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Abstract

The paper considers the response to the accumulated energy in the resistor
(R)-capacitor () circuit. In the (RC) circuit, the capacitor Cis initially charged
with the “capacitive” voltage U,. At that moment t=0, the P circuit switch
turns on. By using Kirchhoff’s laws on the elements, a homogeneous differen-
tial equation of the first order with constant coefficients is obtained with the
initial condition U, (0)=Uj, . The solution of the differential equation is pre-
sented in exponential form U (t)=U, -e™" . Qualitative analysis RC of the
circuit gives a phase portrait on the line. From the phase portrait on the line,

it can be seen that the charge U, (t) >UZ =0 when t—o stabilizes, re-
gardless of the initial conditions. It is shown that from U, (t)=U, e a

dynamic system defined by the function ¢(t,U.)=U, -e" can be formed

from. It has also been shown that, from the formed dynamic system, an au-
tonomous system (circuit equation RC) can be found whose solution describes
the formed dynamic system. It is also shown that the dynamic system

@(t,Uc)=U. -e"" has one attractive fixed point U, =0.
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1. Introduction and Preliminary Notes

Dynamic systems describe the interdependence of system variables and their
change over time. Dynamic systems are described by differential and difference
equations. H. Poincaré first considers the properties of solutions of ordinary dif-
ferential equations of the second order. He introduces topological methods and
the concept of trajectories. A more abstract formulation of dynamic systems was
given by A.A. Markov, H. Whitney, and G.D. Birkhoff in 1927 [1]. A significant

contribution to the study of periodic points of continuous functions on the
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segment was made by A.N. Sharkovsky in 1964 [2]. Important developments in
the theory of dynamic systems can also be observed in the works of T.-Y. Li and
J.A. Yorke in 1975 [3], W. Melo and S. Strien in 1993 [4], and ]J. Milnor and W.
Thurston in 1977 [5]. Recent theories of dynamic systems (continuous and dis-
crete) are presented in the works [6]-[8].

The aim of the research in this manuscript is the possibility of applying dynamic
systems to the behavior and discharge of capacitors Cin the RC circuit.

Before abstractly defining a dynamic system on some set, the concepts of an
open set and open neighborhood of a point will be defined.

Definition 1. Set AcR" isopenifitholds Vxe A, 3¢>0, K(x,&)cA.

Definition 2. Open neighborhood of a point x€ R" is any open set that con-
tains the point x.

Definition 3. To set AcC R open in the set R if for Vxe A, Jee A such
that (x—&,x+¢&)cA.

The entire set Ris an open set, and sois & .

Let be the given set of initial values A< R". Let be the given set of initial values.
The dynamic system represents the evolution of this set over time.

Definition 4. Letbe Ac R" open set. A dynamic system is a set A of functions
go(t,x): Rx A— A class C1 for which applies [1]-[3]:

2(0,x)=x, xeA 1)
o(t+p.x)=p(te(p.x)). tpeR @)

If we introduce the notation ¢, (X) = (p(t, x) properties (1) and (2) are equiv-
alent to the properties:

@, =id, (identity mapping) 1)

(pt+p = (01 ° q)p (2’)

A dynamic system can also be defined so that the function ¢ is not defined
on the entire product Rx A but on the product {0}xA (local dynamic sys-
tem). Similarly, a mapping can be introduced ¢(t,X):R; x A— A that generates
a dynamic system with the time set R;. Dynamic system is called a flow if it is
teR orasemiflowifitis teR;.

For a flow, the mapping is X(t):q)(t,x) transformation invertible, as it is
o(~t,x)=p(t,x)" . Iftimeis considered teZ fora dynamic system, we say that
it is discrete.

Definition 5. For x e A, let’s define:

1) Positive orbit O, (X)=U,,9(t,x)

2) Negative orbit O, (x)=U,,,¢(t,x)

3) Orbit O, (x)=0; (t,x)UO, (t,x)=U,0(t,X)

Definition 6. If for VteR,R;,Z or N, if the relation go(t,x) =X then x
fixed point. In dynamical systems, hyperbolic fixed points play a special role. For
such points, the following holds |g0'(t, x)| #1,for VteR, xeA.Ifit
. |go’(t, x)| <1 The fixed point is attractive (sink).

DOI: 10.4236/jamp.2024.1210196

3308 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1210196

S. burié

) |(p’(t, x)| >1 The fixed point is repulsive (source).

An attractive fixed point x for the mapping ¢ has the property that there ex-
ists an open set Ucontaining the point x; whose all points converge to x. Repellent
fixed point x for the mapping ¢, it has the property that there exists an open set
U containing the point x, which repels all points from its vicinity U.

Definition 7. For x € A, we say that it is a periodic point with period n>0,
ifit ¢"(t,x)=x The smallest non-negative integer n for which the ¢"(t,x)=x
is called the fundamental period of x.

Theorem 1. Let be go(t, X) ‘RxA— A a dynamical system. Suppose there
X(t)=p(t,X,) exists X, € A. Such that x(t) is a solution to the autonomous

system:
X = f (x)} )
x(0)=%
where is function f(x) defined by
f (x) = M (4)

ot
Proof: Let X(t)=g(t,X, ). Then, according to property (1) of the dynamic sys-
tem, X(0)=¢(0,%,)=X,. According to property (2) of the dynamic system, we
have:

() dp(t,%) 0p(0+t,%,) 6¢(0,(p(t, XO)) ~ 6(0(0, X(t))
(0= ot ot - ot ot

=f(x(t)) )
According to, X(t) is a solution of the system x'= f(X).

2. Results

Now, let’s consider the autonomous system (RC circuit) depicted in Figure 1. In-
itially, the capacitor Cis charged with a “capacitive” voltage U,. Attime t=0,
the switch P is turned on, so the capacitor through the resistor begins to discharge.

In this case, the condenser acts as a voltage source.

R

e — P\ |

Figure 1. The response to the accumulated energy of the RC circuit.

From Kirchhoff’s laws, it follows [9] [10]:
Us,+Ug; =0 (6)
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By using the relationships between the voltage and current of individual circuit
components, we have:

Ug=R-l, I=C-U. 7)

By substituting the expression from Equation (7) into Equation (6), we obtain the

differential equation of the RC circuit.

R-C-U{(t)+U.(t)=0 (8)

The initial condition is the initial voltage across the capacitor U (0)=U,.

If we introduce the time constant 7 =R-C , Equation (8) takes the form:
, 1
Uc(t)+;-Uc(t):O )

with the initial condition U (0)=U,.
Equation (9) is a homogeneous first-order differential equation with constant
coefficients, and its solution is:
t
Uc(t)=K-e " (10)
where K'is a constant.
The value of the constant K is determined by the condition U (0)=U, =K.
Now, the general solution is represented as:
t
Ug(t)=Uq-e - (11)
which is defined over the entire set R; and 7>0.
The graph depicting the dependence of the capacitor voltage U (t) on time
is shown in Figure 2.

Uc(t) "

. »
=R-C t

Figure 2. Dependence of capacitor voltage on time in an RC circuit.

It can be observed that the capacitor discharges not instantaneously, but ac-
cording to an exponential law. The time constant 7 =RC influences the rate of
capacitor discharge. The larger the time constant, the slower the discharge. At the

moment t=7=RC when the “capacitive” voltage on the capacitor reaches 36.79%
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of its maximum value. If the transient lasts approx t=>57 then in engineering
applications the capacitor is considered to be nearly discharged.

The “capacitive” voltage on the capacitor is then equal to 0.67% of its maximum
value, and then the stationary state occurs. It can be considered that the transient
process is over and that the voltage on the capacitor has reached its final value.

In a similar way, the expression for determining the current /in the RC circuit

is obtained:

l=1,-e" (12)
where is:
U
I, :FO (13)

The graph of Equation (12) is similar to the graph shown in Figure 2, which also
shows an exponential decline in time t=7 and the current also drops to 36.79%
from its maximum value.

The qualitative analysis of the circuit will provide a phase portrait along the
1

trajectory. Equation (9) is equivalent to the equation U/ (t) =——U, (t) We de-
T

fine a function f(UC)z—lUC , Us 20, 7>0 whose zero point is UZ =0
T

and the considered function is decreasing. From U; <0 for U, >U¢ ,itis

concluded that U, decreases in that part and we get a phase portrait (Figure 3).

UC'H
0 N —<
UC* UC UC* Uc

U/=AU,)

Figure 3. Phase portrait of capacitor discharge in an RC circuit.

From the phase portrait on the line, it can be seen that the charge (capacitive
voltage) U (t)>UZ =0 when t—>oo regardless of the initial conditions, it
stabilizes. Figure 2 shows the same but also provides information about time t.

Since all Solutions (11) of the autonomous System (9) are defined on the set
R, , the corresponding dynamic system can be formed using the function:

t
p(tUc)=U. e~ (14)

The function ¢(t,U;):R;*> = Ry defined by Expression (14) satisfies both
conditions of the dynamic system. It is easy to check that it is valid:

9(0,Us)=U, -€° =U, condition (1).
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p t t+p

_P Pt
(ﬂ(t’("( p’Uc))=¢{t1Uc ‘€ TJ:UC er-er=Ug-e 7 =¢’(t+ p’Uc)’
t, pe Ry, condition (2).
According to definition 6, we get ¢(t,U)=U, e =U, from where it fol-
lows U -(1—e*t/’)=o , so it’s obvious U, =0 fixed point of the dynamic

model. Besides that, it is valid |(p’(t,Uc)| =|¢’(t,0)| =|e‘t/’ <1 for VteR" so
the fixed point U, =0 is attractive; that is, it represents an abyss (Figure 3).

The numerical simulation of the dynamic system (Equation (14)) is shown in

Figure 4. It can be seen that the diagram shown in Figure 2 is obtained by the
t

intersection of the surface ¢(t,U.)=U, -e © with the plane U, =const . Fig-

ure 4 also shows the behavior of the RC circuit with variable voltage and time.

o(t, U (V)

0.4

0.4
0.2
0.2
u, (V) gt t(s)

t
Figure 4. Graphic representation of the dynamic system ¢(t,U;)=U. e 7.

Using theorem 1, it can be shown that, starting from the dynamic system, the

corresponding autonomous system (circuit equation) can be found. We have that:

f(ue)-220%) 1y

ot T

C

and according to (3) it follows U/ = —l-Uc or Ul + l-Uc =0, which is Equa-
T T

tion (9), ie, the equation of the RCcircuit.

3. Conclusions

The paper considers an electric circuit that is initially charged with a “capacitive”
voltage Uj,. At the moment t=0, the P circuit switch is turned on, and the dis-
charge of the “capacitive” voltage on the capacitor is monitored over time, and the

following conclusions were reached:
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The differential equation that describes the dynamics of the RC'circuit is a ho-
mogeneous differential equation of the first order with constant coefficients
(Equation (9)).

The solution is presented in exponential form (Equation (11)).

The solutions are defined on the set R;, so then the corresponding dynamic
RC circuit system can be formed using the function (14).

The reverse is also shown, Ze, starting from the dynamic system (14), one can
find the corresponding autonomous system (equation of RC circuit, Equation
9).

Qualitative analysis of the RC circuit gives a phase portrait on the line, where
it is concluded that U. decreases on that part of the lead. From the phase
portrait on the line, it can be seen that the charge stabilizes when regardless of
the initial conditions.

It is shown that U. represents an attractive fixed point (sink) of the consid-
ered dynamic system, which is in accordance with the qualitative analysis of
the RC circuit.

The dynamic system (Equation (14)) represents a deeper insight into the be-
havior of the RC circuit and can be useful in engineering practice.

It is shown that the discharge of the capacitor Cin the RC circuit can be un-
derstood as one dynamic system.
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Nomenclatures

A—expensive

C—condenser

f (X) —function of x
I—electricity
K—constant

K (X, &) —a sphere with the center at the point of the radius
No—set of natural numbers and zero
O—orbit
P—switch
R—a set of real numbers

R, —the set of non-negative real numbers
R—resistance

t—time

7—time constant

U—voltage
x—independent variable
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