success of the derived offspring. Additional 
key factors in the genetic algorithm evolutionary process include penalty factors, 
which minimize the occurrence of poor offspring and mutation, which randomly 
alters the encoded string to produce designs potentially unattainable within a 
small population size. Extensive background and theory regarding the fundamen-
tal methodology of the genetic algorithm can be found in [5] and [6].  

A traditional GA was utilized as an attempt to solve the maze example; however, 
this traditional methodology possesses limitations that are heavily dependent on 
the quality of the initial population, parent selection across generations, and trait 
or characteristic crossover. The conventional GA becomes limited following a se-
ries of generations produced where solution progression becomes solely reliant 
on mutation. As depicted by Webb, et al. [1], traditional GA limitations lacked 
the ability to successfully negotiate the maze and domain specific knowledge was 
introduced to further enhance solution convergence. Domain-specific knowledge 
in the form of rules was employed to guide the GA further toward a successful 
outcome. As developed and illustrated by Webb, et al. [1], domain-specific 
knowledge enabled the GA to successfully navigate and complete the maze, how-
ever, computation time required and the number of paths traversed to complete 
the maze remain to be further enhanced. Improvements to solution convergence 
utilizing domain-specific knowledge can be further attained through the imple-
mentation of intelligent crossover developed by Webb, et al. [7]. Intelligent cross-
over offers an enhancement in the area of decision support and removes bounda-
ries associated with conventional crossover methods, as referenced in [8] and [9]. 
This research aims to illustrate the results via a comparison approach between a 
conventional genetic algorithm and applied intelligent crossover where both ap-
plications utilize domain specific knowledge.  
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2. Background 
2.1. Traditional Genetic Optimization  

As taken directly from Webb, et al. [1], traditional genetic optimization or sce-
nario one began with a series of encoded strings that represent the framework of 
a maze under investigation. These encoded strings allow the genetic algorithm to 
determine whenever a move is selected (i.e., N, E, S, W) that the move is a legiti-
mate move within the maze. A maze essentially is a predefined amount of space 
where a grid or lattice is formed which represents a series of rows and columns of 
square blocks. Each block formed within the lattice represents a “cell”. The sur-
rounding walls of user-specified cells are removed and the formation of a maze 
becomes apparent. The strings within this input file are four characters long, 
which represent the directions of north, east, south and west, respectively. Each 
character within the string can either represent the values of “0” or “1” to appro-
priately define each cell. A value of “0” for the first character within the first row 
indicates that there is a north wall within the first cell of the grid. Conversely, a 
value of “1” for the first character within the first row indicates an absence of a 
north wall within the first cell of the lattice. Each cell is labeled throughout the 
maze, where the first block or entrance of the maze is designated by (1, 1), mean-
ing row one and column one, and is located at the lower left corner, as illustrated 
by the example in Figure 1.  
 

 
Figure 1. 50 × 50 grid maze. 
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The exit or last cell for the maze illustrated in Figure 1 is numerically identified 
by (50, 50), which is the upper right corner of the maze. Strings within the initial 
maze input file are read from left to right and row by row, beginning with the first 
cell block. These constant start and end locations were imposed since this gener-
ated the longest and most difficult search solution possible for the genetic algo-
rithm. The objective was to locate the travel route which connected the start cell 
with the end cell. The function of the genetic algorithm was to generate an initial 
travel sequence string based on travel directions of north, east, south, and west. 
The number of characters composed of a maximum travel sequence was equal to 
the number of cells generated by the implementation of a grid. Each character 
within the travel sequence is assigned a numeric value within a range of four pos-
sible values. Table 1 below provides the possible values for which a character 
within the travel sequence string could potentially represent. Additionally, Table 
2 illustrates the genetic algorithm parameters utilized in the problem formulation 
for all mazes considered. 

 
Table 1. Character representation values for travel sequence string. 

Character Value Representation 

1 North 

2 East 

3 South 

4 West 

 
Table 2. Genetic input parameters. 

GENETIC INPUT PARAMETERS 

Population Size = Maze Grid Size * 10 

Probability of Mutation = 0.02 

Number of Generations = (5 * Maze Grid Size) + Number of Best Generation Members 
to Pass to the Next Generation 

Penalty Factor = 10 

Multiplier of Penalty Factor = 2 

Number of Best Generation Members to Pass to the Next Generation = 2 

Number of Generations Between Penalty Factor Updates = 10 

 
As taken directly from Webb, et al. [1], a random population of travel sequences 

is generated and evaluated by the objective function as illustrated in Equation (1). 
If deemed a legitimate move within the maze, the objective function calculates the 
total distance of each travel sequence; however, the final result is path and distance 
weighted as illustrated in Equation (2), for the directional moves within the travel 
sequence are theoretically legitimate, but actual distances may not be calculated 
in the event N-S or E-W moves are introduced into the travel sequence. Once 
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evaluated by the objective function, the best travel sequences are selected and 
placed within a mating pool, where travel sequences are randomly paired and ge-
netic chromosome crossover commences. Chromosome crossover is the process 
of mating two parent travel sequence strings by the random selection of a num-
bered character shared by both strings. Once a shared character between both 
strings is selected, each chromosome string exchanges characteristics to the right 
of the selected gene until the end of both chromosome strings has been reached. 
Subsequent to genetic crossover, each offspring produced is evaluated by the ob-
jective function, where directional moves within the new travel sequence are only 
implemented if legitimate within the maze. Illegitimate moves within travel se-
quences are simply ignored by the objective function and the travel sequence 
string is reduced in total length. This process continues until a predetermined 
number of generations of offspring have been produced. Mutation, or the random 
alteration of genes of a parent travel sequence string within the mating pool, oc-
curs; however, the probability is minimal. Mutation introduces randomness, 
which provides the design or decision chromosomes with characteristics normally 
unattainable subsequent to a number of generated offspring. Upon the comple-
tion of a user-specified number of generations, the genetic algorithm has poten-
tially created a travel sequence string which encompasses the total or partial path 
which unites both start and end cells.  

Objective function:  

 ( ) ( ) ( )( )2 2
actual final actual finalf x x x y y= − + −  (1) 

Weighted objective function: ( )Weightedf x  

( ) ( ) ( )( ) ( )2
actual final actual finalWeighted 1 2 3 npathf x W W x x y y W C = − ∗ − + − − ∗ − 

 
(2) 

where, npath = total number of paths each cell move possesses that culminates the 
defined path.  

actualx , actualy , finalx , & finaly  are parameters that represent the start and end 
point locations of travel sequences for each maze considered which determine 
overall travel distance  

W1, W2, & W3 are relevant weighting factors to balance out the outcome of the 
objective function with the number of moves required utilizing constant factor C. 
The use of a weighted objective function accounts for directional moves within 
the travel sequence; however, actual distance values may not be calculated in the 
event N-S or E-W moves are introduced into the travel sequence  

2.2. Genetic Optimization via Embedded Rules 

To further enhance the decision support concept within game theory, embedded 
rules were introduced within the maze environment of the traditional GA. These 
rules were based on domain-specific knowledge introduced by Webb, et al. [1]. 
Travel sequences serve as a series of decisions to render the optimal path sequence, 
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which ultimately negotiates the maze successfully within a minimal number of 
iterations or population members evaluated. The aim of this combinatorial opti-
mization problem is to successfully traverse the maze from start to end point lo-
cations, as outlined in Figure 1, constrained by a multitude of barriers or unde-
sirable travel paths within the defined maze environment. The objective function, 
as prescribed within Equations (1) and (2), is retained with the incorporation of 
embedded rules within the traditional GA. As taken directly from Webb, et al. [1], 
domain-specific knowledge in the form of rules were embedded within scenario 
one. These rules are governed by each travel sequence and the travel sequence is 
controlled by the genetic algorithm.  

The cells that compose the maze are initially predefined by how many exits each 
cell possesses, and if the cell possesses only one exit, information is provided to 
which direction the available exit is located (i.e., N, E, S or W). When a cell is 
located within the travel sequence, and only one exit is available, the genetic code 
is provided with what direction the cell possesses. With this information, a wall is 
created to block off the cell, creating a block so that no future travel sequences 
may enter. All cells are updated with the creation of this new wall, and the process 
continues whenever a travel sequence encounters a single exit cell. Additionally, 
when the objective function evaluates each move within a specific travel sequence, 
redundant moves such as N-S and E-W are removed so that every move accepted 
creates an actual distance.  

The implementation of rules within the objective function subroutine, which 
eliminates redundant moves before being drawn, is controlled by the genetic code 
since the travel sequence is governed by the genetic algorithm and rules are ap-
plied as travel sequences are introduced to the embedded rules. This also holds 
true for walls created when travel sequences encounter a cell with only one exit. 
The rule for the implementation of a wall is only executed if the genetic code gen-
erates a travel sequence, which leads to a cell with only one exit. Overall, the for-
mulation of walls upon the location of an undesirable travel sequence that lacks 
further travel progression eliminates repetitive travel to the undesirable location. 

2.3. Intelligent Crossover  

The intelligent crossover methodology enhances parent selection and crossover of 
design traits or characteristics within both global and local arenas. Each parent or 
design possesses a second encoding string which is utilized to incorporate deci-
sion-based intelligence. Secondary encoding strings within selected parents are 
compared, where differences in comparison value result in the crossover of cor-
responding traits within the primary encoded or chromosome string. Addition-
ally, to retain an evolutionary approach within the secondary strings, crossover 
occurs amongst value differences in secondary string parameters. Lastly, parent 
selection is improved for an intelligent crossover where the incorporation of the 
best-saved designs or parents are retained and utilized as parents with conventional 
GA selected parents. To further retain diversity within the parent selection 
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process, best-saved designs or parents are utilized across odd generations, where 
the traditional selection of parents is still retained within even generations.  

As referenced by Webb and Sandgren [7], the mathematical excerpt below for 
a 7-digit base 10 problem reveals decision string intelligent crossover interaction, 
where differences in chromosome value result in the decision for the crossover of 
characteristics within the primary chromosome string. Additionally, crossover 
transpires with the secondary chromosome string, where the difference in chro-
mosome string value occurs throughout the string. This intelligent crossover con-
cept is an enhancement within the decision support arena, which is a significant 
aspect of game theory.  

Base 10 crossover intelligence utilizes two chromosome strings where the first 
string represents a mathematical 7-digit base 10 representation string and the sec-
ond string represents crossover intelligence to further enhance the solution and 
convergence timing.  

Sample parent one solution string {6, 7, 8, 4, 4, 1, 5} mathematically represents 
6,784,415, where the total string length correlates to the optimal 7-digit base 10 
solution.  

Sample crossover string {2, 2, 1, 2, 1, 1, 2} correlates to parent one sample solu-
tion string, where each chromosome value possesses the ability to represent the 
value of 1 or 2 for crossover instruction. The sample string length corresponds to 
the total length of the parent one solution string, which provides chromosome 
crossover instruction for each string member.  

Sample parent two solution string {6, 8, 3, 9, 3, 6, 7} mathematically represents 
6,839,367 and is the remaining parent selected to mate with the parent one solu-
tion string.  

Sample crossover string {1, 1, 1, 1, 2, 2, 2} correlates to parent two sample solu-
tion string, where each chromosome value possesses the ability to represent the 
value of 1 or 2 for crossover instruction. The sample string length corresponds to 
the total length of the parent two solution strings, which provides chromosome 
crossover instruction for each string member. 

Differences between crossover strings result in the crossover of both solution 
and crossover string characteristics.  

Below are the solution and crossover strings that were used prior to intelligent 
crossover operations.  

{6, 7, 8, 4, 4, 1, 5} {2, 2, 1, 2, 1, 1, 2} 

{6, 8, 3, 9, 3, 6, 7} {1, 1, 1, 1, 2, 2, 2} 

Following intelligent crossover, the offspring solution and crossover strings are 
below. 

{6, 8, 8, 9, 3, 6, 5} {1, 1, 1, 1, 2, 2, 2} 

{6, 7, 3, 4, 4, 1, 7} {2, 2, 1, 2, 1, 1, 2} 

Key benefits include the selection of parent solution and crossover strings from 
alternating generations, where parent selection is either from the best solutions 
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from the prior generation or conventionally selected parent strings for mating.  
New developments have been implemented into the parent selection process 

which are subjected to the intelligent crossover method. Initially, the pool of best-
saved parents was arbitrarily determined as the total available best parents for ran-
dom selection; however, per Equation (3), the following was derived, which serves 
as the initial pool of best designs or parents for selection.  

 Total
Parents

Total Current

Choices

NELEM NPOP NGEN
Best

NGEN NGEN NELEM
N 2

+ +
=

−
+

 (3) 

The following variables are defined below: 
NELEM: Number of chromosome string traits per parent 
NPOP: Total GA population value 
NGENTotal: Total GA generation value 
NGENCurrent: Current generation value within the optimizing GA routine 
NChoices: Number of values each chromosome can possess  
An examination of Equation (3) reveals that as the number of generations tran-

spires within the genetic optimization algorithm, the total number or pool of best 
parents to select increases. This concept allows for generations that have plateaued 
in value to gain additional best-saved parent(s), which are introduced into the 
parent selection pool, enabling a continuation of diverse offspring or travel se-
quences.  

3. Results 

A 50 × 50 cell maze [10], as depicted in Figure 1, was investigated where compar-
ison results were derived by Webb, et al. [1] for the traditional genetic algorithm 
and coupled with domain-specific knowledge in the form of embedded rules. Re-
sults from these previously derived two scenarios are compared with the incorpo-
ration of intelligent crossover utilizing the traditional genetic algorithm pos-
sessing domain-specific knowledge.  

As taken directly from Webb, et al. [1], each maze scenario presented was pro-
grammed in Visual Basic [11]. Genetic algorithm parameters utilized in the for-
mulation of the provided results are illustrated in Table 3, where function evalu-
ations considered are derived via Equation (4) below. 

 
Table 3. Maze genetic parameters. 

Maze Grid Population Generation Function 

Size Size Size Evaluations 

50 × 50 500 252 126,000 

 

 Size SizeFunction Evaluations Population Generation= ∗  (4) 

Overall, results depicted within Figures 2-4 demonstrate an increased progression 
starting from a traditional GA approach, as illustrated in Figure 2. The traditional 
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GA rendered the inability to locate an optimal solution. Increased performance is 
depicted in Figure 3, attributed to embedded rules derived from the incorporation 
of domain-specific knowledge, where the maze was successfully completed within 
four generations. The incorporation of intelligent crossover further enhanced the 
embedded rule-based application, as depicted in Figure 4. A comparison between 
Figure 3 and Figure 4 yields fewer paths traveled, as illustrated by blocked travel 
routes once the GA reaches a wall or barrier. Intelligent crossover successfully 
negotiated the maze within the first generation with fewer traveled routes at-
tempted. Crossover intelligence further benefited performance, attributed to a 
more diverse selection of parents, which yielded an improved pool of candidate 
offspring for maze route selection. An improvement in parent selection is at-
tributed to the utilization of the best parents evaluated by each prior generation. 
Equation (3) illustrates an improved selection process of the number of best par-
ents available in the selection pool. Initially, the quantity of best parents available 
is rounded to 2; however, as the number of generations increases within the opti-
mization routine, the number of best parents available can be rounded to as many 
as 3. The increase in available best parents assists in the continued progression of 
diverse offspring as the optimization routine approaches define GA parameters. 
Lastly, the intelligent crossover methodology enables crossover selection string 
traits to exchange characteristics, improving the diversity of the crossover intelli-
gence chromosome string.  
 

 
Figure 2. Traditional GA. 
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Figure 3. Domain-specific knowledge. 

 

 
Figure 4. Intelligent crossover methodology. 

 
An examination of scenario one within Figure 5 revealed a continuous increase 

in objective function value over a period of one hundred eighty-seven generations 
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and remained constant in value for the remainder of the specified sixty-five gen-
erations. Overall, the traditional GA failed to locate the optimal travel sequence to 
complete the maze. This is attributed to the lack of diverse offspring or travel se-
quences to further locate the optimal maze route. Inefficiencies relating to the tra-
ditional GA search include a heavy reliance on an evolutionary random search 
where mutation becomes a key attribute for driving solution convergence.  
 

 
Figure 5. Objective function vs. generation. 
 

 
Figure 6. Objective function vs. generation. 

 
Figure 6 depicts scenario two regarding objective function versus generation 

behavior for a traditional GA possessing embedded rules based on domain-spe-
cific knowledge. An aspect of incorporated domain-specific knowledge consisted 
of the creation of a wall where each travel sequence encountered a barrier, elimi-
nating the GA from revisiting the same total travel sequence more than once. Alt-
hough proven to drive solution convergence from the traditional GA result in Fig-
ure 2, the creation of a barrier or wall prohibits the GA from retaining the best-
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saved travel sequence across generations resulting in a fluctuation in objective 
function behavior as depicted in Figure 6. Since the elimination of paths pos-
sessing an attractive objective function value must be trimmed in total path length 
attributed to the formulation of a wall if a barrier is encountered, it results in a 
decrease in the objective function value, as illustrated in Figure 6.  

Lastly, Figure 7 represents scenario three regarding intelligent crossover as re-
flected within objective function versus generation behavior. The intelligent cross-
over methodology diversified offspring, resulting in fewer travel sequences as de-
picted in Figure 4, which correlates to fewer offspring evaluations, rendering a 
converged solution within the first generation.  
 

 
Figure 7. Objective function vs. generation. 

4. Concluding Remark 

The incorporation of intelligent crossover within a game theory environment en-
abled further progression of decision support for combinatorial optimization, as 
depicted within the maze example. Embedded rules within the form of domain-
specific knowledge included the elimination of redundant travel sequences (ex. N-
S, E-W) coupled with the formulation of walls to eliminate repetitive travel to an 
undesirable location. The integration of embedded rules resulted in successful 
maze completion within four generations, as illustrated in Figure 3; however, a 
reduction in travel routes taken and associated computation time required im-
provement. The intelligent crossover methodology is not application-specific and 
can be incorporated into an array of existing GA combinatorial optimization 
problems. Overall, within the maze application evaluated, crossover intelligence 
improved GA performance, resulting in the determination of the optimal maze 
travel sequence within one generation. The ability to diversify offspring and the 
corresponding intelligence encoding string enables fewer offspring evaluations, as 
depicted in Figure 4. Additionally, intelligent crossover improves the parent se-
lection abilities of the GA, which includes a pool of the best-evaluated population 
members. Intelligent crossover offers uniqueness in the selection of a parent based 
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on the best-evaluated population members coupled with the traditional GA pa-
rental selection process. The inclusion of both parent selection avenues creates an 
effective means for solution convergence, which fosters both local and global so-
lution searches to occur across odd and even generations.  
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