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Abstract 
In this paper, an algorithm designed by the author is used to construct the 
general solution to difference equations with constant coefficients. It is worth 
noting that the algorithm does not require any information on the multiple 
roots of the characteristic equation. This means one does not need to recon-
figure the algorithm when changing the multiplicity groups. It is for this rea-
son that the algorithm is called “universal”. In the present study, we solve the 
task of finding a linear optimal control for linear stationary discrete one- and 
higher-dimensional systems with scalar control. Moreover, we give analytical 
expressions for the control that minimize the quadratic criterion and ensure 
the asymptotic stability of the closed system. The obtained optimal control 
depends only on the parameters of the initial system and the roots of the char-
acteristic equation. 
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1. Statement and Solution of the Problem 

As in [1]-[3], we assume that the processes in the open part of the system (exclud-
ing the controller) are described by the equation of order k  

 [ ] [ ] [ ] [ ]1 1 ,ky n k b y n k b y n U nα+ + + − + + =   (1.1) 

in which the coefficients α  and 1,,jb j k=  are constants. Let us express Equa-
tion (1.1) as a system of first-order difference equations: 

 [ ] [ ]11 , 1, 1,j jx n x n j k++ = = −   (1.2) 

 [ ] [ ] [ ]1
1

1 .
k

k k i i
i

x n b x n U nα− +
=

+ = − +∑   
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If 0n = , the system state is determined by 

 [ ] [ ]0 00 , 1 , 0 .,i ix x i k U U= = =  (1.3) 

We need to find an analytical expression for the control 

 [ ] [ ] [ ]( )1 , , ,kU n x n x nϕ= 
  (1.4) 

which transfers the system from any given point in the region (1.3) to the origin 

 [ ] [ ]0, 0, 1,iU x i k∞ = ∞ = =   (1.5) 

while attaining the minimum value of the quadratic functional 

 [ ] [ ] [ ]2 2

0 1

1 ,
2

k

n
I U a x n cU nν ν

ν

∞

= =

 
= + 

 
∑ ∑  (1.6) 

where 1,,a kν ν = , and c  are given numbers. 
To solve the task, we introduce the auxiliary functional (see [4]) 

 [ ] [ ]* *

0
,

n
I U F n

∞

=

= ∑  (1.7) 

 
[ ] [ ] [ ] [ ] [ ] [ ]( )

[ ] [ ] [ ] [ ]

1
* 2 2

1
1 1

1
1

1 1 1
2 2

  1 .

k k

j j j
j

k

k k k i i
i

F n a x n cU n n x n x n

n x n b x n U n

ν ν
ν

λ

λ α

−

+
= =

− +
=

= + + + −

 
+ + + − 

 

∑ ∑

∑
 (1.8) 

The necessary conditions of extremum for the functional (1.8) are (see [4]) 

 
[ ]
[ ]

[ ]
[ ]

* *

1

0, 1, ,
1i i n n

F n F n
i k

x n x n
= −

∂
+ = =

∂ ∂ +
  

 [ ]
[ ]

*

0.
F n
u n

∂
=

∂
 (1.9) 

We rewrite the optimality conditions (1.2) and (1.9) as follows:  

 [ ] [ ]11 , 1, 1,j jx n x n j k++ = = −   

 [ ] [ ] [ ]1
1

1 ,
k

k k i i
i

x n b x n U nα− +
=

+ = − +∑  (1.10) 

 [ ] [ ] [ ]1 1 1 1 0,k ka x n b n nλ λ+ + − =  (1.11) 

 [ ] [ ] [ ] [ ]1 1 1 0, 2, ,j j j k j ja x n n b n n j kλ λ− − +− + + − = =   

 [ ] [ ].kU n n
c
α λ=  (1.12) 

2. Synthesis of a Control That Transfers the System from an  
Arbitrary Point in Open Space to the Origin 

We need to obtain the expressions for the variables of the system of Equations 
(1.10)-(1.12).  

First, we write the system’s characteristic equation. To do this, we exclude 
[ ]U n  from the system (1.10) using expression (1.12). As a result, we obtain a 
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system of order k : 

 [ ] [ ]11 , 1, 1,i ix n x n i k++ = = −   

 [ ] [ ] [ ]
2

1
1

1 ,
k

k k i i k
i

x n b x n n
c
α λ− +

=

+ = − +∑  (2.1) 

 [ ] [ ] [ ]1 1 1 0,i k ka x n b n nλ λ+ + − =   

 [ ] [ ] [ ] [ ]1 1 1 0, 2, .j j j k j k ja x n n b n n j kλ λ λ− − +− + + − = =  (2.2) 

Let us write the characteristic equations of system (2.1), (2.2): 

 ( )

1

2
1 1

1
1

1
2 1

1
1

1 0 0 0 0
0 0 0 0 0

0 0 1 0 0 0
0 0 0.

0 0 0
0 0 1

0 0 0 0

k k

k

k

k

z
z

z b b b z c
a z b

a z b

a b z

α

−

−
−

−
−

−

−

−
∆ = + =

−

+

 

 

       

 

 

 

 

       

 

 (2.3) 

Assume that none of the roots of this equation in the root plane lies on the unit 
circle with the center at the origin. Furthermore, Equation (2.3) is self-adjoint [4], 
which means that its roots have the property 1, 1,k i iz z i k−

+ = = . We assume that 
, 1,r kα α =  are roots with a modulus less than 1 and, correspondingly, kr α+  are 

those with a modulus exceeding 1. 
To write the solution of systems (2.1), (2.2), we will use the source (see [5]) 

 [ ] 1, 1,
1

, 1, ,
k

n m i n k m i
i m m k m k m

m
x n C S C S i k− + − − +

+ +
=

 = + = ∑  (2.4) 

where mC  and k mC +  are arbitrary constants, 1,  n m i
mS − +  and 1,  n k m i

k mS − − +
+  are com-

binations with repetition [6] on the roots 1, , mr r  and 1, , k mr r + , consisting of 
n m i− +  and n k m i− − +  roots, correspondingly. For instance, 

 2 2 2 2
1,3 1 1 2 1 3 2 2 3 3 .S r r r r r r r r r= + + + + +   

From system (2.1) and solutions (2.4), it follows that  

 
[ ] 1

1, 1 1,2
1 1

1
1, 1 1,

1
.

k k
n m k n m i

k m m k i m
m i

k
n m n k m i

k m k m k i k m
i

cn C S b S

C S b S

λ
α

− + + − +
− +

= =

− + − − +
+ + − + +

=




 
= + 

 

 
+ + 

 






∑ ∑

∑
 (2.5) 

According to the boundary conditions, the variables [ ], 1,ix n i k= , and [ ]U n  
must tend to zero as n →∞ . This is only possible if 0, 1,k mC m k+ = = . Therefore, 
according to solutions (2.4) and (2.5), we have 

 [ ] 1,
1

, 1, ,
k

n m i
i m m

m
x n C S i k− +

=

= =∑  (2.6) 
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 [ ] 1
1, 1 1,2

1 1
.

k k
n m k n m i

k m m k i m
m i

cn C S b Sλ
α

− + + − +
− +

= =

 
= + 

 
∑ ∑  (2.7) 

Note that solutions (2.6) and (2.7) do not require information about the multi-
plicity of the roots. From the resulting equations, we exclude mC  and obtain 

 [ ] 1
1, 1 1,2

1 1
,

k k
k n m k n m i

k m m k i mk
m i

cn S b Sλ
α

− + + − +
− +

= =

 
= ∆ + ∆  

∑ ∑  (2.8) 

where the determinant 

 

1 1
1,1 1,2 1,

1 2
1,1 1,2 1,

1 2
1,1 1,2 1,

,

n n n k
k

n n n k
kk

n k n k n
k

S S S
S S S

S S S

− − +

+ − +

+ − + −

∆ =





   



  (2.9) 

and k
m∆   is the determinant obtained from k∆   by replacing the mth column 

with the vector [ ]ix n  . Let us expand the determinant k
m∆   along the column 

[ ]ix n . The result is 

[ ] [ ] [ ]1
, 1, , 1 1,2

1 1 1 1 1
,

k k k k k
k n m k k n m

k i i m m i i m k mk
m i m i

cn x n S x n b S β
β

β
λ

α
− + + − +

− +
= = = = =

 
= ∆ + ∆ ∆  

∑∑ ∑∑ ∑  (2.10) 

where ,
k
i m∆  is the algebraic complement (cofactor) of the entry in the ith row and 

mth column of determinant k∆ . In Equation (2.10), we have 

 [ ] [ ], 1 1, 1 , 1,
1 1 1 1 1 1

.
k k k k k k

k n m k k m
i i m k m i k i m m

m i i m
x n b S x n b Sβ β

β β
β β

− + − +
− + − +

= = = = = =

∆ = ∆∑∑ ∑ ∑ ∑ ∑  (2.11) 

Moreover, in Equation (2.11), we have 

 , 1,
1

0 if ,
if

k
k n m
i m m k

m

i
S

i
β β

β
− +

=

≠
∆ = ∆ =

∑  (2.12) 

since this expression is the sum of the entries in the ith row of determinant k∆  
(see Equation (2.9)) multiplied by the cofactors of the βth row of the same deter-
minant. Accordingly, we can write Equation (2.10) as 

 [ ] [ ] 1
1 , 1,2

1 1

1 .
k k

k n m k
k i k i i m mk

i m

cn x n b Sλ
α

− + +
− +

= =

 = + ∆ ∆ 
∑ ∑  (2.13) 

Further transformations of expression (2.13) are performed in the Appendix. 
According to Equations (A.11), (2.12), and (1.12), the desired control becomes 

 [ ] [ ] ( )( )1
1 1,

1

1 1 .
k

k i k i
i k i k

i
U n x n b θ

α
− − +

− +
=

= + −∑  (2.14) 

Let us introduce Vieta’s numbers, defined as indicated below: 

 ( ) 1,1 , 1, .j j
j kV j kθ= − =   (2.15) 

Now, we can rewrite expression (2.14) as  

 [ ] [ ]( )1 1
1

1 .
k

i k i k i
i

U n x n b V
α − + − +

=

= −∑  (2.16) 

Under control Equation (2.16), process Equation (1.2) acquires either the form 
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 [ ] [ ]11 , 1, 1,j jx n x n j k++ = = −   

 [ ] [ ]1
1

1
k

k k i i
i

x n V x n− +
=

+ = −∑  (2.17) 

or the form 

 [ ] [ ]
1

0.
k

k i k
i

x n k V x n k i
=

+ + + − =∑  (2.18) 

According to Equation (2.6), we obtain 

 [ ] 1,
1

, 1, ,
k

n m i
i m m

m
x n C S i k− +

=

= =∑  (2.19) 

and [ ] 0ix n →  as 0n →  since the combinations 1,
n m i

mS − +  correspond to roots 
with a modulus less than 1. The constants mC  are computed from conditions 
(1.3). 

Thus, when solving a specific problem, find the roots , 1,jr j k= , of Equation 
(2.3). Among these roots, select those whose modulus is less than 1. Then, con-
struct a control Equation (2.16). Compute the constants , 1,ir i k= . Obtain the 
transient process Equation (2.19). 

Example 1. Let us suppose that 2k = . In this case, system (1.2) has the form 

 [ ] [ ]1 21 ,x n x n+ =   

 [ ] [ ] [ ]
2

2 2 1
1

1 .i i
i

x n b x n U nα− +
=

+ = − +∑   

Characteristic Equation (2.3) is 

 ( )( ) ( ) ( )( ) ( )
2

1 1 1 2
1 1 2 1 1 1 2 2 0.b z b z b z b z z b z a a b

c
α− − −+ + + + + + − + + =  (2.20) 

The equation does not change if we substitute the variable z  with 1z− . This in-
dicates that it is self-adjoint, i.e., the roots satisfy the condition 1

2 , 1, 2i iz z i−
+ = = . 

Assume that the roots , 1, 2rα α = , do not lie on the unit circle with the center at 
the origin and their moduli are less than 1. The desired control Equation (2.16) is 
written in this case as 

 [ ] [ ] [ ]
2 2

3 3
1 1

1 1 ,i i i i
i i

U n x n b V x n
α α− −

= =

= −∑ ∑  (2.21) 

with  

 ( )1 1 2 2 1 2and .V r r V r r= − + =   

The controlled process (2.18) is 

 [ ] [ ] [ ]3 1 3 2 32 1 0.x n V x n V x n+ + + + =   (2.22) 

From Equation (2.6), we obtain 

 [ ] [ ]1 1
1 1 1,1 2 1,2 2 1 1,1 2 1,2, ,n n n nx n C S C S x n C S C S− += + = +  (2.23) 

where 

 1 1
1,1 1 1,1 1, ,n n n nS r S r+ += =   
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 1 1 2 1 1
1,2 1 1,1 2 2 1,2 1 1 2 2, .n n n n n n n nS r r r r S r r r r− − − − −= + + + = + + +    

According to Equation (2.23), we have the initial conditions 

 [ ] [ ]1 1 2 1 1 20 , 0 .x C x C r C= = +  (2.24) 

3. Systems of Difference Equations 

Let us consider a system described by a system of difference equations of order k 
with constant coefficients 

 [ ] [ ] [ ]1 ,y n Ay n BU n+ = +  (3.1) 

where 

 [ ] [ ] [ ] T T T
1 1 ,, , , 0 , , , , 1, ,k k i jy n y n y n B A i j kα α−    = = = =        (3.2) 

the control [ ]U n  is a scalar, 10k−  is the ( )1k − -dimensional zero vector, and 
α  is a constant parameter. We need to solve problem Equations (1.4)-(1.6). 

Let us write system (3.1) in the form Equation (1.2) (see 5): 

 [ ] [ ] [ ] [ ]2 2
1 1 1 1

01 ,
1

k k
k gx n k x n k x n A A U nα− − + +∅ + − + +∅ =   



  (3.3) 

 

( )( )
( )( )

( )

1 1 *
1 . 1,1

1 1 *
2 . 1

1 1 *
3 . 2

1 1 * 2
.1

,

,

,

.

k
g k

k
g k

k
g k

k k
k g

A A M N

A A M N A

A A M N AA

A A M N A A

ν

ν

ν

α− −

− −
−

− −
−

− − −

∅ = −

∅ = −

∅ = −

∅ = −





 



 

 (3.4) 

According to Equation (3.2), we have in Equation (3.4) 

 1,2 1, 2,1 ,1, , , , , , , , 2, .g k v k ijA A A i j kα α α α α    = = = =     


   (3.5) 

The ( ) ( )1 1k k− × −  matrix 

 ( ) ( )T TT T 2, , , .k
g g gM A A A A A − =   

 

   (3.6) 

We assume that 0M ≠ . 
The ( )1k k− ×  matrix 

 

1,1

1,1

*

4 3

3 4
1,1

1 0 0
0 0
0 0

1 0
1

g v

g v g v

k k
g v g v

k k
g v g v

A A
A AA A A

N

A A A A A A
A A A A A A

α
α

α

− −

− −

− 
 
 
 

=  
 
 −
 

−  









    

 



 



  

and . , 1,rN r k∗ =  are the columns of this matrix. 
In Equation (3.3), we have 

 2 1,22
3 3

0 if 2,
1 if 3,
kk

k kg
g g

a k
A A

A A A A a k
−−

− −

=  =   = ≥   


 



 (3.7) 
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where  

 
T

2, ,, , .k k ka α α =  
   (3.8) 

Let us rewrite Equation (3.3) in the form 

 [ ] [ ] [ ] [ ]1 1 1 11 ,kx n k x n k x n U nα+ +∅ + − + +∅ = 

   

with scalar equation 

 [ ] [ ]22
0

.1
kk

gU n A A U n−−  
=  

  
  (3.9)  

We have obtained the problem Equations (1.4)-(1.6). Let us write down the deter-
minant Equation (2.3) after replacing the coefficients , 1,ib i k= , by , 1,i i k∅ = , 
as expressed in Equation (3.4). Among the 2k roots of Equation (2.3), we select 𝑘𝑘 
roots whose modulus is less than 1. Using these roots, we construct the numbers 

 ( ) 1,1 , 1, ,j j
j kV j kθ= − =   

where 1,
j
kθ   are j-combinations of the roots 1, , kτ τ  . Thus, control Equation 

(3.9) becomes 

 [ ] [ ]( )1 11

1 .i k i k ii
kU n x n V

α − + − +=
= ∅ −∑  (3.10) 

According to Equation (3.9), the control [ ]U n  for problem Equation (3.3) is 

 [ ] ( ) [ ]( )
13 1

1 11 .k
g i k i k ii

kU n A A a x n Vα
−− −

− + − +=
= ∅ −∑

  (3.11) 

Example 2. Let us consider system (3.1) when 2k = : 

 [ ] [ ] [ ]1 1,1 1 1,2 21 ,y n y n y nα α+ = +  (3.12) 

 [ ] [ ] [ ] [ ]2 2,1 1 2,2 21 .y n y n y n U nα α α+ = + +   

The remarks we made in Example 1 are also valid in this case. 
For system (3.12), we have 

 1 1
1,2 2,1 2,2 1,2 1,2 12, , , , , 0.gA A A M Mνα α α α α α− −       = = = = = ≠       

   

Let us write Equation (3.12) in the form  

 [ ] [ ] [ ] [ ]1 1 1 2 12 1 ,gy n y n y n A U nα+ +∅ + +∅ =  (3.13) 

where, according to Equation (3.4), we have 

 ( )1 2,2 1,1 2 1,1 2,2 1,2 2,1, .α α α α α α∅ = − + ∅ = −   

The characteristic equation of the process is   

( )( ) ( ) ( )( ) ( )
2

1 1 1 2
1 1 2 1 1 1 2 2 0.z z z z z z a a

C
α φ− − −∅ + ∅ + +∅ ∅ + + ∅ + − + + = (3.14) 

The moduli of 1r   and 2r   are less than 1. With these roots, we construct the 
numbers 

 ( )1 1 2 2 1 2and .V r r V r r= − + =  (3.15) 

Further, according to Equation (3.11), we obtain the desired control: 
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 [ ] [ ]( ) [ ]( )( )1 2 2 2 1 1
1 .U n y n V y n V
α

= ∅ − + ∅ −  (3.16) 

It follows from expressions (3.13) and (3.16) that the controlled process has the 
form  

 [ ] [ ] [ ]1 1 1 1 22 1 0.y n y n V y n V+ + + + =    

Example 3. Stabilization of a rocket’s rotation angle relative to its longitudinal 
axis. 

The equation of a rocket’s rotation relative to its longitudinal axis has the form  

 ( ) ( ) ( )( ) ( )
2

1 22

d
,

dd
d t t

k k t U t
t

J
t
ϕ ϕ

ψ ϕ α= + +  (3.17) 

where J  and ( )tϕ  are, respectively, the moment of inertia and the absolute 
angle of rotation of the rocket relative to its longitudinal axis, ( )U tα  is the con-
trol torque, and ( )( )2k tψ ϕ  is a known moment of resistance depending only on 
the angle ( )tϕ . Let us write Equation (3.12) in difference form: 

 ( ) ( )( ) ( ) ( )( ) ( )( ) ( )2 2 1 1 1 2 1 .J t T t k t T t T k t U t
T

ϕ ϕ ϕ ϕ ψ ϕ α+ − = + − + +   

For the discrete time t nT= , we can write the same equation in matrix form 
as 

 [ ] [ ] [ ]1 ,y n Ay n BU n+ = +   (3.18) 

where, using the notations ( ) ( )1 1y t tϕ=  and ( ) ( )2 2y t tϕ= , we have 

 
[ ] [ ] [ ]1 2 , 1,1 1,2

2,1 2,2 1

, , , , 1,2, ,

 

1,

0, 1 ,
i jy n y n y n A

J

i j

T

T

k

α α α

α α

   = = =  
= +

= =

=
   

 [ ] [ ] [ ] [ ]( )( )T
1,0 .U n T U n k yB nα ψ α+= =   

We have obtained the problem from Example 2. 

4. Conclusion 

We obtained analytical expressions for optimal controls depending only on the 
parameters of the original system and the roots of the characteristic equations of 
the accompanying variational problems. The roots should not lie on the unit circle 
with the center at the origin. If at least one root lies on that circle, then the control 
problem does not have a solution. Self-oscillations arise in the system. 
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List of Mathematical Notations 

n : a discrete quantity, 0,1,n = 
; 

, , ,i ic a bα : constant quantities; 
[ ] [ ] [ ] [ ] [ ] [ ] ( ), , , , , ,x n y n n U n F n I n zλ ∗ ∗ ∆ : functions; 

,2, 1m m kC = : constants; 

1, 1,,m mSγ γθ : γ-combinations of the roots 1, , mr r , 1,2,γ =  ; 
k∆ : a determinant of order k; 
,A B : matrices. 

Appendix 

Transformation of expression (2.13). The algebraic complement (cofactor) ,
k
i m∆  

of the determinant Equation (2.9) can be written as 

 ( )

2 1
1,1 1, 1 1, 1 1,

2 2 1
1,1 1, 1 1, 1 1,

, 2 1
1,1 1, 1 1, 1 1,

1 1 1
1,1 1, 1 1, 1 1,

1 .

n n m n m n k
m m k

n i n i m n i m n i k
i m m m kk

i m n i n i m n i m n i k
m m k

n k n k m n k m n
m m k

S S S S

S S S S
S S S S

S S S S

− + − − +
− +

+ − + − + − − + − −
+ − +

+ + − + + − + − +
− +

+ − + − + + − −
− +

− ∆ =

 

     

 

 

     

 

 (A.1)  

Let us transform the determinant in Equation (A.1). Multiply row ( )2k −  by 1r  
and subtract the result from row ( )1k − , and so on; multiply row i  by 1r  and 
subtract the result from row ( )1i +  ; multiply row ( )2i −   by 1r   and subtract 
the result from row ( )1i − ; and so on; multiply the first row by 1r  and subtract 
the result from the second row. Apply the following formula to all obtained dif-
ferences [2]: 

 
1

1 1, 2,
1, 1

1 1,

, 1,

.

q q
j jq

j q
j

r S S j
S

r S

−

−

 + >= 


 (A.2) 

Multiply row ( )1i −  by 2
1r  and subtract the result from row i . Then apply the 

following formula to the obtained expressions [2]: 

 2 2 1
1, 1 1, 1 2, 2, , 1.q q q q

j j j jS r S r S S j− −= + + >  (A.3)  

From Equation (A.1), we obtain   

 ( )

1 2 1
1,1 1,2 2, 1 2, 1 2,

3 1 2
2,2 2, 1 2, 1 2,

3 2 1
2,2 2, 1 2, 1 2,

, 2 1 1 2
1 2,2 2,2 1 2, 1 2, 1

0

0
0

1

n n n m n m n k
m m k

n n m n m n k
m m k

n i n i m n i m n i k
i m m m kk

i m n i n i n i m n i m
m m

S S S S S
S S S S

S S S S
r S S r S S r

− − + − − +
− +

− + − + − +
− +

+ − + − + − − + − −
+ − +

+ − + − + − + + − +
− −

− ∆
+ +

=

 

 

      

 



( )
( )

( )
( )
( )

( )

1 1
1 2, 1 2, 1 1 2, 2,

3 1 2
2,2 2, 1 2, 1 2,

2 1 1
2,2 2, 1 2, 1 2,

1
2

2
1

0

20

n i m n i m n i k n i k
m m k k

n i n i m n i m n i k
m m k

n k n k m n k m n
m m k

S S r S S
S S S S

S S S

i
i

S

i

k

+ − + + − + − + − +
+ +

+ + − + + − + + − +
− +

+ − + − + + − +
− +

+ −

−

+
−




 

      

 

(A.4) 
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( )

3 1 2
2,2 2, 1 2, 1 2,

3 2 1
2,2 2, 1 2, 1 2,
2 1 1 2 1

, 1,1 1 2,2 2,2 1 2, 1 2, 1 1 2, 1 2, 1 1 2, 21

n n m n m n k
m m k

n i n i m n i m n i k
m m k

i mk n n i n i n i m n i m n i m n i m n i k
i m m m m m k

S S S S

S S S S
S r S S r S S r S S r S S

− + − + − +
− +

+ − + − + − − + − −
− +

+ + − + − + − + + − + + − + + − + −
− − + +∆ = − × + + + +

 

     

 

 

( )

( )
( )
( )

( )

1
,

3 1 2
2,2 2, 1 2, 1 2,

2 1 1
2,2 2, 1 2, 1 2,

1

2
1

2

n i k
k

n i n i m n i m n i k
m m k

n k n k m n k m n
m m k

i
i

i

k

S S S S

S S S S

+ − +

+ + − + + − + + − +
− +

+ − + − + + − +
− +

−
−

−



 

     

 

(A.5) 

Expand the determinant in Equation (A.5) along row ( )1i − : 

 ( )1 1
, 1,1 1 , 1 1, 1 , 1, , 1, ,k n k k

i m i m i mS r i k m k− −
− − −∆ = − ∆ + ∆ = =   (A.6) 

where 1
, 1

k
i m
−
−∆  and 1

1, 1
k
i m
−
− −∆  are the algebraic complements of the following de-

terminant of order 1k − : 

 

3 2 1 2
2,2 2, 1 2, 2, 1 2,

3 1 2 1
2,2 2, 1 2, 2, 1 2,

2 1 1
2,2 2, 2, 2, 1 2,1

1 2
2,2 2, 1 2,

n n m n m n m n k
m m m k

n i n i m n i m n i m n i k
m m m k

n i n i m n i m n i m n i k
m m m kk

n i n i m n i
m m

S S S S S

S S S S S
S S S S S
S S S

− + − + − + − +
− +

+ − + − + − − + − − + − −
− +

+ − + − + + − + − − + −
+−

+ − + − + + −
−

=∆

 

      

 

 



( )

( )
( )
( )

( )

( )

1 1
2, 1 2,

3 2 1 2
2,2 2, 1 2, 2, 1 2,

2 1 1
2,2 2, 1 2, 2, 1 2,

2
1

1

1

1

m n i m n i k
m k

n i n i m n i m n i m n i k
m m m k

n k n k m n k m n k m n
m m m k

i
i

S S
iS S S S S

kS S S

i

S S

+ + − + − +
+

+ + − + + − + + − + + − +
− +

+ − + − + + − + − −
− +

−
−

+

−





 

      

 

 (A.7) 

The algebraic complements of this determinant are such that 

 ( )

3 1 2
2,2 2, 1 2, 1 2,

3 2 1
2,2 2, 1 2, 1 2,

1 2 1 1
, 1 2,2 2, 1 2, 1 2,

3 1 2
2,2 2, 1 2, 1 2,

1

n n m n m n k
m m k

n i n i m n i m n i k
m m k

i m k n i n i m n i m n i k
i m m m k

n i n i m n i m n i k
m m k

S S S S

S S S S
S S S S
S S S S

− + − + − +
− +

+ − + − + − − + − −
− +

+ − + − + − + + − − + −
− − +

+ + − + + − + + − +
− +

− ∆ =

 

     

 

 

 

  

( )

( )
( )
( )

( )2 1 1
2,2 2, 1 2, 1 2,

1

2
1

2n k n k m n k m n
m m k

i
i

i

kS S S S+ − + − + + − −
− +

−
−

−



  

 

 (A.8) 

 ( )

3 1 2
2,2 2, 1 2, 1 2,

3 2 1
2,2 2, 1 2, 1 2,

1 1 2 1
1, 1 2,2 2, 1 2, 1 2,

3 1 2
2,2 2, 1 2, 1 2,

1

n n m n m n k
m m k

n i n i m n i m n i k
m m k

i m k n i n i m n i m n i k
i m m m k

n i n i m n i m n i k
m m k

S S S S

S S S S
S S S S
S S S S

− + − + − +
− +

+ − + − + − − + − −
− +

+ − + − + − + + − + − +
− − − +

+ + − + + − + + − +
− +

− ∆ =

 

     

 

 

 



( )

( )
( )
( )

( )2 1 1
2,2 2, 1 2, 1 2,

1

2
1

2n k n k m n k m n
m m k

i
i

i

kS S S S+ − + − + + − −
− +

−
−

−



    

 

 (A.9)  

Notice that if 2,m k= , then we have 

 

1
1,1 1 , 1

1 1
, 1,1 1 , 1 1, 1

1
1,1 1, 1

if 1,

if 2, 1,
if .

n k
i m

k n k k
i m i m i m

n k
i m

S r i

S r i k
S i k

−
−

− −
− − −

−
− −

− ∆ =
∆ = − ∆ + ∆ = −
 ∆ =

 (A.10) 

We use the Formula (A.10) in the method of complete induction. Next, we will 

https://doi.org/10.4236/jamp.2024.1210210


A. A. Baloev 
 

 

DOI: 10.4236/jamp.2024.1210210 3549 Journal of Applied Mathematics and Physics 
 

show that the equality  

 ( )1 1
, 1, 1,

1

1 1 , 1,
k

k ik n m k k i
i m m kk

m
S i kθ−− + + − +

=

∆ = − =
∆ ∑  (A.11) 

holds in Equation (2.13). 
Case 1i = . We should prove that 

 ( ) 11
1, 1, 1,

1

1 1 .
k

kk n m k k
m m kk

m
S θ−− + +

=

∆ = −
∆ ∑  (A.12) 

Let us prove that Formula (A.12) holds when 1k = . On the left-hand side of For-
mula (A.12), we obtain 

 
1

1 1 1 1 1 1
1, 1, 1,1 1,1 1 11 1

1 1

1 1 1 .n m n n
m m n

m
S S r r

r
− + + + +

=

∆ = ∆ = =
∆ ∆∑   

The right-hand side in Formula (A.12) also equals 1r  when 1i = . Consequently, 
Formula (A.12) holds when 1k = . 

For 1i = , according to Equation (A.10), we have  

 1 1
1, 1 1, 1, 2, .k n k

m mr m k+ −
−∆ = − ∆ =  (A.13) 

Plug the expression (A.13) into Equation (A.12):  

 
( ) 1 1 1

1 1 1, 1 1,
2

1 1 1
1 1, 1 1,

2

1 1

1 .

k
n k n m k

m mk
m

k
n k n m k

m mk
m

L r S

r S

+ − − + +
−

=

+ − − + +
−

=

≡ − ∆
∆

= − ∆
∆

∑

∑
 (A.14) 

Assume that Equation (A.11) has been proven for 1k k= −  and 1i = , that is, 

( )
1

21 1
1, 1, 1, 11

1

1 1 .
k

kk n m k k
m m kk

m
S θ

−
−− − + −

−−
=

∆ = −
∆ ∑  

According to Equation (A.14), in this case we obtain 

 ( ) ( )1 1 11 1 1 1 1
1 1 2, 1 2,

1 1 1 ,k kn k i k k
k kkL r rθ θ− − −+ − − + − −= − − ∆ = −

∆
 (A.15) 

or 

( ) 1
1 1,1 .k k

kL θ−= −  

Thus, Equation (A.12) has been proven for 1i = . 
Let us consider Equation (A.11) for 2, 1i k= − . We shall prove that Equation 

(A.11) holds when 1k = . We should obtain the equality  

( )
1

11 1 1 1 1
, 1, 1,11

1

1 1 ,in m i
i m m

m
S θ−− + + − +

=

∆ = −
∆ ∑  

which reduces to 1 1r r= . This means that Equation (A.11) holds for 1k = . Let us 
prove Equation (A.11) for 2k =  and 2i = . On the left-hand side, we have  

( )

( )

( )

2
2 2 1 2 2 2 1
2, 1, 2,1 1,1 2,2 1,22 2

1

1 2 1
1,2 1 1 1,22

2 2
1 2 1 22

1 1

1

1 .

n m n n
m m

m

n n n n

S S S

S r r S

r r r r

− + + + +

=

− + +

∆ = ∆ + ∆
∆ ∆

= − +
∆

= +
∆

∑
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The right-hand side is 1
1,2 1 2r rθ = + . Therefore, Equation (A.11) holds when 2k =  

and 2i = . 
In the considered case, i.e., when 2, 1i k= − , it follows from Equation (A.10) that  

 ( )1 1
, 1 1, 1 1 , 1 , 2, 1, 2, ,k n k k

i m i m i mr r i k m k− −
− − −∆ = ∆ − ∆ = − =  (A.16) 

whenever 2k ≥ . Consequently, on the left-hand side of Equation (A.11), we obtain 

 ( )1 1 11
2 1, 1 1 , 1 1,

2
.

n k
k k n m k
i m i m mk

m

rL r S− − − + +
− − −

=

= ∆ − ∆
∆ ∑  (A.17) 

Let us now suppose that Equation (A.11) has been proven for 1k k= − . If this is 
the case, we can write Equation (A.17) as  

( ) ( ) ( ) ( )( )
( ) ( )

1 1 11 1 1 1 1 11
2 2, 1 2,

1
2, 1 2,

1 1

1 ,

n
k i k ik i k i k

k kk

k i k i k i
k k

rL r

r

θ θ

θ θ

− − − − −− − − + − − + −

− − + −

= − − − ∆
∆

= − +
 

that is,  

 ( ) 1
2 1,1 .k i k i

kL θ− − += −  (A.18) 

Thus, Formula (A.11) has been proven for 2, 1i k= − . 
Let us now consider Equation (A.10) for i k= . It can be inferred from Equa-

tion (A.11) that we need to prove the formula 

 1
, 1, 1,

1

1 .
k

k n m
k m m kk

m
S θ−

=

∆ =
∆ ∑  (A.19) 

Let us transform the sum 1
k
m=∑  in Equation (A.19). We denote this sum by 4L  

and rewrite it as a kth order determinant:  

 

( )

( )
( )

1 1
1,1 1,2 1,

4 2 3 1
1,1 1,2 1,

1 1
1,1 1,2 1,

1

1

n n n k
k

n k n k n
k

n k n k n
k

S S S

L
kS S S

S S S k

− − +

+ − + − −

+ + − +

=
−





   





 (A.20) 

Now multiply row ( )1k −   by 2
1r   and subtract the result from row k  . Next, 

multiply row ( )2k −  by 1r  and subtract the result from row ( )1k − , and so on. 
Finally, multiply the first row by 1r  and subtract the result from the second row. 
After all these operations, we obtain 

( )
( )

( )
( )

1 1
1 1,2 1,

1 2 1
1,2 1,2 1, 1,

4
3 4 1 2

1,2 1,2 1, 1,
1 3 1

1 1

1,2 1,2 1,

1 1
2 2

1 1 1,

1
20

0
10

0

n n n k
k

n n n k n k
k k

n k n k n n
k k

n k n k n n
k k

r r

r

r S S
S S S S

L
r kS S S

kS S S Sr
S

r

− − +

− − + − +

+ − + − − −

+ − + − −

− −

− −
−

=
−

−





  





 

Apply Formula (A.2) to rows 1, , 1k −  and Formula (A.3) to the last row: 

 

( )
( )

( )
( )

1 1
1 1,2 1,

2
2,2 2,

4
3 1

2,2 2,
2 1 1

1 2,2 2,2 1 2, 2,

1
20

0
10

0

n n n k
k

n n k
k

n k n
k

n k n k n n
k k

r S S
S S

L
kS S

kr S S r S S

− − +

− +

+ − −

+ − + − +

=
−

+ +





  





  (A.21) 
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Next, 

 

( )

( )
( )

2
2,2 2,2

2,2 2,

4 1 1 3 1
2,2 2,2

2,2 2, 1 1
2,2 2,

1

.
2
1

n n k
kn n k

k
n

n k n
kn k n

k n k n
k

S S
S S

L r r
S S k

S S
S S k

− +
− +

+ − −
+ −

+ − +

 
 
 = + − 
 − 






  

  







 (A.22) 

The first determinant of order ( )1k −  on the right-hand side of Equation (A.22) 
coincides with the determinant 1k−∆  from Equation (A.7). Furthermore, the de-
terminants 1k−∆   and k∆   are related by the following formula (see Equation 
(A.10)): 

 1
1 .k n kr −∆ = ∆  (A.23) 

Let us introduce the following notations: 

 

( )
( )

( )
( )

1
, , 1 ,

1 1
, , 1 ,

1 2 1
, , 1 ,

1 1
, , 1 ,

1
2

1

n n n k i
i i i i i k
n n n k i
i i i i i k

i
n k i n k i n
i i i i i k
n k i n k i n
i i i i i k

S S S
S S S

k iS S S
k iS S S

θ

− − +
+

+ − + +
+

+ − − + − − −
+

+ − + + − +
+

=
−

− +





   





 (A.24) 

Now we can rewrite Equation (A.22) as 

( )1
1 1 1 2 .n kr rθ θ−= ∆ +  

From Equation (A.23) we therefore obtain 

1 1 1 2.k nr rθ θ= ∆ +  

In a similar manner, we deduce that 

( )2
1 1 1 2 2 3

1
1 1 2 1 2 3

1 2 1 2 3.

k n n k

k n k n n

k k n n

r r r r

r r r r r

r r r r

θ θ

θ

θ

−

−

= ∆ + ∆ +

= ∆ + ∆ +

= ∆ + ∆ +

 

Continuing these transformations and using Equation (A.24) and formulae 

 1
1 , ,3,n

k krα α
α α−
− +∆ = ∆ =  (A.25) 

which are more general than Equation (A.23), we can write 

 ( )1 1 2 1 2 1,k n n
k k kr r r rθ θ− − −= ∆ + + +   (A.26) 

where 

( )
1

1, 1 1,
1 1 12 1

1, 1 1,

.
n n
k k k k n n

k k k k kn n
k k k k

S S
r r r r

S S
θ

−
− − −

− − −+ +
− − −

= = +  

Thus, we find from Equation (A.26) that 
1

1 1, .k
kθ θ= ∆  

This concludes the proof of Formula (A.19). 
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