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Abstract 
This work focuses on the theoretical and experimental study of the dynamic 
behavior of the Vilnius electronic oscillator. The theoretical study involves 
modeling the system using a set of three first-order differential equations and 
performing its numerical analysis for different values of the circuit compo-
nents. The experimental study is carried out using electronic components with 
a control parameter. It is demonstrated that, depending on the value of the 
resistance connected to the non-inverting input of the operational amplifier, 
the Vilnius oscillator can exhibit different behaviors and generate various 
types of dynamics, including harmonic oscillations and chaos. This result is 
supported by a bifurcation diagram and the Lyapunov exponent curve. The 
numerical and experimental results show good qualitative agreement. 
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1. Introduction 

To function, natural or industrial systems require specific signals to provide a useful 
response. For example, to produce a frequency-modulated signal, a harmonic 
oscillator capable of performing this modulation is needed. Recently, interest in 
using chaotic signals in industrial applications and communications has increased, 
particularly for chaotic masking in telecommunications [1] [2], power generators 
and industrial sieving [3].  

To generate chaotic signals, for the above applications, we need electronic 
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circuits that are able to provide them. In [4], some of the most famous chaos 
circuit such as Chua’s, Colpitts and Wien-brige are listed. Van der pol oscillator 
presented in [5] is also used to generate chaotic oscillations which are used to 
secure communication.  

In 2004, Vilnius chaotic oscillator was proposed for the first time by the team 
of semiconductor Physics researchers of the physics Institute of Vilnius University 
[6]. The Vilnius circuit has the advantage of being very simple and easy to realize 
according to the type of its components. The non-linearity of the circuit is due 
to the diode in parallel with the capacitor at the output of the operational 
amplifier.  

Originally, the Vilnius system was intended for educational purposes, but it 
quickly aroused considerable interest among many researchers. From this perspec- 
tive, in [7], The authors demonstrated, through the bifurcation diagram, that the 
Vilnius oscillator can exhibit different types of dynamic behavior, such as harmonic 
oscillations as well as chaotic oscillations, depending on the system parameters, 
[8] used Vilinus chaotic oscillator in digital commucation and demonstrated that it 
is advantageous to use chaotic waveforms for the Internet of Things communication 
systems because chaotic communication systems shows a good resistant to chan-
nels with selective degradation and in the case of disturbances as noise.  

According to the previous work on the Vilnius oscillator, all the authors [6]-[9] 
assumed that the excitation current was constant, with a constraint on the value 
of the resistance in series with the generator. However, the electrical potential at 
the common node of the branches containing the coil, capacitors, diode, and gen-
erator is not constant, given the electrical phenomena occurring there, it becomes 
interesting to obtain a new mathematical model of the system without resorting 
to this approximation, then to analyze the system’s dynamic response, both theo-
retically and experimentally, and to compare the obtained results with the previ-
ous one in view to potential applications.  

This paper is structured as follows: in Section 2, the problem statement is pre-
sented. The schematic and mathematical modeling of the Vilnius oscillator is the 
subject of section 3. In Section 4, the stability of the system is analyzed, and in 
section 5 the numerical results of the system dynamics are presented. The experi-
mental study and its results are described in section 6, and section 7 concludes the 
paper. 

2. Problem Statement 

The first mathematical model of the Vilnius oscillator was obtained by consider-
ing the excitation current as constant, an approach adopted by other researchers 
[6]-[10]. The aim of this work is to obtain a new mathematical model of the Vil-
nius oscillator by considering the excitation current as a variable due to the oscil-
lator’s electrical structure, and to study its dynamic response using numerical and 
experimental approaches in order to compare the results with the first model of 
Vilnius oscillator. 
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3. Dynamic Model of Vilnius Oscillator 

As announced in the introduction, the structure of the Vilnius oscillator is very 
simple given the number and the type of its components (Figure 1). In this work, 
we consider equations expanded in [6] with the difference that the current 
through resistor 4R  is not constant as considered in [6]-[8]. The aim here is to 
know if by considering that the excitation current is constant, this doesn’t have 
a significant influence on the dynamic response of the system. In fact, the 
considered current is established in the circuit due to the electric potential 
difference between the potential bV  and NV . With the above consideration 
coupled to Kirchhoff’s laws, the new mathematical model of Vilnius chaotic 
oscillator is obtained as follows: The current through the capacitor 1C  and 
inductor L  is given by Eq. (3.1). 

1
1

d
d

C
L

VC I
t

=                      (3.1) 

 

 
Figure 1. Vilnius oscillator schematic. 

 
Between the ground and potential NV , the relationship between the voltages 

across resistor 1R , inductor 1L  and capacitor 1C  is given by Eq.(3.2). 

1 1
d
d

L
N C L

IL V V R I
t
= − −                        (3.2) 

Considering the branch between bV  and NV , current I  is given by the 
following relation from the ohm’s law. 
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4

b NV VI
R
−

=                          (3.3) 

In the previous model, the authors considered 
4

bVI
R

≈  with bV  a constant  

voltage delivered by a given battery. Normaly, to be strict about the electrical 
phenomenon at node N, when the circuit oscillates, the electrical potential NV  
varies due to the variations of the voltages across the inductor and the capacitor 

2C . NV  then takes the form of Eq.(3.4). 

2N S CV V V= +                         (3.4) 

According to Eqs.(3.3) and (3.4), it is clear that the excitation current I  is not 
cinstant. Based on the fact that for a given perfect operational amplifier, the 
following relation V V+ −=  is considered, and used to establish that 1S LV kR I=  
then Eq.(3.2) become Eq. (3.5) below: 

( )1 1 2 1
d 1
d

L
L C C

IL k R I V V
t
= − − − .                 (3.5) 

The law of nodes in N  is written as follows: 

2
2

d
d

C
L D

VC I I I
t

= + − .                    (3.6) 

By combining Eq.(3.3) and Eq(3.4), Eq.(3.6) become the following equation. 

2 2 1
2

4 4 4

d 1
d

C b C
L D

V V V RC k I I
t R R R

 
= − + − − 

 
              (3.7) 
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d
d
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d
d 1

d

C
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L C C

C b C
L D

VC I
t

IL k R I V V
t
V V V RC k I I

t R R R

 =

 = − − −


 
= − + − − 

 

             (3.8) 

Finally, the new model of vilnius oscillator is given by Eq.(3.8) which is a system 
of three first-order differential equations where 1C  and 2C  are the capacitors 
whose voltages across them are 1CV  and 2CV  respectively, LI  is the current 
flowing through the coil L , k  is the gain of the operational amplifier, DI  is 
the current of the diode D1.  

3

2

1 Rk
R

= +                           (3.9) 

2exp 1C
D S

B

eVI I
k T

  
= −     

                    (3.10) 

with SI  the reverse saturation current, e  the electron charge, Bk  the Boltzmann 
constant and T  the temperature [9]. According to the expression of DI ,the 
nonlinearity in Eq.(3.8) is due to the diode D1 in the Vilnius electronic circuit.  
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In goal to facilitate the numerical analysis of the system Eq.(3.8), dimensionless 
variables were proposed by [6] and improved as indicated in Eq.(3.11) and 
Eq.(3.12a) where t  is time. 

( ) 11 2 1
1 1

0 0 0 1 0 4 2

1 1 31
2

4 2 0 4 0 2 2

1
0 0 0

2 1

, , , 1 , ,

1 , , , 1 ,

1, , and

C C L

s CC

B

LCV V I Cx z y a k R a
V V w C V L R C

I LC V LC RkRa beta c u k
R C V R V C R

C k Tbeta V w t w
C e LC

τ

= = = = − =

 
= + ∗ = = = + 
 

= = = =

    (3.11) 

with consider variables and parameters,  Eq.(3.8) become Eq. (3.12a) below. 

( )( )1 2

d
d
d
d
d exp 1
d

x y

y ay x z

z u a z a y c z

τ

τ

τ

 =

 = − −



= − + − −

            (3.12a) 
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d

C
L

L
L C C

C b C
L s
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t R V

 =

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

  
= + − −      

          (3.12b) 

In the coming sections, dynamic analysis of Vilnius system will be done based 
on Eq.(3.12a). Eq.(3.12b) is the one used by the researchers until now. Resistor 

1R  is going to be used as bifurcation parameter. In our dynamics study, we are 
going to consider 3 2R R= .  

4. Stability Analysis 

The first step for the analysis of the Vilnius dynamics is to study the stability of its 
equilibrium point ( )0 0 0, ,x y z  through Eq.(3.12a), by setting it equal to zero and 
obtain 0 0y y= = , 0 0x x z= =  where 0z  is the solution of Eq.(4.1) which is 
nontrivial if 1a  is different of 0. 

( )0
1 0 e 1 0zu a z c− − − =                  (4.1)  

The stability of the given equilibrium point can be studied by using the eigen-
values equation 

( ) ( )0 0 03 2
1 1 1e e 1 e 0z z za a c aa ac a cλ λ λ+ − + − + + + − =       (4.2) 

Limit-cycle oscillation might occur if the solutions of Eq. (4.2) are pure imagi-
nary values iλ ω= ± , where ω  is the frequency of the corresponding harmonic 
oscillation which satisfies the following equation 
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( )0 02
1 1e e 0z za a c a cω + + − + =                 (4.3) 

That allow to have the frequency expression as follows 

0

0

1

1

e
e

z

z
c a

a a c
ω −
=

+ +
                     (4.4) 

Based on Eq.(4.4) ω  exist if only if 0
1ezc a> , this means that 0

0
4

ln
s

Vz
R I

 
≥  

 

⇒ 0
2 0

4

lnC
s

VV V
R I

 
>  

 
. 

5. Numerical Results 
5.1. Time Response 

1 1 nFC = , 2k = , 2 147 pFC = , 1 mHL = , 3 VbV = , 4 20 kR = Ω ,  
0.3 mAsI = , 0 0.026 VV = , 2 3 1 kR R= = Ω  are the values used for numerical 

and experimental studies. For each regime, the initial conditions are:  

1 2 0.0L C CI V V= = = . 
The results of numerical simulation were obtained using python’s odeint solver 

with a step size of 0.02 for the time response and the phase portrait. Regarding the 
bifurcation diagram, we used a fourth-order Runge-Kutta algorithm. The transient 
regime was eliminated by considering the minimun time equal to 0.01second to 
search for lacals maximun. 

(Figures 2-4) are time reponse of the system based on the proposed model and 
the common used model which show that depending on the values of 1R  the 
system can behave differently. We observe that the time response of the two 
models can be slightly different for 1 150R = Ω  (Figure 2(a), Figure 2(b)). This 
difference becomes more pronounced for 1 250R = Ω ; while the proposed model 
exhibits biperiodic oscillations (Figure 4(a)), the other model is already in a 
chaotic dynamic (Figure 4(b)). 
 

 
(a) 
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(b) 

Figure 2. Time response for proposed model (a) and previous model (b) 1 150R = Ω . 
 

 
(a) 

 
(b) 

Figure 3. Time response for proposed model (a) and previous model (b) 1 150R = Ω . 
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(a) 

 
(b) 

Figure 4. Time response for proposed model (a) and previous model (b) 1 150R = Ω . 

5.2. Bifurcation Diagram and Lyapunov Exponents Curve  

The largest Lyapunov exponents are compute following the formula: 

( )
( )

1lim ln
0

x t
t x

t

δ
λ

δ

 
=   

 
→ +∞

                        (4.5) 

where ( )x tδ  is a small perturbation at time t  and ( )0xδ  at 0t = . 
Figures (Figure 5, Figure 6) are bifurcation diagram and Lyapunov exponent 

of Vilnius oscillator respectivly obtained with Eq.(3.12a) that we proposed. The 
bifurcation parameter here are the values of resistor 1R  which sets the voltage 
at the non-inverting terminal of the operational amplifier. Depending of the 
values of 1R  the system presents different types of dynamics. Thus, when 

10 50R≤ < Ω , the system converging toward a fixed point. In the same way, for 

150 175R< < Ω , the system presents harmonic oscillations. For the values 

1175 270R< < Ω ,  we observe the multiperiodicity oscillations.  When 
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1270 920R≤ ≤ Ω , the system become chaotic with certain windows of stability 
and for the values of 1R  around 920Ω we can observe again the multiperiodic 
oscillations. Figure 6 represents the curve of the variations of the Lyapunov 
exponents of the Vilnius oscillator. This curve is in agreement with the bifurcation 
diagram. It is clearly observed that for 10 270R< < Ω  the system is stable. For 

1R  slightly greater than 300Ω, the system become chaotic with a zone of stability 
observed for certain values of 1R . This result suggests that chaos appears early in 
the classical oscillator model and thus highlights the difference between this  
 

 
Figure 5. Bifurcation diagram for 10 920R≤ ≤ Ω . 

 

 
Figure 6. Largest Lyapunov exponents diagram for 10 920R≤ ≤ Ω . 
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model and the one proposed. Figure 7 presents phase portrait of the circuit 
relative to voltage across the capacitor 1C  and the current flowing through them 
for 1 450R = Ω . It is clearly obseved that the dynamics of the circuit is chaotic as 
announced by the bifurcation diagram and the largest Lyapunov exponent curve. 
At this level, we can say that, with a given value of bV , 4R , 1C , k , 2C , 1L  the 
dynamics of the Vilnius oscillator can exhibit different behaviors just by varying 
the values of the resistor 1R . This can therefore open a large possibility to apply 
effectively and efficiently the Vilnius oscillator in engineering by acting on the 
system at the appropriate point to have a usful signal. 
 

 
Figure 7. Phase portrait. 

5.3. Frequency Responses  

In this section, we always consider 3 2R R= . The value of components used for 
the simulation are: 1 1 nFC = , 2k = , 2 147 pFC = , 1 mHL = , 3 VbV = , 

3 2 1 kR R= = Ω . The system of differential equations used for studying frequency 
response of the Vilnius oscillator is Eq. (5.1) 

( ) ( )( )1 1 2

d
d
d
d
d sin exp 1
d

x y

y ay x z

z u a z a y c z

τ

τ

τ
τ

 =

 = − −



= Ω − + − −

         (5.1) 

Figure 8(a) and Figure 8(b) represent the frequency response of the system 
obtained respectively by the proposed model and the currently used model. We 
can observe a slight difference, but the maximum voltage across capacitor C1 and 
the resonant frequency are approximataly the same. However, the resonance is 
sharper in the proposed model than the classical one. 
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(a) 

 
(b) 

Figure 8. Frequency response for the proposed model (a) and previous model (b). 

6. Expermental Results 

Experimental setup consisting of an electronic circuit built with an operational 
amplifier (TL081), capacitors, coil, diode(1N4148), resistors and batteries whose 
values are contained in Table 1. Two batteries of 9 V are used to supply −9 and 9 
V to the operational amplifier. Two other batteries of 1.5 V are use to power the 
circuit. The resistor 1R  is replaced by the potentiometer of 1k. The 47 pF and 
100 pF capacitors were connected in parallel to obtain an equivalent of 147 pF. 

The experimental activity consisted of two steps. In the First step, we studied the 
temporal response (Figure 9) of the system. To achieve that, the resistor 1R  
connected between the non-inverting input of the operational amplifier and the 
ground was replaced by a potentiometer of 1 kΩ. By varying the potentiometer 
between its minimum and maximum values, different dynamics were observed on 
the oscilloscope screen. In the second step, the frequency response of the system was 
studied (Figure 10). This involved replacing the DC drive voltage with a 3 V AC 
voltage supplied by a low-frequency generator. We varied the generator frequency 
between 100 kHz and 200 kHz, which allowed us to obtain the values in Table 2.  

https://doi.org/10.4236/ijmnta.2026.151001


J. C. Nkouagnou, R. K. Mboyo 
 

 

DOI: 10.4236/ijmnta.2026.151001 12 Int. J. Modern Nonlinear Theory and Application 
 

Table 1. Values of capacitors, coil and resistances used in the electronic circuit. 

Components Values Quantities 

Coil 1 mH 01 

Capacitor 1 nF 01 

Capacitor 47 pF 01 

Capacitor 100 pF 01 

Resistor 1 k 02 

Resistor 20 k 01 

Potentiometer 1 k 01 

 

 
Figure 9. Experimental setup. 

 

 
Figure 10. Experimental setup for frequency response. 
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Table 2. Experimental values of frequency and voltage. 

f(Khz) 100 105 110 115 119 120 

U(V) 0.43 0.51 0.64 0.96 1.84 2.6 

125 130 135 140 145 150 155 

2.8 0.92 0.53 0.36 0.244 0.192 0.156 

160 165 170 175 180 185 190 

0.13 0.11 0.096 0.088 0.07 0.062 0.05 

 
We then plotted the corresponding curve in Figure 11. The experimental results 
obtained from the Vilnius eletronic oscillator show a qualitative agreement with 
the theoretical model as presented in Figure 12 and Figure 13 which are predicted 
by Figure 2(a), Figure 3(a) and Figure 7. Theoretically, the model predicts a 
range of regimes, including sationary, harmonic oscillation, multiperiodic 
oscillation, and chaos as indicated by the bifurcation diagram and Lyapunov 
exponent curve (Figure 5, Figure 6). Experimentally, we observed stationary 
regime, harmonic oscillation (Figure 12), chaotic regime (Figure 13) and an 
additional regime that was not predicted by the theoretical model (Figure 14). 
This unexpected regime appears to be due to the saturation of the components 
used, particularly the operational amplifier TL081, which is not accounted in the 
theoretical model. Notably, the theoretical model predicts a chaotic regime with 
possible windows of stable oscillation for certain parameter values, whereas ex-
perimentally, we observed a distinct regime that does not fit into the predicted 
chaotic behavior zone. In the same way, harmonic oscillation that was not pre-
dicted theoretically in the absence of the driven voltage appears experimentally 
with oscillation frequency equal to 168.92 kHz (Figure 15). 
 

 
Figure 11. Experimental frequency response. 
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Figure 12. Experimental harmonic oscillation. 

 

 
Figure 13. Experimental chaotic regime. 

 

 
Figure 14. Experimental unpredicted regime. 
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Figure 15. Free oscillation response. 

 
Concerning the frequency response, the theoretical curve in Figure 8 shows the 

resonance peak around 156 kHz whereas the experimental value is around 121 
kHz (Figure 11). This difference between the theoretical and experimental reso-
nance frequency values may be due to a modeling flaw, or even a possible interac-
tion between the earth’s magnetic field and that of the coil, thus modifying the 
inductance of the latter. These discrepancies highlight the limitations of the model 
and the importance of considering the nonlinear dynamics and component limi-
tations such as construction uncertainties on the values of the resistances, the di-
ode ideality factor in the system modelling. Despite these differences, the experi-
mental results provide valuable insights into the behavior of Vilnius oscillation 
and demonstrate the richness of the system’s dynamics. The experimental study 
also showed that the chaotic regime appears for R1 values greater than 300 Ω, 
which is in agreement with the dynamic behavior of the proposed model. The lack 
of certain dynamics and additional regimes observed experimentally provides a 
new perspective on the system’s behavior for further work which will consist of 
refining the theoretical model of the system.  

7. Conclusion 

In this paper, a new mathematical model of the Vilnius oscillator was derived from 
Kirchhoff's laws, by considering the excitation current as a variable. Theoretically, 
the time and frequency responses of the proposed model were determined, reveal-
ing a rich dynamic behavior as well as the system’s natural frequency. Analysis of 
the bifurcation diagram and the Lyapunov exponent curve allowed us to identify 
different bifurcation phases, as well as chaotic and stable regions of the system, as 
a function of the values of its components and the control parameter. Subse-
quently, an experimental study with real components was conducted, demonstrat-
ing a qualitative agreement with the proposed theoretical model, compared to the 
previous one, particularly regarding the emergence of the chaotic regime as a 
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function of the control parameter values. This study also yielded a real resonance 
frequency slightly different from the theoretical frequency by approximately 36 
kHz. The results of the proposed model showed that variations in the excitation 
current have a significant influence on the dynamic response of this oscillator and 
must be taken into account in future work. Finally, the experimental results re-
vealed certain imperfections in the theoretical model, thus paving the way for its 
improvement and potential applications of the Vilnius oscillator in engineering. 
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