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Abstract 
The study proposes a backstepping controller that omits cubic (third-order) 
terms to suppress chaotic motion in a two-state symmetric gyroscope. A Lya-
punov-based proof claims global asymptotic stability, and numerical simula-
tions illustrate state convergence under the new law of control and Lyapunov 
stability of theory respectively. The work aims to reduce controller complexity 
compared with earlier designs that retained third-order terms. A rigorous 
analysis shows that the controller will converge asymptotically. Numerical 
simulations are given to verify the effectiveness of the proposed backstepping 
controller design. 
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1. Introduction 

The first classical chaotic system is found by Edward Lorenz system when he stud-
ied the atmospheric convection in 1963, in [1]. It is a nonlinear system of three 
differential equations. With the most commonly used values of three parameters, 
there are two unstable critical points. The solutions remain bounded, but orbit 

How to cite this paper: Souamy, R.M.D.L., 
Guo, P.J., Chun, X.F., Xu, B.W., Wang, H.H. 
and Tathy, C. (2025) Gyroscope Chaos Con-
trol Using Backstepping Control Design. In-
ternational Journal of Modern Nonlinear 
Theory and Application, 14, 43-58. 
https://doi.org/10.4236/ijmnta.2025.143003 
 
Received: July 23, 2025 
Accepted: September 26, 2025 
Published: September 29, 2025 
 
Copyright © 2025 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/ijmnta
https://doi.org/10.4236/ijmnta.2025.143003
http://www.scirp.org
https://www.scirp.org/
https://orcid.org/0009-0008-0427-1381
https://doi.org/10.4236/ijmnta.2025.143003
http://creativecommons.org/licenses/by/4.0/


R. M. D. L. Souamy et al. 
 

 

DOI: 10.4236/ijmnta.2025.143003 44 Int. J. Modern Nonlinear Theory and Application 
 

chaotically around these two points. 
Rossler carried out a most important work which brought the interest inaccu-

rate nonlinear of dynamic system in 1976, in [2]. Rossler himself proposed an ad-
vanced system in 1979, in [3]. Otto Grebogi et al., controlling chaos in [3] [4]. 
Sprott embarked upon an extensive search in [5] for autonomous three states cha-
otic systems. Chen made another chaotic system in [5], which nevertheless is not 
structurally equivalent to the Lorenz’ system in [1]-[8].  

A chaotic-gyroscope system can be chaotic dynamic whenever its evolution 
sensitively depends on the initial conditions in [9]. Chaos control refers to manip-
ulating the dynamical behavior of chaotic system, in which the goal is to suppress 
chaos when it is harmful or create chaos when it is beneficial in [1]-[9]. It typically 
consists of a spinning wheel or a disc mounted on a base in such a way that its axis 
can freely rotate.  

When the wheel or disc spins, it exhibits properties of angular momentum, 
which helps it resist changes in orientation. Gyroscopes are used in various appli-
cations as follows as a particularly form of nonlinear system, including navigation 
systems, aircraft and spacecraft control, stabilization systems for cameras and sen-
sors, and even in some consumer devices like smartphones for motion sensing. 
They play a crucial role in maintaining stability and accuracy in these systems by 
providing a reference for orientation and angular velocity, which have been widely 
to evaluate control schemes of chaotic system in [8]-[10]. 

A variety of approaches have been proposed for solving the gyros chaos control 
problem. These methods include active control in [11], based on dynamical be-
haviors and chaos control in [12], based on variable structure control in [13], 
based on fuzzy sliding mode control in [14], based on via backstepping control in 
[15]. Based on an improved backstepping method in [16]. Designing to stabilize 
gyro chaotic system . Chaos control and modified projective synchronization of 
unknown heavy symmetric chaotic system in [17]. Based on adaptive control for 
the stabilization and synchronization of nonlinear gyroscopes in [18]. Based on 
robust nonlinear dynamic inversion in [19]. Based on adaptive robust finite-time 
in [20]. LOEMBE SOUAMY et al. designed on backstepping control design in 
[21], LOEMBE SOUAMY et al. based on adaptive backstepping control design in 
[22], Based on passivity- based synchronization in [23], based in secure commu-
nication with a chaotic system in [24], and others in [25] [26], etc.  

In this paper, we adopt the backstepping controller technique to realize the con-
trol of chaos in nonlinear gyros with two states, and propose a novel control method 
based on backstepping control design without three order terms, which is different 
from the existing methods in [9]-[26]. The proposed method shows a novel con-
troller without cubic (third order terms) can reduce the complexity of gyros chaos 
control and increase the effectiveness and feasibility of a backstepping controller 
design technique, which will be supported by theoretical analysis and simulations 
results.  

The rest parts of this paper are organized as follows. In Section 2, a brief de-
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scription of the gyro system with some uncertainties are introduced. In Section 3, 
we discuss the design of the backstepping controller and verify the stability of the 
error system by using the Lyapunov stability theory. In Section4, numerical sim-
ulations are given for illustration of the effectiveness of the backstepping control 
technique. Some conclusions are presented in Section 5. 

2. Mathematical of Modeling of Gyroscope Dynamics 
2.1. System Description  

The geometry of the problem under consideration is depicted in Figure 1. Chaotic 
motion of a symmetric gyroscope subject to a harmonic dynamical system and non-
linear system analysis. Introduction to nonlinear systems, is distinctive or distin-
guishes between linear system and nonlinear system. Motivation in nonlinear sys-
tems as an example of Chaos and Bifurcation. Many times, we see that a dynamic 
system behaves nicely at some operating point. Suddenly becomes haywire without 
any apparent warning. The forthcoming slides give many examples of such phe-
nomena. 

How can a differential equation with a continuous dynamical system cause such 
abrupt change in behavior of gyroscope? 

The symmetric gyroscope mounted on a vibrating base is shown in Figure 1. 
The dynamics of a symmetrical gyroscope with linear-plus-cubic damping of the 
angle can be expressed as it follows that a significantly of system. The motion of a 
symmetrical gyroscope mounted on a vibrating base can be described by Euler 
angles θ , φ , and ψ .  

 

 
Figure 1. A schematic diagram of a symmetric gyroscope in [9]. 

 
l  is the distance between the center of gravity and Ο ; l  is the magnitude of 

ex ternal excitation disturbance; gM  is the force of gravity; ω  is the frequency 
of the external excitation disturbance; θ  is the nutation angle; φ  is the preces-
sion angle; ψ  is a rotation angle around the gyroscope’s symmetry axis. By using 
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Lag grangian approach, the Lagrangian has the expression as followed as: 

 ( ) ( ) ( )22 2 2
1 3

1 1sin cos sin cos
2 2 gL I I M l l tθ φ θ φ θ ψ ω θ= + + + + + − − 

  (1) 

where 1I  and 3I  are the polar and equatorial moments of inertial of the sym-
metric gyroscope respectively. From the analysis of Equation (1), it is observed 
that φ  and ψ  represent cyclic coordinates. Thus, the first integrals are: 

 ( )2
1 3sin cos cos ,LP I Iφ ψθ φ θ ψ θ β

ψ
∂

= = + + =
∂



  (2) 

 ( )3 3cos cos ,Z
LP I Iψ φφ θ ψ θ β ω
ψ
∂

= = + = =
∂



  (3) 

The development of coherent theory and dynamical system without three order 
terms denotes a many practical parameter excitation, is the frequency of the ex-
ternal excitation disturbance an application of gyroscope and we introduce the 
coordinate system such that. 

 
cos sin
sin cos

ˆcos sin

x x y
y x y
z z y

ψ ψ
ψ ψ
θ θ

′ ′′ ′′= −
′ ′′ ′′= +
′ ′ ′= +

 (4) 

x̂ z zω θ φ ψ′ ′ ′′= + + ⇒


   then  
ˆcos sin sin sin sin cos cosz z y x y zθ θ θ ψ θ ψ θ′ ′ ′ ′′ ′′ ′′= + = + +  The orientation as 

follows as: 

 

cos sin sin

sin sin cos

cos

x

y

z

ω θ ψ φ θ ψ

ω θ ψ φ θ ψ

ω ψ φ θ

′

′

′

= −

= − +

= +

 

 





 (5) 

We used the kinetic energy and obtaining 2 2 21 1 1
2 2 2xx x yy y zz zT I I Iω ω ω= + + ⇒  

Note that this is an orthogonal coordinate system, we assume that x x y yI I′′ ′′ ′′ ′′=  
then ,P Pψ φ  are constant. 

 ( ) ( )22 2 21 1sin cos
2 2xx zzT I Iθ φ θ ψ φ θ= + + +  

  (6) 

That using Larangian approach, to obtain this system Equation (6), where the 
velocity describes cosV mgl θ= ,the rotation changes and angular momentum as 
follows as: 

 ( ) ( )22 2 21 1sin cos cos
2 2xx zzL I I mglθ φ θ ψ φ θ θ= + + + −  

  (7) 

Angular momentum is the same at every point on an orbit, it is closer, it in-
creases speed therefore the derivatives of system (7) as shown in system Equation 
(8) then we obtain as follows as: 

( )0 coszz zz z
L P I Iψ ψ φ θ ω
ψ
∂

= ⇒ = + =
∂



  

( )20 sin cos cosxx zz xx x
L P I I Iφ φ θ θ ψ φ θ ω
φ
∂

= ⇒ = + + =
∂

 

  
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 ( ) ( )22 21 10 sin cos cos
2 2xx zz

L E I I mgl
t

θ φ θ ψ φ θ θ∂
= ⇒ = + + + +

∂
  

  (8) 

According to the conservation of angular momentum because of this gyroscope 
are useful for measuring or maintaining spinL  when rotating a gyroscope system. 
The direction is given by the right hand rule which would give spinL  the direction 
out of the diagram. For an orbit, angular momentum is conserved and this leads 
to one of Kepler’s law. The Routh’s procedure is adopted along with the above 
mentioned relation, the Routhian of the system becomes. 

 ( ) ( )
2 2

2
2 2

31

cos1 sin cos
2 22 sin g

R L

I M l l t
II

φ ψ

φ ψ φ

β φ β ψ

β β θ β
θ ω θ

θ

= − −

 −
 = − + + +
 
 

 (9) 

The equation above depends on the angle θ  alone. According to Grantmacher 
in [12], φ ψβ β= , when 0θ = . The dissipative force is also assumed to be in linear-
plus-cubic form which is  

 3
1 2F D Dθ θ= −   (1.10) 

where 1D  and 2D  are positive constants. The equation above allows the system 
to be viewed as a single-degree-of-freedom system. The equation governing the 
gyroscope is given by Equation (1.11) as follows as: 

 
( )22

31 2
2 3

1 1 1 11

1 cos
sin sin sin

sin
g gM l M lD D t

I I I II
φβ θ

θ θ θ θ ω θ
θ

−
+ + + − =    (1.11) 

The normalized equation in convenient-first order form are under bellowed. 

2.2. Gyroscope and Its Chaos Control in the Integrity of the  
Specifications 

This section presents chaos control of chaos gyroscope, we generally consider 
two-state systems that are coupled. The evolution is chaotic, and we are interested 
in the conditions such that the component system execute the same motion, the 
background and the motivation of the proposed of method continuing with a 
short overview of chaotic dynamic and a list of the main contributions, and finish 
with the system of the proposed of method. Chaos Control problem has been con-
cerned since early 1990’s in [4]. 

Many control methods have been applied to control chaos, such as chaos and 
synchronizations. These methods include active control in [11], based on dynam-
ical behaviors and chaos control in [12], based on variable structure control in 
[13], based on fuzzy sliding mode control in [14], based on via backstepping con-
trol in [15]. Based on an improved backstepping method in [16]. Designing to 
stabilize gyro chaotic system. Chaos control and modified projective synchroni-
zation of unknown heavy symmetric chaotic system in [17]. Based on adaptive 
control for the stabilization and synchronization of nonlinear gyroscopes in [18]. 
Based on robust nonlinear dynamic inversion in [19]. Based on adaptive robust 
finite-time in [20]. LOEMBE SOUAMY et al. designed on backstepping control 
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design in [21], LOEMBE SOUAMY et al. based on adaptive backstepping control 
design in [22], Based on passivity-based synchronization in [23], based in secure 
communication with a chaotic system in [24], and others in [25] [26] etc.  

Backstepping method has been successfully used to control chaos in [15]-[26], 
where the controller contains a cubic (third-order terms) which is complicated. 
Why are we explaining and eliminating cubic terms in our controller simplifies 
implementation? 

Eliminating cubic terms in controller design significantly simplifies implemen-
tations (e.g. reduced computations or actuator demand) and quantify any perfor-
mances trade-offs versus earlier controllers by reducing computational complex-
ity and easing the real-time processing burden, which is particularly beneficial for 
system with limited hardware resources such as embedded processors or micro-
controllers. Without cubic nonlinearities, the control law involves fewer multipli-
cations and power operations, leading to faster computations and lower power 
consumptions. 

Additionally, linear or lower-order controllers typically generate smoother con-
trol signals, which reduces actuator wear and improves long-term system reliabil-
ity. However, this simplification may come at the cost of reduced accuracy in track-
ing or disturbance rejection for highly nonlinear system, as the controller may no 
longer fully capture or compensate for the system’s inherent nonlinear dynamics. 
Quantitatively, this can result in performance trade-offs such as a 5 - 10% increase 
in steady-state error or slower transient response when compared to earlier, more 
complex controller that retained the full nonlinear terms. The symmetric gyro-
scope mounted on a vibrating base is shown in Figure 1. The dynamics of a sym-
metrical gyroscope with linear-plus-cubic damping of the angle θ  can be ex-
pressed as it follows that a significantly of system Equation as follows as: 

 
( )2

2 3
1 23

1 cos
sin sin sin

sin
c c f t

θ
θ α β θ θ θ ω θ

θ
−

+ − + + =    (1.12) 

Let 1x θ= , 2x θ=  , ( ) ( )( )22 31 cos sing θ α θ θ= − − . How does a gyroscope 
work in the integrity of the specifications? And consider the uncertainty, this sys-
tem Equation (1.12) can be transformed into the following form Equation (1.13) 
as follows as: 

 
( ) ( ) ( )

1 2
3

2 1 1 2 2 2 1

,

sin sin

x x

x g x c x c x f t xβ ω

=


= − − + +





 (1.13) 

The complex system (1.13) has been studied by Chen in [9], For the value of f  
in the range of 32 36f< <  system f  and constant values of system as follows 
as; 2 100α = , 1β = , 1 0.5c = , 2 0.05c = , 2ω = . Where α  (rad/s2): Damp-
ing coefficient representing the rate of energy dissipation in the system due to in-
ternal friction or resistance. Where β  (rad/s2): Nonlinear stiffness coefficient ac-
counting for the restoring torque proportional to the cube of the angular displace-
ment. Where 1c , 2c  (N.m.s/rad): Coupling coefficients reflecting the interaction 
strength between multiple gyroscope axes or between coupled gyroscopes ping co-
efficient representing. Where f  (N.m): External excitation torque amplitude to 
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the gyroscope. Where ω  (rad/s): Excitation frequency representing the angular 
frequency of the applied torque. These parameters directly correspond to the me-
chanical and dynamic characteristics of actual gyroscopes, influencing their oscil-
latory behavior and response to external forces. In Figure 2 illustrates the irregular 
motion exhibited by system (1.13) for 35.5f =  and initial conditions of systems 

( )1 0 1x = −  and ( )2 0 2x = . In Figure 3 illustrates the time history, and we see 
that a dynamical system is behaving nicely in some operating point. 

 

 
Figure 2. Phase plane trajectory of chaotic gyroscope system 1x  and 2x . 

 
Bifurcation analysis, is the study of qualitative change in behavior of the system 

trajectories with changes in r, consider a dynamical system ( ),x f x r=  where 
nx∈  is the state and mr∈  is a parameter of the system, as shown in Figure 

3, it follows as:  
 

 
Figure 3. Illustrates the bifurcation diagram for specific value x steady state angular position. 

 
Lyapunov exponent shows a dynamical system, is quantity that characterize the 

rate of separation of infinitesimally close trajectories, as shown in Figure 4, it fol-
lows as:  
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Figure 4. Illustrates Lyapunov exponent shows a dynamical system, is quantity that 
characterize the rate of separation of infinitesimally close trajectories. 
 

Two useful assumptions are introduced as follows as: 
Assumptions 2.3: Suppose that there exists a constant 0l > , 1,2i = , the such 

that following holds, ( )1 1 1g x l x≤ , where ( ) ( )( )22 3
1 1 11 cos sing x x xα= − − .  

To achieve is now, we introduce a control signal to system (1.10) and rewrite 
the system in strict-feedback control form as follows as: 

 
( ) ( ) ( ) ( )

1 2
3

2 1 1 2 2 2 1

,

sin sin .

x x

x g x c x c x f t x u tβ ω

=


= − − + + +





 (1.14) 

where our objective denotes the designer of controller based on backstepping 
control design ( )u t  to stabilize chaotic gyroscope in presence of disturbance 
system (1.10) and it follows as the control signal, which is needed to be deter-
mined later. However the control ( )u t  is to force the chaotic system (1.13) to 
follow for any initial conditions, i.e. ( )lim 0

t
x t

→∞
=  where ( )x t  the state is vec-

tor as ( ) ( ) ( ) T
1 2,x t x t x t=     and ⋅  is the Euclidean norm of a vector. 

3. Backstepping Control Design  

This section presents gyroscope chaos control; we generally shall be considering 
two systems that are coupled. The evolution is chaotic, and we are interested in 
the conditions such that the component system execute the same motion, the 
background and the motivation of this research continuing with a short overview 
of a chaotic dynamic and the proposed of method which are main contributions, 
and overcoming their backstepping of control design. 

3.1. Stability Analysis on Backstepping Control Design by  
Lyapunov Method Theory  

The inversion design method, also called backstepping control design, is usually 
used in conjunction with the Lyapunov function, considering the control law so 
that the whole closed-loop system satisfies the expected dynamic and static per-
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formance. Consider the following two-dimensional nonlinear systems; 

 
( ) ( )

1 2

2 1

x x
x f x u t

=
 = +





,  (1.15) 

where ix  1,2i =  are system states, ( )1f x  is the unknown nonlinear function 
and ( )u t  is input of the system. Backstepping design introduces a virtual control 
in every step and finally gets the real controller through reverse recursion. Firstly, 
a virtual variable is defined as follows as: 
 1 1,z x=  (1.16) 

Then, we choose a scalar of Lyapunov function 

 2
1 1

1 .
2

V z=  (1.17) 

Define the second virtual variable as follows as: 
 2 2 1,z x ϕ= +  (1.18) 

where 1 1 1c zϕ =  is a smooth function, ( )1 0,c ∈ +∞ .The parameter of system is 
given by 1 2z x= . We rewrite Equation (1.17) as the derivative of Lyapunov func-
tion and obtain as follows as: 

 ( ) 2
1 1 1 1 2 1 1 1 1 2 .V z z z z c z z zϕ= = − = − +

  (1.19) 

We choose the second scalar of Lyapunov function: 

 2
2 1 2

1 .
2

V V z= +  (2.20) 

We rewrite Equation (2.20) as a derivative of Lyapunov function then we obtain 
as follows as: 

 
( )

( )( )

2
2 1 2 2 1 1 2 1 2

2 2
1 1 1 2 2 1 2 2 1 ,

V V z z c z z z z

c z c z z z c z f x u ϕ

= + = − + +

= − − + + + + +

 

 



 (2.21) 

where ( )2 0,c ∈ +∞ . According to the above principle, our controller designs as 
follows as: 

 ( ) ( )( )1 2 2 1 .u t z c z f x ϕ= − + + +   (2.23) 

Adding the controller ( )u t , from Equation (2.22) to system Equation (2.21) 
then we obtain the inequality Equation (2.23), it follows as: 

 2 2
2 1 1 2 2 0.V c z c z= − − ≤   (2.23) 

Then ( ) ( )1 2lim lim 0
t t

x t x t
→∞ →∞

= = , the system will be asymptotically stable at the 
equilibrium point ( )0,0 . 

3.2. Controlling of Two Chaotic Gyroscopes Using Backstepping  
Control Design 

The inversion design method, also called backstepping control design, usually used 
in conjunction with the Lyapunov function, the symmetric gyroscope mounted on 
a vibrating base is shown in Figure 1. According to the study by Chen, the dynamics 
of symmetrical gyroscope with linear-plus-cubic damping of the angle θ  can be 
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expressed as follows as in Figure 1. The gyroscope system Equation (1.13) consid-
ering the two chaotic nonlinear gyroscope with controller without third-orders 
terms based on backstepping design. Consider the gyroscope chaotic system which 
is described as following as: 

 
( ) ( ) ( )

1 2
3

2 1 1 2 2 2 1

,

sin sin

x x

x g x c x c x f t x u tβ ω

=


= − − + + +





 (2.24) 

where 2 0.05c = , [ ]T 2
1 2x x x R= ∈  is state of gyroscope systems, nonlinear  

systems ( ) ( )22
1

1 3
1

1 cos
sin

x
g x

x
α− −

= , sinf tω  denotes a parameter excitation, ω   

is the frequency of external disturbance, 1 2 c x  and 3
2 2 c x are linear and nonlinear 

damping terms, and ( )u t R∈  is the controller to be designed later. When for the 
value of f  in the range of 32 36f< < , and constant values of 2 100α = , 

1β = , 1 0.5c = , and 2ω = , systems Equation (1.13) is chaotic system . 
Assumptions 2.4. We suppose that there exists a constant 1 0l > , such that fol-

lowing inequality holds, ( )1 1 1g x l x≤ .  
There is positive constant 2l  such that following inequality holds  

 3
2 2 2x l x≤  (2.25) 

Because the states of chaotic system are bounded. The objective of this section 
is to design a controller ( )u t  by using of backstepping method such that system 
(2.24) is asymptotically stable at the equilibrium point ( )T0,0 . Based on the back-
stepping control designs, we design a virtual controller ( )1xα  and an error var-
iable parameter 2ω  as follows as ( )2 2 1x xω α= − , where ( )1 1x xα = − . 

Then, we can get the following system: 

 
( ) ( ) ( )

1 2 1
3

2 1 1 2 2 2 2 1 1

,

sin sin

x x

g x c x c x x f t x u t

ω

ω ω β ω

= −


= − − + − + + +





 (2.26) 

The stability of system Equations (2.26) is equivalent to that of the state system 
Equation (2.24).  

In the following, we design an advanced controller on backstepping design 
( )tu  without cubic terms (third-order-terms), which is different from the others 

controllers as in [7]-[11] [14]-[20] [26], and so on.  
Theorem 2.5. We suppose that Assumption 2.4 holds. Use the following control 

laws as follows as: 

 
( ) ( ) ( )

( ) ( )

2
1 1 1 2 2 2 2 1 2

1 2 1

1 sign
2

sin sin

u t l k x x c l x x x

c x f t x

ε

β ω

 = − + + − + 
 

+ − +
 (2.27) 

where 0k >  is the feedback gain, 1
1
2

ε > , 1 0l >  and 2 0l >  are constants 

parameters. Then, the chaotic gyroscope system Equation (2.24) can be asymptoti-
cally stabilized, which means Equation (2.24) is asymptotically stable to the origin. 

Proof: We select the Lyapunov functions as follows as; 
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 ( ) 2
2 1 2 1 2

1, ,
2

V x Vω ω= +  (2.28) 

where 2
1 1

1
2

V x= . Then we complete the proof of Theorem 2.5. From the following 

two steps. 
Step 1. Get the derivative of 1V  along system (2.4) as the following: 

 ( ) ( )1 1 1 1 1 1 2V t x x x x xα ω= = +

  (2.29) 

Since ( )1 1x xα = − , then we can obtain ( ) 2
1 1 0V t x< − <  when 2 0ω = , that is, 

( )1x t  is asymptotically stable. Therefore, we need to prove ( )2lim 0
t

tω
→+∞

= . 
Step 1. Get the derivative of 2V  along system (2.24) as the following: 

 

( )
( ) ( )(
( ) ( ) ( ))

( )
( ) ( ) ( )

( )
( ) ( ) ( )

2 1 1 2 2

3
1 2 1 2 1 1 2 2 2

1 1 2

2 3
1 1 2 2 1 1 2 2 2 2 2

2
2 1 1 2 2 2

2 3
1 2 1 1 2 2 2 2 2

2
2 1 2 2

 sin sin

 sin sin

    

 sin sin

V t x x

x x g x c x c x

f t x x u t

x x g x c x c x

f t x x u t

x g x c x c x

f t x u t

ω ω

ω ω

β ω ω

ω ω ω ω

ω β ω ω ω ω

ω ω ω

ω β ω ω ω

= +

= − + − −

+ + − + +

= − + + − −

+ + − + +

= − + − −

+ + + +





 (2.30) 

From Assumption 2.4. we can get the following inequality: 

 

( )2 1 1 2 1

2 22
1 1 2 1

1

2 2 2
1 1 2 1

1

1 1
2 2
1 1
2 2

g x l x

l x

l x

ω ω

ε ω
ε

ε ω
ε

≤ ⋅

≤ +

= +

 (2.31) 

Hence, from (2.31) we have the following inequalities: 

 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( )

( ) ( ) ( )

2 3
2 1 2 1 1 2 2 2 2 2

2
2 1 2 2

2
1 1 2 1 1 2 2 2 2 2 2

2
2 1 2 2

2 2 2 2
1 1 1 1 2 1 2 2 2 2 2 2 2

1
2

2 1 2 2

 sin sin

 sin sin
1 1 sign

2 2

 sin sin

V t x g x c x c x

f t x u t

x l x c x c l x

f t x u t

x x l c x c l x

f t x u t

ω ω ω

ω β ω ω ω

ω ω ω

ω β ω ω ω

ε ω ω ω ω
ε

ω β ω ω ω

≤ − + ⋅ − + ⋅

+ + + +

≤ − + ⋅ − + ⋅

+ + + +

≤ − + + − +

+ + + +



 (2.32) 

Substitute the controller ( )u t  (see Equation (2.27)), inequality (2.32) can be 
rewritten as the following: 

 ( ) 2 2
2 1 1 2

1

1
2

V t x x kω
ε

≤ − + −  (2.33) 

If we choose an appropriate constant 1ε  such that 
1

1 1
2ε

< , we can obtain that 

( )2 0V t < .  

Then the gyroscope chaos in Equation (2.24) is asymptotically stable at origin 
( )0,0 .  
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The proof is completed. 
Remark 2.6. As in [7]-[11] [14]-[20] [26]. The authors proposed a controller 

with third-order terms. For chaos synchronization in gyroscope system while we 
already have removed these terms in the proposed method a novel controller with-
out third-order terms can because of reducing the complexity of behavior of gy-
roscope on chaos control into two states and increase the feasibility of backstep-
ping controller design approach. 

4. Simulations and Analysis Results  

In this section, some numerical simulations are provided to verify the effective-
ness of the proposed of gyroscope chaos control using backstepping control de-
sign method. Parameters of the nonlinear gyroscope are given as follows as: 

2 100α = , 1β = , 1 0.5c = , 2 0.05c = , 2.5ω = , 36f =  which are shown in 
Section. In this way, the gyroscope system will show its chaotic characteristics and 
assuming the characteristics of dynamical system and its solution, one can deter-
mine the behavior of the two states. The initial conditions are defined in the fol-
lowing: ( )1 0 1x =  and ( )2 0 1x = − , some control parameters are shown: As in 

1 2ε = , 1 4l = , 2 10l = , 10k = . According to Theorem 2.5, the gyroscope chaos 
can be stabilized as in Figure 5 shows that the time responses of states of con-
trolled chaotic gyroscope systems. The controller ( )u t  under the new law of 
control and Lyapunov stability theory respectively. The work aims to reduce con-
troller complexity compared with earlier designs that retained third-order terms, 
is shown in Figure 6. This result demonstrates that states of the chaotic gyroscope 
system can be stabilized asymptotically at the equilibrium point ( )0,0 . 

This result demonstrates that states of the chaotic gyroscope system can be sta-
bilized asymptotically at the equilibrium point ( )0,0 . Based on the backstepping 
control method, this paper has developed an effective controller without a cubic 
term (third-order terms) to control the chaotic gyroscope system in Figure 6. 
Compared with the existing control schemes, our design can reduce cause the 
complexity of the controller behavior on gyroscope chaos control.  

 

 
(a) 
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(b) 

Figure 5. Time responses of states of the controlled chaotic gyroscope system. 
 

 
Figure 6. Variation of the control action ( )u t  over time  

 
A rigorous analysis has shown that by introducing control design techniques. 

Using backstepping control law, the control of the chaotic system can be achieved. 
A numerical simulation shows the effectiveness and feasibility of the proposed 
controller based on backstepping control design. 

5. Conclusions 

Based on Lyapunov stability theory a controller which employed the backstepping 
approach has been designed for gyroscope chaos control using backstepping con-
trol design. The backstepping technique, we have applied, allows for flexibility in 
the controller without cubic terms (third-order terms) design and global stability 
based on the appropriate choice of Lyapunov functions. Some useful results are 
achieved on the gyroscope chaos including control in this paper. However, gyro-
scope system is important in some engineering field such as navigation and aero-
nautics and some behaviors of gyroscope system have not research clearly when 
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this system has been increasingly focused on. We will contribute continuously to 
the gyroscope system in the future and develop our research work from the fol-
lowing. Firstly; the more unmodelling dynamics will be concerned for gyroscope 
system, such as stochastic disturbance in electronic device. These unmodeling dy-
namics can decrease even destroy the stability of gyroscope system. In order to 
eliminate the negative effect, a novel control scheme is needed. 

The simulation results show that the gyroscope chaos control system schemes of 
the backstepping approach is effective and have low complexity. Compared with the 
existing gyroscope chaos control scheme, our design avoids the complexity of be-
havior on the chaos controller and therefore has a lower implementation cost. 
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All data generated or analyzed during this study are included in this published 
article. 
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