4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Journal of Applied Mathematics and Physics, 2024, 12, 3538-3551
https://www.scirp.org/journal/jamp

ISSN Online: 2327-4379

ISSN Print: 2327-4352

Synthesis of an Optimal Control for Linear
Stationary Discrete Dynamical Systems

Arnold Andreevich Baloev

Institute of Automation and Electronic Instrumentation, Kazan National Research Technical University named after A. N.

Tupolev-KAI (KNITU-KAI), Kazan, Russia
Email: a.baloev@mail.ru

How to cite this paper: Baloev, A.A. (2024)
Synthesis of an Optimal Control for Linear
Stationary Discrete Dynamical Systems. Jour-
nal of Applied Mathematics and Physics, 12,
3538-3551.
https://doi.org/10.4236/jamp.2024.1210210

Received: September 3, 2024
Accepted: October 27, 2024
Published: October 30, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

(OMOMMY 0pe pcces

Abstract

In this paper, an algorithm designed by the author is used to construct the
general solution to difference equations with constant coefficients. It is worth
noting that the algorithm does not require any information on the multiple
roots of the characteristic equation. This means one does not need to recon-
figure the algorithm when changing the multiplicity groups. It is for this rea-
son that the algorithm is called “universal”. In the present study, we solve the
task of finding a linear optimal control for linear stationary discrete one- and
higher-dimensional systems with scalar control. Moreover, we give analytical
expressions for the control that minimize the quadratic criterion and ensure
the asymptotic stability of the closed system. The obtained optimal control
depends only on the parameters of the initial system and the roots of the char-
acteristic equation.

Keywords

Difference Equations, Multiple Roots, Optimal Control

1. Statement and Solution of the Problem

Asin [1]-[3], we assume that the processes in the open part of the system (exclud-

ing the controller) are described by the equation of order k

y[n+k]+by[n+k-1]+---+by[n]=aU[n], (1.1)

in which the coefficients « and b;, ] =1k are constants. Let us express Equa-
tion (1.1) as a system of first-order difference equations:

X;[n+1]=x,4[n], j=1k-1, (1.2)

X [n+1]= —Zbkfmxi [n]+aU[n].

k
i=1
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If n=0, the system state is determined by

X [0]=x,, i=Lk, U[0]=U,. (1.3)
We need to find an analytical expression for the control
U [n]=@(x[n].- % [n]), (14)
which transfers the system from any given point in the region (1.3) to the origin
U[w]=0, x[®]=0, i=Lk (1.5)

while attaining the minimum value of the quadratic functional
o0 k
I[U]:%Z[Zavxf[nhcuz[n]} (1.6)
n=0\v=1

where a,,v=1K,and C are given numbers.

To solve the task, we introduce the auxiliary functional (see [4])

I"[u]=SF"[n], (17)

n=0

F ()= 2 a )+ 2ou? () 34 ) [n+1] -, ]
" = (1.8)

A, [n][xk [n+1]+:zlbmxi [n]-aU [n]j.

The necessary conditions of extremum for the functional (1.8) are (see [4])

oF’[n] . _F'[n] |

] e =Lk,
oF’[n]
au[n] =0. (1.9)

We rewrite the optimality conditions (1.2) and (1.9) as follows:

x;[n+1]=x,4[n], j=1k-1,
% [n +1]:—Zk:bk7i+1xi[n]+au[n], (1.10)
a,x [n]+bA [n]+ 4 [n-1]=0, (1.11)

a;x;[n]= A, [n]+b_j4[n]+ 4 [n-1]=0, j=2k,
U[n]:%jk[n]_ (1.12)

2. Synthesis of a Control That Transfers the System from an
Arbitrary Point in Open Space to the Origin

We need to obtain the expressions for the variables of the system of Equations
(1.10)-(1.12).
First, we write the system’s characteristic equation. To do this, we exclude

U [n] from the system (1.10) using expression (1.12). As a result, we obtain a
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system of order k:

X [n+1]=x,[n], i=1k-1,

K 2
X [n+1]=-Yb_ X [n]+%4 [n], 2.1)
i1
ax, [n]+bA [n]+4[n-1]=0,
a;x;[n]- 4,4 [n]+b_ ;A [n]+ 4 [n-1]=0, j=2k. (2.2)
Let us write the characteristic equations of system (2.1), (2.2):
1 ... 0 o 0 .. 0
0o z7% .. 0 o 0 - 0
0 O -1 o 0 - 0
a O 0o z' o b,
0 a, 0 -1 z* b,
0 0 - a 0 0 - b+t

Assume that none of the roots of this equation in the root plane lies on the unit
circle with the center at the origin. Furthermore, Equation (2.3) is self-adjoint [4],
which means that its roots have the property z,,; =27, =1,k . We assume that

r,,a =1k are roots with a modulus less than 1 and, correspondingly, r_, are
those with a modulus exceeding 1.

To write the solution of systems (2.1), (2.2), we will use the source (see [5])

k A . —_—
X [N]= X[ CaSTy™ +CnSiia™ |, =1k, (2.4)
m=1
where C, and C,,, are arbitrary constants, Sf;mﬂ and Sf,:l:;mﬂ are com-

binations with repetition [6] on the roots r,---,r, and 1, 1., , consisting of

n—-m+i and n—k-m+i roots, correspondingly. For instance,
2 _ 2 2 2
Sig =N O+ LG+ + 6+

From system (2.1) and solutions (2.4), it follows that

c X n—m-+k+ X n—m-+i
A [”]=y2{cm{51,m “ 1+Zbk—i+lsl,m }
" = (2.5)

K
n-m+1 n—k—-m+i
+Cim |:Sl,k+m + zbk—i+1sl,k+m }}

i=1

According to the boundary conditions, the variables X [n],i =1k,and U [n]

must tend to zero as N — co. This is only possible if C,,, =0,m=Lk. Therefore,

k+m

according to solutions (2.4) and (2.5), we have

k . J—
x[n]=>.C,S™, i=1Kk, (2.6)
m=1
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k k .
An=53c, [Sl”mm*k“ + b S j (2.7)
a m-1 i1

Note that solutions (2.6) and (2.7) do not require information about the multi-

plicity of the roots. From the resulting equations, we exclude C, and obtain

A [n] =%Zk:Alr(n {Slr;mm +Zbk 1S mH} (2.8)
a’A o
where the determinant
S, S e S
peo| S S ST (2.9)
ST ST e S

and A% is the determinant obtained from A* by replacing the mth column
with the vector X; [n] Let us expand the determinant A¥ along the column
X [n]. The result is

C L n—-m-+k+ L8 X n—-m+
A= | 3 Y X WAL ST S [n]al, Db uSE |, (210)
m=1 i=1 B=1

m=1 i=1
where Aik‘ n isthe algebraic complement (cofactor) of the entry in the /th row and
mth column of determinant A* . In Equation (2.10), we have

kK K k K K
Z Z X [n]Ar,m Z bk—ﬁ+151r,]r_nm+ﬁ = z X; [n] Z bk—/ﬂlz A:(,msl'fr;mﬂ. (2.11)
=i i1 =i m-1

m=1i-1
Moreover, in Equation (2.11), we have
k 0 if p=i,
ARSI = p= (2.12)
— A*if g=i

since this expression is the sum of the entries in the ith row of determinant A*
(see Equation (2.9)) multiplied by the cofactors of the fth row of the same deter-
minant. Accordingly, we can write Equation (2.10) as

All=53x [n][bm 13as } 213)

i=1

Further transformations of expression (2.13) are performed in the Appendix.
According to Equations (A.11), (2.12), and (1.12), the desired control becomes

U[n]= zx[n](m (-1 e, (2.14)

Let us introduce Vieta’s numbers, defined as indicated below:

V,=(-1)' 6}, i=Lk. (2.15)

Now, we can rewrite expression (2.14) as
1 k
U [n] :;in [n](bk—i+1 _Vk7i+1)' (2.16)
i-1

Under control Equation (2.16), process Equation (1.2) acquires either the form

DOI: 10.4236/jamp.2024.1210210

3541 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1210210

A. A. Baloev

x;[n+1]=x;,,[n], j=1k-1,
k

X [n+1]==>V,..%[n] (2.17)

i=1

or the form

xk[n+k]+zk:vixk[n+k—i]=0. (2.18)

According to Equation (2.6), we obtain
k ) _
x [n]=>.C, S/ =1k, (2.19)
m=1

and x[n]—>0 as n—0 since the combinations S,""

correspond to roots
with a modulus less than 1. The constants C_, are computed from conditions
(1.3).

Thus, when solving a specific problem, find the roots r;, j = Lk, of Equation
(2.3). Among these roots, select those whose modulus is less than 1. Then, con-
struct a control Equation (2.16). Compute the constants r;,i zl,_k. Obtain the
transient process Equation (2.19).

Example 1. Let us suppose that k =2 . In this case, system (1.2) has the form
X [n+1]=x,[n],

2
X, [n+1]==>"h, ;X [n]+aU[n].
i1
Characteristic Equation (2.3) is

(b1+z)(bl+z’1)+b2(z(bl+z)+ z’l(b1+z’1))

aZ
—T(a1 +a,)+by =0. (2.20)
The equation does not change if we substitute the variable z with 2. This in-
dicates that it is self-adjoint, ie., the roots satisfy the condition z, =z ",i= 1,2.
Assume that the roots r,,a =1,2, do not lie on the unit circle with the center at
the origin and their moduli are less than 1. The desired control Equation (2.16) is

written in this case as
12 12
U [n] =—in [n]bS—i __ZVB—iXi [n], (2.21)
a iz i

with
V,=—(r+r,) and V, =1,
The controlled process (2.18) is
X3 [N+2]+V; X, [n+1]+V,x, [n] = 0. (2.22)
From Equation (2.6), we obtain
x [n]=CS, +C,S85Y %, [n]=CS{\* +C,S],, (2.23)
where

n n n+l n+l
S1,1 =n, S1,1 =L,
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S =R e S, = T

According to Equation (2.23), we have the initial conditions

x[0]=C,, %,[0]=C,r, +C,. (2.24)

3. Systems of Difference Equations

Let us consider a system described by a system of difference equations of order &

with constant coefficients
y[n+1]=Ay[n]+BU[n], (3.1)
where
y[n]:[yl[n],---,yk[n]]T, B’ :[OL!O‘] A:[ai,j:|! i, j=1k, (3.2)

the control U[n] isascalar, 0, isthe (k—1)-dimensional zero vector, and
a is a constant parameter. We need to solve problem Equations (1.4)-(1.6).

Let us write system (3.1) in the form Equation (1.2) (see 5):
x[n+k]+@x[n+k-1]++Dx[n]= A A [OkT‘Z}aU [n], 33
@, = AAM N, —ay,
= A (AIMING - A)
@y = A (AM NG, - AR ), (3.4)

@, = A, (AMINT - AA ).

According to Equation (3.2), we have in Equation (3.4)

A, :[al,z,w,al,k], A,:[azvl,'--,akvl], A:[aij], i,jzf. (3.5)
The (k—l)x(k—l) matrix
MT:[A;,(AQA)T,...,(AQA‘(’Z)T:‘. (3.6)

We assume that |M | #0.
The (k —1) xK matrix

a, -1 - 0 0
AA o, - 00
| AP AR e 000

AR“A ARA 1 0
AgAk_3A/ AgAk_AA\, |

and N’,r=1k are the columns of this matrix.

In Equation (3.3), we have

xz| a if k=2
k-2| k=2 | _ J“12 ,
A [ ! }_{%Ak%%/i“a if k>3, (3.7)
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where
a={a,a, ] (3.8)
Let us rewrite Equation (3.3) in the form
x [n+k]+Dx [n+k-1]+-+ D, x[n]=aU[n],

with scalar equation
~ <2 | Q2
U[n]=AA? {1}u [n]. (3.9)

We have obtained the problem Equations (1.4)-(1.6). Let us write down the deter-
minant Equation (2.3) after replacing the coefficients b,,i= ﬁ , by @i :H R
as expressed in Equation (3.4). Among the 2k roots of Equation (2.3), we select k

roots whose modulus is less than 1. Using these roots, we construct the numbers
V. =(-1)' 6}, j=1k,

]

where Hlik are j-combinations of the roots z,,-:-,7, . Thus, control Equation
(3.9) becomes

U[n]:éz:‘:lxi [N(Dyin—Vern)- (3.10)
According to Equation (3.9), the control U [n] for problem Equation (3.3) is
Un]=(AAE) a3 % [0](Dy 10 Viin)- (3.11)

Example 2. Let us consider system (3.1) when k=2:
yi[n+1]= ey [n]+a, Y, [N], (3.12)

Yo [n+1] =y [n]+ ey, Y, [n]+aU [n].

The remarks we made in Example 1 are also valid in this case.

For system (3.12), we have
A, :[alyz] A =[a2,1], Az[azyz] M :[0‘1,2] M =al_é, ay, #0.
Let us write Equation (3.12) in the form
y,[n+2]+2,y,[n+1]+3,y,[n] = A,eU [n], (3.13)
where, according to Equation (3.4), we have
9, = —(az,z +a1yl), D, =00y, —Q ,0,.

The characteristic equation of the process is

aZ
(a,+a,)+¢; =0.(3.14)

(gl + Z)(gl +Z_1)+@2 (Z(@1 + z)+ 771 (@1 n 2—1))_?

The moduli of r; and r, are less than 1. With these roots, we construct the

numbers

V,=—(r+r,) and V, =1, (3.15)

Further, according to Equation (3.11), we obtain the desired control:
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O[] = (w[n](@, Va) + v [](2. V). (3.16)

It follows from expressions (3.13) and (3.16) that the controlled process has the

form

yi[n+2]+y, [n+1]V, + y, [n]V, =0.

Example 3. Stabilization of a rocket’s rotation angle relative to its longitudinal
axis.
The equation of a rocket’s rotation relative to its longitudinal axis has the form

;Fo(t) _, do(t)
2 -—™
dt dt

+ky (o(t))+aU (1), (3.17)

where J and (o(t) are, respectively, the moment of inertia and the absolute
angle of rotation of the rocket relative to its longitudinal axis, aU (t) is the con-
trol torque, and K,y ((p(t)) is a known moment of resistance depending only on

the angle go(t) . Let us write Equation (3.12) in difference form:
J
et T) =0, (1) =k (@ (t+T) =1 (1)/T + k(1 (1)) + U (1)

For the discrete time t=nT , we can write the same equation in matrix form

y[n+1]= Ay[n]+BU|n], (3.18)
where, using the notations Y, (t)=¢,(t) and yz(t)=(p2(t),wehave
y[n]=[w[n]y.[n]], A=[a;] 1,i=12 e, =1 o, =T,
@, =0, oy, =1+ kT/J,
B=[0 a], U[n]=T (U[n]+ky(y,[n]/ax)).

We have obtained the problem from Example 2.

4. Conclusion

We obtained analytical expressions for optimal controls depending only on the
parameters of the original system and the roots of the characteristic equations of
the accompanying variational problems. The roots should not lie on the unit circle
with the center at the origin. If at least one root lies on that circle, then the control
problem does not have a solution. Self-oscillations arise in the system.
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List of Mathematical Notations

Nn:a discrete quantity, n=0,1,---;

a,c,a;, bi : constant quantities;
x[n].y[n].A[n],U[n],F"[n],1"[n],A(2): functions;

C,m =1,2k : constants;

&S]+ y-combinations of the roots ,---,r,, y=12,;

A¥: a determinant of order k;

A, B : matrices.

Appendix

Transformation of expression (2.13). The algebraic complement (cofactor) A:('m

of the determinant Equation (2.9) can be written as

n n-m+2 | n-m n—k+1
S1,1 o Sl,m—l ! Sl,m+1 o Sl,k
. . . ! . .
. . . | . . .
n+i-2 n+i-m | @ n+i-m-2 n+i—k-1
(_1)i+m A = S1,1 Sl,m—l : Sl,m+l Sl,k (A.1)
im— "S"n'iri""".".'_"";S"n';i'iFﬁIz"’;'"é?{fi'i'rﬁ""'.".'.""'S'h'ii'iiﬂ' : .
11 1,m-1 ;o SLmi 1.k
: ) : i : . :
1
n+k-1 n+k-m+1 1 gn+k-m-1 n
Sp Sl,m—l ! S1,m+1 Sl,k

Let us transform the determinant in Equation (A.1). Multiply row (K — 2) by r,
and subtract the result from row (k —l) , and so on; multiply row i by r, and
subtract the result from row (i+1); multiply row (i—2) by r and subtract
the result from row (i —l) ; and so on; multiply the first row by 1, and subtract
the result from the second row. Apply the following formula to all obtained dif-

ferences [2]:

q _
1L~

{rlsfjfursg{j, i>1 a2

q-1
S, i

Multiply row (i —1) by I’ and subtract the result from row i.Then apply the

following formula to the obtained expressions [2]:
Slq,J' = rlzsf}2 + r13§,]1 + S;,jl i>L (A.3)

From Equation (A.1), we obtain

n n-1 n-m+2 n-m n—-k+1
S1,1 S1,2 S2,m-1 Sz,m+1 "' Sz,k (1)
n n-m+3 n-m+1 n—k+2
0 Sz,z Sz,m:1r SZ,mJ Sz,k " (2)
n+i-3 n+i-m n+i-m-2 n+i—k-1 H
Ak | O S;5 Symt Syt Sy (i-2) (A4)
(_ ) im ™ 0 Sn+i—2 Sn+i—l Sn+i—m+1 Sn+i—m+2 Sn+i—m+1 Sn+i—m Sn+i—k Sn+i—k+1 i—1 :
9, " 19, 9 ma T 9ma O ma  TOama 0 Moy 95 ( )
0 3 SHi Soma Sy (i)
n+k-2 n+k—m+1 n+k-m+1 n
0 Sz,g SZ,Tn—l " SZ,+m+1 ’ Sz,k (k - 2)
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n
SZ,Z
n+i-3
SZ,Z
n+i
S2,2

n+k-2
S2,2

n-m+3 n-m+1 n—-k+2
SZ,m—l SZ,m+1 o Sz,k (l)
Som1 Somat S |(i-2)
n+i-2 n+i-1 n+i-m+1 n+i-m+2 n+i-m+1 n+i-m n+i-k n+i—-k+1| (=
1S, ~+S;, o Sy Sy LSoma  +Soma LS + Sk (' _l) (A.5)

n+i-m+3 n+i-m+1 n+i—-k+2 H

SZ,m—l SZ‘m+1 Sz,k (')
n+k—m+1 n+k-m+1 n

SZ,m—l S2,m+1 Sz,k (k - 2)

Expand the determinant in Equation (A.5) along row (i —l) :
At =S (—hAl L + A, ), =1k, m=1k, (A.6)

where A:f;nlfl and Ar:ll,mfl are the algebraic complements of the following de-
terminant of order k —1:

—m+3 -m+2 -m+1 —k+2
S32 v Sima Somt Spaa o S| (D)
n+i-3 n+i-m n+i-m-1 n+i-m-2 n+i—k-1{(;
Sz,+2 Sz,;\—l Sz,zq Sz,:m Sz,t ('_2)
- r o N P
e [SET SIS s s -y
i-1 i-m+2 i—m+1 i- i—k+1| (i :
S32 1 v Soma S M Spaa o S (D)
835 vt Spma Sy STt e SETRI(i+1)
n+k-2 n+k-m+1 n+k-m n+k-m-1 n
S2,+2 Sz,JHq—l+ Sz,;q SZ,Jrrn+l Sz,k (k_l)
The algebraic complements of this determinant are such that
S, v Span Spmn o S ()
_ S50 e ST S e SETH(i-2)
(-1 Al =| 855 St Spma o ST (i-1) (A8)
S35 Sa T SIhTt e SIT (i)
§55 7% e St oSt s |(k=2)
-m+3 -m+1 —k+2
S5, v Spmn Sgma o ST (M)
i3 o 2 il
_ S2 0 v Sqma Spma - Spc|(i-2)
(-0 A =855 St Sima e ST (1) (A9)
S35 Spma St e SR (i)
S % e Sy™t s e 8 |(k-2)
Notice that if m =2,k , then we have
—SILASY, if i =1,
k k-1 k-1 3
Al =1-SIRA L + Ay (Fi=2,k -1, (A.10)
n A k-1 E s
SHA I na ifi=k.

We use the Formula (A.10) in the method of complete induction. Next, we will
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show that the equality

k zAk Sn —-m+k+1 (_1)k_i gllfk—i+1, |:1, (All)

holds in Equation (2.13).
Case i=1.We should prove that

ZA" Srmked = (—1) 7 ok, (A.12)

Let us prove that Formula (A.12) holds when k =1. On the left-hand side of For-
mula (A.12), we obtain

zAl Sn m+l+1 1

Al Sn+1 —
A 11¥11

1 n+l

—nl‘l :ri.
1

The right-hand side in Formula (A.12) also equals 1, when i=1. Consequently,
Formula (A.12) holds when k =1.
For i=1, according to Equation (A.10), we have

A=A m=2k. (A.13)

Plug the expression (A.13) into Equation (A.12):

1 k
LlEFZ(_ ) n+1All<mllSn m+k+1
m=2
1 nlk k-1 nmkl (A.14)
_Frl zAlm 1S

m=2

Assume that Equation (A.11) has been proven for k =k -1 and i=1, thatis,
k - ZAK 1Sn m+k ( 1)k’2 Hlk'kffl'

According to Equation (A.14), in this case we obtain
L= _% rln+1 (_1)%1*1 ezkil—H—lAk—l ( )k -1 r62kk1, (A.15)

or
K-
L =(-1)" 6k
Thus, Equation (A.12) has been proven for i=1.

Let us consider Equation (A.11) for i=2k—1. We shall prove that Equation
(A.11) holds when k =1. We should obtain the equality

ZAl Sn —m+1+1 ( )—i 6’11,1”11

which reduces to 1, =r;. This means that Equation (A.11) holds for k =1. Let us
prove Equation (A. 11) for k=2 and i=2.On the left-hand side, we have

1
ZAZ Sn m+2+1 F(Aglslnfz +A;ZS£;1)

1 n-1,.n+2 ngn+l
:F(_Sl,z BoHRS, )
1 ,,
=Fr1 (n+r,).
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The right-hand side is 911’ , = I +1, . Therefore, Equation (A.11) holds when k =2
and i=2.

In the considered case, Z.e, when i=2k -1, it follows from Equation (A.10) that

Al =1 (A —6AG ), i=2k=1, m=2k, (A.16)

whenever Kk >2.Consequently, on the left-hand side of Equation (A.11), we obtain
n k

L= 3 (Al ~ B ) S (A.17)

Let us now suppose that Equation (A.11) has been proven for K=Kk —1. If this is
the case, we can write Equation (A.17) as

rin
A
= (1) (65 +r5),

LZ _ ((_1)k—l—(i—l) sz;l—(i—l)u -1, (_1)k—1—i szil,iﬂ)Ak,l

that is,

L, =(-1)" g5 (A.18)

Thus, Formula (A.11) has been proven for i=2,k-1.
Let us now consider Equation (A.10) for =K. It can be inferred from Equa-

tion (A.11) that we need to prove the formula
1 & -
> AL ST =0 (A.19)
A m=1

Let us transform the sum Zl:n:l in Equation (A.19). We denote this sum by L,

and rewrite it as a kth order determinant:

Sll?l Sll?g ' o Slrj;kﬂ (1)
Lol 5 R : (A.20)
‘ SHFZ Sf;k% e SHI (k - 1)
Slr,]f “ Sllj; AR 31"}1 ( K )

2

Now multiply row (k—-1) by 1’ and subtract the result from row K. Next,
multiplyrow (k—2) by I and subtract the result from row (k —1),and so on.
Finally, multiply the first row by 1, and subtract the result from the second row.

After all these operations, we obtain

r Slrjgl o Slljl: o (1)

0 sz - 'Flsfj Slrj;ku - rlslr,‘;k+1 (2)
L,=|0 s :

0 Sllj;kiz - rlslr,];ki4 Slr,];l - rlslrjgz (k _1)

0 Slrjzﬂ(il - r12 Slr,];hs Slr?k - rlzslr?;l (k)

Apply Formula (A.2) to rows 1,---,k—1 and Formula (A.3) to the last row:

rln Sln,gl e Sln,l: o (1)
0 S5, e ST 1 (2)
L,=|0 : : : (A.21)
0 spt o spt (k-
0 SISy e nsh +81Y (K)
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Next,
Sn e Sn7k+2 ng v S;;k+2 (1)
2,2 2,k ) . : :
L=r"lrl : . N + ) . 3 : | )
4 | Sn+k_2 S0 S;zk 3 L. Sankl (k—2)
2,2 2,k S;gk—l S;T(l (k-1)

The first determinant of order (k —1) on the right-hand side of Equation (A.22)
coincides with the determinant A** from Equation (A.7). Furthermore, the de-
terminants A“' and A* are related by the following formula (see Equation
(A.10)):

A* =1"AR (A.23)

Let us introduce the following notations:

Sirji Si?iﬂ o Sir,]l: ! (1)
SiTl Sirji+1 Sf[”“ (2)
6= : : : : (A.24)
SiTk—i_l Sirjiikl_i_2 Si”,k_l (k - i)
Si",fk’”l Sir,]i:kfi Sirjl:rl (k —i +1)

Now we can rewrite Equation (A.22) as
6, =1 (rA +6,).

From Equation (A.23) we therefore obtain
6, = A*r, +16,.
In a similar manner, we deduce that
0, = At +1"r) (rzAk’2 + 93)
= A+ A e,
= A1+ A%, + 106,
Continuing these transformations and using Equation (A.24) and formulae

A" =1l AT a=k,3, (A.25)
which are more general than Equation (A.23), we can write
O =A (L ++0,)+6 1,0, (A.26)
where

n n-1
Sk—l,k—l Sk—l,k

n+2 n+l
Sk—l,k—l Sk—l,k

Oy =

=K (rk—l + I )

Thus, we find from Equation (A.26) that
6, = A6,

This concludes the proof of Formula (A.19).
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