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Abstract

In this paper, we studied the traveling wave solutions of a SIR epidemic
model with spatial-temporal delay. We proved that this result is determined

by the basic reproduction number R, and the minimum wave speed ¢

of the corresponding ordinary differential equations. The methods used in
this paper are primarily the Schauder fixed point theorem and comparison

principle. We have proved that when R, >1 and c¢>c’, the model has a
non-negative and non-trivial traveling wave solution. However, for R, <1
and ¢>0 or R;>1 and 0<c<c, the model does not have a traveling

wave solution.

Keywords
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1. Introduction

In the field of infectious diseases, the study of traveling wave solutions holds sig-
nificant practical importance. The existence of traveling wave solutions implies
that the infectious disease is spreading through space at a constant speed. By ana-
lyzing traveling waves in reaction-diffusion models, we can anticipate the condi-
tions that lead to rapid disease outbreaks, enabling us to take timely preventive
measures [1]-[3].

In this paper, we consider the traveling waves of the following SIR model with

constant external supplies and spatio-temporal delay.
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aS(xt) BS(x 1)K =*1(xt)
=d,AS(X,t)+B—S(xt)- ;
o SOt BSOS T )
ol (xt) BS(x)K*1(xt)
=d,Al (x,t - 1(x1), 1.1
o A O ke ey e ) O
5R((;[(,t):d3AR(x,t)+7l(x,t)—,u3R(x,t),
where S, | and R denote the sizes of susceptible, infected and removed in-

dividuals respectively, d, (i =12, 3) refers to the spatial diffusion coefficient for
each class, B isregarded as the rate of the inflow of newborns into the suscep-
tible population, e ( j=1 2,3) represents the death rates of each class, # and
y denote the rates of disease transmission and the recovery rate of the infective

individuals, and
(Kx1)(xt)=[" [, K(x=y,t=s)1 (y,5)dyds
= [ [ K(y,8) 1 (x=y,t-s)dyds.

Moreover, the kernel function K (y, S) describes the interaction between the in-
fective and susceptible individuals at location x and time t which occurred at
location y and atearlier time t-—S, see [4]-[6]. Next, we list some assumptions
on K (y, S) .

(K1) K is non-negative and integrable, and satisfies
K(y,s)=K(-y.s),["[ K(y,s)dyds=1,(y,s) e Rx[0,00).

(K2) For each ¢ >0, there exists A, <o such that
J(Z_[R K (x,t)e"(”“)dxdt <+ forany 1€(0,4,),and
j I K (X,t)e_i(”“)dxdt —+0 as A—>A_.
0 JR 4 w
(K3) For each ¢ >0, there exists >0 such that JO IR J(y,x)” dyds < +oo0.
In [7], Zhou et al. considered the diffusive SIR model with the standard inci-

dence rate

S (x,t *S(x,t S(xt)I(xt-7
R Rt et

6I(x,t)_d 82I(x,t)+ﬂ8(x,t)l(x,t—r)
a A S(xt)+I(xt-1)

8R(x,t):d O*R(x,t)
at oo

—(u+y)H(x1), (1.2)

+y1 (%)= uR(x,t).

They find that the existence of traveling wave solutions of Equation (1.2) is deter-
mined by the basic reproduction number of the corresponding spatial-homoge-
nous delay differential system and the minimal wave speed. They also investigated
the existence and non-existence of traveling waves satisfying the asymptotic
boundary conditions.

Time delays between infection and symptom onset, symptom onset and infec-

tivity, and infection and death are significant [8]-[12]. However, it is unscientific
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that Equation (1.2) was dealt with by simply adding a diffusion term to the delayed
differential equation models. In fact, time delay and diffusion are not independent
as individuals have not been at the same location in space at previous times. Thus,
the consideration of non-local interactions between infected and susceptible indi-
viduals has been integrated into epidemic models. In [4], Li ef al are concerned
with the traveling wave solutions of a diffusive SIR system with spatio-temporal
delay. Zhen et al considered the following non-local dispersal SIR model with
spatio-temporal delay in [11].

SO g [aes (1) S (x4 (Xf)i(f(’fk),'zx’f{)(j';)(x,t),
LEIPTETTAS
6R(@;"t) —d,[ IR (%)~ R(x,1)]+ 71 (x,8)— R (x.1).

The authors obtained the existence and non-existence of the non-trivial and
non-negative traveling wave solutions for the model, and the threshold dynamics
of the model are determined by the basic reproduction number R, of the corre-
sponding reaction system and minimal wave speed C .

Some research models largely ignore the influence of population structure, and
these models exhibit rapid outbreak patterns, which can only be used to simulate
rapidly developing diseases [13] [14]. However, many disease outbreaks are long-
lasting, and the population size will change in reality [15]-[19]. Therefore, we con-
sider models with population dynamics. Drawing inspiration from the preceding
research, this paper aims to establish the existence and non-existence of traveling
wave solutions for Equation (1.1). By constructing upper and lower solutions and
Schauder’s fixed point theorem, we obtain the existence of non-trivial solutions
of (1.1). The non-existence of traveling waves for R, >1 andany 0<c<C or

R, <1 is proven through the comparison principle and the theory of asymptotic
spreading.

The paper is organized as follows. In Section 2, we construct a pair of upper and
lower solutions for system (1.1) and are concerned with the existence of the trav-
eling wave solutions. In Section 3, we are devoted to the study of the non-existence

of traveling wave solutions for system (1.1).

2. Existence of the Traveling Wave Solutions

We focus our analysis on the first two equations of (1.1), as the third equation is
relatively independent.

Implement a scaling transformation
§(x,t):%s(x,t), f(x,t):%l(x,t),

and dropping the tilde for convenience, the first two equations of (1.1) can be
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reduced to
Dot LY
2.1
ol (x,t) ﬂs(x’t)K*l(X't)—(y2+y)l(x,t). @D

=d,Al (x,t)+

S(x,t)+K=1(xt)

We look for the non-trivial traveling wave solutions (S (x+ct),l(x+ct)) of
Equation (2.1) satisfying the following boundary conditions at infinity

S(—)=1, I(-0)=0. (2.2)
Let &=x+ct.Then the system describing travelling wave solutions is given as
below
: ' AS(E)(K+1)(E)
S'(£)=4d,S -1S(¢)- ,
=SS Sy (ko @) 2
: (o), BSEK=D(E) '
I =d,l (44 1($),
V(&)= 01 () eyt
with

(K*I)(é):f:IRK(y,s)l(é—y—cs)dyds.

Linearizing the second equation of (2.3) at the initial disease-free point (1,0),

we get
cl’(&)=d,1"(& +,BJ'_[ (y,s)1(&—y—cs)dyds—(u, +7)1(&).

Let |(&)=e*, then we establish a characteristic equation

A(4,€)=d, 4% —ca+ B[ K(y,s)e """ dyds— (1, +7). (2.4)
It is easy to show the following lemma.
Lemma 2.1. Assume R, = i >1. Then there exists a positive pair
Hty
. - 0
(4°.¢") such that A(A",¢")=0 and —A(Ac) =0,
oA

o)
(1) If 0<c<cC", then A(l,c)>0 for all [0,+oo).
(2) If ¢>C", then the equation A(A,c)=0 has two positive roots 7 (c)
and 4,(c) with 0< A (c)<A" <A, (c) such that

A(hc {>0 forall A €[0,4(c))U(4 (c).»).
<0 forall 2e(4(c) 4 (c)).

In the following, we always assume that R; >1.In addition, we fix ¢ > ¢’ and
denote 4(c) by 4,i=12.
2.1. Construction of the Upper and Lower Solutions

Definition 2.1. The continuous functions (S_ ,I_) and (S,1) are called a
pair of upper and lower solutions of (2.2), if S, S, |, | exist and satisty the
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following inequalities

s R o
dz'_”(e*)—cl_'(f)—(#z+y)'_(§)+g?_;igi::;((?)307 @)

hold except for finitely many points of £ eR.

For a fixed ¢>C’, we can find suitable 4, <A" <A, such that
A(ﬂi,c) = A(iz,c) =0. Moreover, it is possible to choose 7 € (0,/1*) in such a
way that it satisfies A(7,¢)<0 and 4 <p< min{ﬂz,)f,/i2 —ﬂ,l}. Now, we de-

fine four functions as follows

(2.9)

B-—t,—y
My Ty

Lemma 2.2. The constants « , o,, 0, arechosen in the sequence such that

where M =

the following assumptions (1)~(3) are held.
(1) a>0 issmall enough such that 0<a <2, and —d,a® +ca+u >0,

I LK )
—d,o® +Ca+ 1

(2) o0, >max<1,

>

ﬁe(ﬁlfﬂ)é |:J‘O°° J'R K (y, s)ef/ll(y+cs)dydsj|2
—-A (A4, +n,C)

(3) o, >max<1,

-Ino,
P
Lemma 2.3. The functions (S (&), 1(&)), (S(&), 1(&)) defined by (2.9) is

a pair of upper and lower solutions of system (2.3).

Proof. Firstly, the function S (&) is of class C'(R) and inequality (2.5)
holds on IR, since

—Ino,
Denote &= 2,

@j = Ir;"\l/l and & =

ASE(KEDE) __SEKEDE) _,
S+ (1) S(E)+(K1)()

Then, we show that I_(g‘,‘)zmin{eﬂ"lf,M} satisfies Equation (2.7). By the

d,5"(£)—cS'(£)+ 4 (1-5(£))
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definition of I_(f ) , we have
K*1)(&£)<minle® [ K(y,s)e " *dyds, M !.
( )(&)<mi {MJ‘O LR (v.5) Ay+e) gy }

When &>El, wehave T(£)=M and

RG]
5(&)+(K*T)(©)
<d,1"(£)—=cl"(&)= (1, +7)T(£)+ B(K=T)(£)

=A(4,c)e™
=0.

Since the function S (§ ) is continuousin R and of class C' (R \ {§0 }) , next,
we show that Equation (2.6) holds for & #¢,.
When &>¢&;, wehave S(£)=0,and it is easy to show that

AS(E)K=T)(E) _
s@ (i) 7

When &£<§,wehave S(&)=1-o,e™, I_(g):e/hzf and

05" (£)-cS'(¢)+ 4 (1-5 (5))_ E ;
)

d,S"(¢)—c8' (&) + 4 (1-5(¢))-

>d,8"(€)~cS'(€)+ 4 (1-5(€)) - ( )
_ o l:ao (—dla2+0a+,ul) pe (-a éjo J‘ ek y+CS)dde}
>0.

Finally, we show that Equation (2.8) holds. When & >¢;, we have 1(&)=0,
which implies that Equation (2.8) holds. When ¢<¢&;, I_(§) =e™ (1—0‘1e"5)
and S(&)=1-0,”.Then

2

[(K#1)(¢)]
S()+(K*1)(&)

» 2
o [ Ky s)e e

The choice of o, leads to the validity of Equation (2.8), we complete the proof.

= —ale““")”tA(ﬂ1 +1,¢)- B
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2.2. The Verification of the Schauder Fixed Point Theorem

Choosing two constants ¢, «, such that

£ ()(K*1)(x)
S(0+(K*1)(x)

is nondecreasing in S(X)e[O,l] and nonincreasing in |(X)€[0,M] for all

G(S,1)(x) =~ S (x)~ + 248 (x)

XxeR,and

Q(S.1)(X)=— (g + 7)1 (x)+ fffffﬁi:;ﬁi;wﬂ (%)

is nondecreasing in S,1 for (S,1)e [0,1] X [0, M ] .
Obviously, Equation (2.3) is equal to

d,S"(x)—cS'(x)— e S(x)+G(S,1)(x)=0,
d,1"(x)—cl’(x)—a, 1 (x)+Q(S,1)(x)=0.
Define

r={(s,1)eC(RR*)[S(x)<S(x) <5 (), L(x) < 1(x)<T(x)},

and
C—yC* +4d, C+yC*+4d,y
Ay = v Ap = =y (A - Ay),
2d, 2d,
C—/C* +4d,a, C+4/C? +4d,a,
Ny=—"—""" A, =—"——, p, =0, (Azz _A21)'
2d, 2d,

Furthermore, define an operator F:I'—>C (]R, RZ) by

F(S.1)(&)
F(s,l)(é):[pz(s,l)(f)j’

where
F(S.1)(E) == [ €66 (s, 1) (e = e (5,1 (x)d,
P p
11 ¢ pen i e (2.10)
FZ(S,I)(f)zp—j_we uls Q(S,I)(x)dx+p—j§ e"27Q (S, 1) (x)dx.

Lemma 2.4. The set I is nonempty, closed and convexin C (R,RZ )
It is easy to prove, so we omit the details here.

Lemma 2.5. The operator F maps T into T .

Proof For (S,1)eT, we only need to prove that

S(E)SF(S,1)(E)<S(€), L(E) <R (S 1)(&)<T (&), VEeR.

Thanks to the choice of the constants ¢; and «,, it suffices to prove that for

any £eR,
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(2.11)

Firstly, we consider F(S,1)(&).Forany &eR, we have

F(S1)(&)<R(S1)()
1 (s ane Ap(& _
=l [T 6 (S0 1)
%(f ghulé +.[ ghiele- ))dx
=S.

AS(E)(K=1)(£)

Here, we use the fact that —
S(&)+(Kx1)(&)

>d,S"(£)-cS'(&)+ 1 (1-5(£)).
Similarly, we get
R(S.1)(E)=FR(ST)()

:l(fwew"‘*) #]7 e )6 (8T) (x)ox

e It

When £2¢;, $(&£)=0, then we obtain

R (S.1)(¢)

(Jé e j eAlz§X)[ ~d,S"(x)+¢S'(x)+ 58 (x) ] dx

(J's”o Augx J"’: Au(& -[ eAlZ )[ dS” +C§’( )+a1 :'dX

d eAu(f*cfo
1

=5(&)+ [8'(&+0)-8'(&-0)]

" dlAll —C e/\n(f*fo)
P1
28(¢).

For £<¢&,, S(&)=1-0,e", then we have
(3 1)($)
(r eful +_[+ ehule )[—dlg”( )+¢S'(x)+ S (x)]dx

(.[.»; NE J‘ﬁo Aa(& j*we/\u(f x))[ dS” )+c§’( )+oz1 ]dX

A1p(6-%)

[S(&+0)-5(&-0)]

—s(e)+ 2 5(6,40)-5'(4 -0)]
# B C 5 (£,40) -5 (4 -0)]
>S5 (¢).
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Next, we consider F,(S,1)(&).Forany &eR,we can show

F.(S:1)(6)2 (8. 1)(¢)

p (J._ie"m +f eha(é- ))Q(§,l)(x)dx

(Ie‘ eha(E0) I*‘” phz(é- X) 1"(x)+cl'(x)+a,l ( ]dx
21(5),

and

F(S.1)(¢) <R (S, '_)(éf)
IRy e CTER T

(F’ eha(éx) J‘°° eh2(6-9) )[ 1"(x)+cl’(x )+a2|_(X)}dX
=T (5).

Further applying the continuity, Equation (2.11) is held. We complete the proof.
Define

B, (R,R?):= {d) = (.)€ C(R,R?)|sup|g (£)]e™ < +o0,sup|g, (£)]e ™ < +oo},
e el

with norm

|®| = max {sup|¢1 (&)e ™, suplg, (§)|er;},
Sell el

where 7>0 isaconstant such that z<min{-A;,—A,} .

Lemma 2.6. The operator F:I' > T is continuous with respect to the norm
|, in B,(RR?).

Proof. Forany ®,=(S,(-),1,(-))el’ and ®,=(S,(-),1,(-))eT, we have

RSO LONO)-RL(S: (). O] ™

_ eir‘ﬂ g ghu(éx) o gh12(6-%) x)— %) 1dx
= e 6 (51 () -6 (5211, () Jd
< e e phu(E=x) | [*” ghaa(§-%)
e I I

[al|S (x)=S,( |+,ul|S Sz(x)|+ﬁ|(K*Il)(x)—(K*Iz)(x)de

M1 om0, [ ghates
= Py I ul I i2( )[ 1|51(X)_32(X)|e H+,ul|Sl(X)—SZ(X)|e "

+B18:(x) =8, ()M + B|(K x1,)(£) = (K #1,)(£)]e™™ JeMax

enn] ]

Pr
J‘g App(&-x T‘X‘dx_i_J‘:e/\lz(f—x)ef‘x‘dx‘l

When £ >0, we have

DOI: 10.4236/jamp.2024.1210203 3430 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.1210203

Z.H. Hou

11,0101 -RL (5, (0., (e

(en+ 14 +ﬁ)[(|CD1 —D,| +|®, -D,| j': IR el (v, s)dyds)e’r‘ﬂ

PL

0 _ & _ 0 _
[ et e+ [ et Meax + [ o2t X)e"x‘dx‘

(o4 + 14 +/3)[(|c1>l —, | +[d, — @, | ] e K (y, s)dydsﬂ

P
1 e 27 3 1
T-Ay A121 -t - Ay
<“1+/“1+ﬁ|: Ay —Ay i 2r }
= 2 2
P (t-Au)(r=Ayp) AL-7

[(|c1>1 “DzL +|®, -,

Fetram]
Similarly, for & <0, we have
HICONNO) ERATCRONNE) B e

Sa1+ltﬁ+ﬂ|i Ay —Ayp " 2z :|
) (r+Ay)(r+Ay) AL —1°

[(|q>1 —®, | +[@, — @, | ["[ e™"¥IK (y,s)dyds)}.

Then, it follows that the mapping F :T'—>T is continuous with respect to the
norm ||1 in B, (R, Rz) . Similarly, we can prove that F,:I"—> I iscontinuous
with respect to the norm |-| in B, (R,Rz) .

Lemma 2.7. The operator F:I' > T iscompact with respect to the norm ||r
in B (R,R?).

Proof. For any (S, | ) e, we have

o6 (e (6)+aS(0)+ LK)

32;ﬁ+a1+ﬂs§tlp{3(§),('<* (&)}

ﬁz
oty

<2 +oy+

Then, we can obtain

d |A | § Ap(E-N~ (T A 1+ Ap(E0)a (T
‘ﬁFl(S,I)(g)STTJ'weA ¢ G(S,L)dx+7112j§ e"27G (S, 1) dx

<|A11|J"f eAll(g_X)(2M+a1+ ﬂz jdX
o Moty

2

2
+ﬂ_[gwe"“(§'x) [2;;1 o+ B jdx

P1 Hy Yy
l 2
= —[2;{1 +o + P ]
P1 Hty
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Similarly, we can obtain that d% F, (S, | )(f) is also bounded.

For each integer ne N, define an operator F" by

F[S.1](¢), £€[-n,n],
F'[S,1](&)=1F[S,1](-n), &e(-o,—-n],
F[S.1](-n), &e[n,+x).

By the Ascoli-Arzela lemma, it is obvious that F":T'— T is compact with re-
spect to the supremum norm in C (R,RZ ) Hence, F":I' > T iscompact with
respect to the norm ||r in B, (R, Rz) . Furthermore, since {F ”}: is a compact

series, it follows that

F[s.1](6)-F[s.1]
FS 6 -F (s 1))
= sup

F[s 74l
£e(—o0,—n]u[n,+o) [ ](5) §)|

< sup  max {I,L—l} el
&e(—w0,~n]u[n,+e0) H Ty

s
H,+y

< e™ -0 asn — +oo.

By proposition 2.1 in [20], we know that {F“}: convergesto F in I' with
respect to the norm ||T . Then, we obtain that F is compact with respect to the
norm ||T in B, (R,Rz) .

2.3. The Proof of the Existence Theorem

Theorem 2.1. Assume R, >1. Forany c¢>C , system (2.1) admits a traveling
wave solution (S (x+ct), I (x+ Ct)) such that

(1) 0<S(¢&)<1, 0<I1(£)<M forall £eR.

2) S (—oo) =1, | (—oo) =0, S'(—oo) =0, | ’(—oo) =0. Furthermore,
5|Lrpwe"lf| (&)=1.

Proof When ¢ >c", Schauder’s fixed point theorem implies that there exists a
pair of (S,1)el, which is a fixed point of the operator F . Consequently, the
solution (S (x+ct), I (x+ Ct)) is a traveling wave solution of Equation (2.1) and
forany £eR,

0<S(&)<L0<1(&)<M.

Next, we show that strict inequalities hold. Indeed, note that (S, I ) el isafixed
point of the operator F , then S(.f) = Fl[S, I](f) | (5) F, [S, I](f) . Finally,
(&) =FR[S.1(¢)
>F[S, T](z;)

(e o (s )

S M( ¢ e/\u(f—x)dx + J';w eAlZ(g_X)dX)§(X) > 0’
P1 -
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and

H(£)=FR[S.1]($)
>F,[5,1](£)

(J-§ e +j*°° Azl ) (8, 1)(x)dx
(f e +J- phiz(E )|(x)dx>0.

Because that §(X) and |(x) are continuous and not identically zero, we
have that S (cf) and | (5) are both positive forany £eR.

Similarly, we can prove that other inequalities are also strict ones. Note that
1-0,e” <S(&)<l, e —oe™ <I(&)<e™, VEEeR,
it is easy to see that S(—0)=1,1(—0)=0, 5"»@0 e 1(£)=1 by the squeeze the-
orem.

Note that (S,1)eTl is a fixed point of the operator of F . By the first equa-
tion of (2.10), we have
s'(¢) :ﬂfwem@*”e (s, )(x)dx+ﬂj;°°em<f**)e (S,1)(x)dx
/f1 Apl (2.12)
=21 [TeMiG[S, 1](£-t)dt+ 2 [° eMIG[S, 1](£-t)dt
P70 P
Note that for any t>0,
Jim G[S,1](§-t) = .

Hence, from the Equation (2.12), we get

lim 5'(£) = [ gt

Eo—0 0

Aqat

+e

0
' |-o.

Similarly, we have 1’(—o0)=0. Hence we have shown that

S(—oo):l, I (—oo):O,S'(—oo):O, | '(—oo):O.

3. Non-Existence of Traveling Wave Solutions

In this section, we will establish the non-existence of traveling wave solutions for
system (2.1), for Ry <1 and ¢>0,or R;>1 and c E(O,C*) .

Theorem 3.1. Assume that Ry>1 and ce (O,C*), there exists no traveling
wave solutions (S (X + Ct), | (X + Ct)) of(2.1) satistying Equation (2.2).

Proof. Assume that there exists non-trivial travelling wave solution
(S(X+Ct), I (X+Ct)) of system (2.1) satisfying (2.2) for some ¢, € (O,C*) . Let

c+c :
5 J such that equation

&¢>0 and CE(O,

2 —ci+B(1-2¢)[ [ K(y,s)e " dyds—(u, +7)=0

has no real solution.
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By Equation (2.2), we can choose M, >0 large enough such that
1-e<S(&)<l, forany e<-M,.

Furthermore,

ol . ) 15_[I é: ycl)dyds_ +
17(8)2d,17(S)+ 1+I0 J.R ys —y—cls)dyds (2 +7)1(S).

(3.1)

According to Theorem 2.1 and Equation (2.2), there exists a sufficiently large
constant h>1 such that

B(1-¢)[ [ K(y.s)1(&-y—c,s)dyds
(1+1 <f—c1s>>“”
(&) [ K I (£-y-cs)dyds N
1+|(§ c,s) 62-M

In fact, it is equivalent to the following inequality

l-¢
———<8($).§=2-M,.
(1+1(£-cs)) S,

Then, for {>-M,,

e

,B(l—g)j:jR K(y,s)1(&~-y—cs)dyds

' (6)>d,17(&)+ T (e 7)1(E)
(3.2)

Define
d)(u(x,t)):infw. (3.3)

(1+v(x,t))h+1

Combining Equations (3.1)-(3.3), we can obtain that u(x,t)=1(x+ct) satisfies
au(x, t)
ot

au Xt .[J' (x-y,t—s)dyds— (g, +7)u(xt),xeR,t>0,
u(x,s):l(x+cl )>0,Se(—oo,0],X€R.

By the comparison principle [21], u(X,t) isan upper solution of the following
initial value problem

v(xt) . ov(xt) =
o2t +[7[ K(y,8)®@(x=y,t=s)dyds— (s, +7)V(x,t), xR, >0,

v(x,5)=1(x+¢s)>0,5s€(—»,0],xeR.

Applying the theory of asymptotic spreading [22] [23], we obtain that

)t
liminfv(x,t)>0, |x| (Cl+—c)

t—>+0

Then,
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(c,+c)t
liminfu(x,t) = liminf v (x,t)>0, |x|< :
t—>+0 t—+0 2
+c)t c,—c )t
Let —x:u, then x+clt:(17). Note that Xx+ct— -0 if

t — +o0, so we have

limu(Xx, t)_ lim I (x+c;t)=0.

t—>+00 t—>+00
This is contradicted with 1(£)>0. We complete the proof.

Theorem 3.2. Assume that R, <1 and c>0, there exists no non-trivial trav-
elling wave solutions (S(x+ct),|(x+ct)) of Equation (2.1) satisfying (2.2).
Proof. Suppose that there exists non-trivial travelling wave solution
(S (X + Ct), | (X + Ct)) of system (2.1) satisfying Equation (2.2) for some ¢>0.It
follows that

) =66 (1 T 1
|

<d,1"(8)+ B(K*1)(8) = (1, +7)1(£).
Then w(x,t)=1(x+ct)>0 satisfies

aa)((?:(,t) sdzAa)(X,t)Jrﬁ.[:IRK(yvs)q’(x_ y,t—s)dyds—(u, +7)o(x,t),xeR,t>0,

o(x,5)=1(x+cs)>0,5€(-0,0],xeR.
Let @, =supl(&), &=x+cs anditis easy to see that @, >0. Next, we con-
sider the foll%%ls;ing initial value problem

do(x,t)
ot
(%,8)=w,,s€(—»,0],xeR.

=d,A0(x,t)+ B[ [ K(y,5)@(x-y,t=s)dyds— (1, +7)o(x.t),xeR,t>0,

Define
a(t):= min{Za)O,Zwoe’”t},t >0.
If p>0,then
,BI f (y,s)e”dyds < u, + 7.
If p<0,then

P<i+7.
In view of the comparison principle, we obtain that

|ImSUpa)(X t)< |Ima)( )=0.

t—ow
Moreover,
I(x,t)<o(x,t), t>0. (3.4)

By Equation (3.4) and the invariant form of I(£), we obtain 1(£)=0. This

leads to a contradiction. We complete the proof.
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4. Conclusions

In this paper, we investigate the existence and non-existence of traveling wave
solutions of a SIR model with external supplies and non-local delays. This result
is determined by the basic reproduction number R, [24]-[26] and the minimum
wave speed ¢ [27] [28] of the corresponding ordinary differential equations.
We prove the existence of traveling wave solutions for system (2.1) using the up-
per and lower solutions method combined with Schauder’s fixed-point theorem.
We prove the non-existence of traveling wave solutions by using the comparison
principle and the asymptotic propagation theory.

By the theory of limits, we proved the asymptotic behavior of the traveling wave
solution (S(f), | (5)) when & — —oo. However, due to the difficulty in con-
structing Lyapunov functions [29], we have not been able to prove the asymptotic
behavior of the traveling wave solution (S (&)1 (5)) at & -+ and the sta-

bility of traveling wave solutions [30]. We leave it for future research.
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