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ABSTRACT

The uniform estimation of the derivatives of Fourier transforms of the Cauchy problem for the Navier-Stokes equations

was obtained.
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1. Introduction

Numerous studies of the Navier-Stokes equations are
devoted to the problem of its solution’s smoothness. A
good overview of the studies was made in [1,2]. Spatial
differentiability of the solutions is one of the most
important aspect of the study, as it is mostly responsible
for an evolution of the solutions.

Obviously differentiable solutions do not provide an
effective description of turbulence. On the other hand,
the global solvability and differentiability of the solutions
are not proven, and therefore the turbulence description
problem remains to be open.

It is interesting to study the properties of the Fourier
transform of solutions of the Navier-Stokes equation:
how they can be used in the description of turbulence,
and whether they are differentiable. Differentiability of
Fourier transform of the Navier-Stokes equation’s so-
lution seems to be related to the appearance or disap-
pearance of the resonances, as it will mean the absence of
large energy flows from small to large harmonics, which
in turn means the inability of turbulence.

Thus, obtaining the uniform global estimations of the
Fourier transform of solutions of the Navier-Stokes
equations will mean that the principle of modeling of
complex flows and related calculations shall be based on
the Fourier transform method.

The authors continue to research these issues in
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application to the numerical weather prediction model
and this paper is a theoretical justification for this ap-
proach.

2. Cauchy Problem for the Navier-Stokes
Equation

Consider Cauchy problem for the Navier-Stokes equa-
tions:

3
q, —qu+ququ =-Vp+F,(xt), divg=0, (1)
k=1

Al,., = (x) @
in the domain Q, =R’ x (O,T ) , supposing about ¢, :
divg, = 0. 3)

The problem (1), (2), (3) has at least one weak solution
(9,p) in the so-called Leray-Hopf class [1].

Here are the known results proved in [1]:

Theorem 1 If

6 W, (R), feL(Q), )

there is a single generalized solution of (1), (2), (3) in the
domain Q; , T, €[0,T], satisfying to the following
conditions:

q.V'a.Vpe L, (Qr). ©)
Note that T, dependson ¢,, f.
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Lemma1Let q,eW, (R’), feL (Q),then
t
Osgltlg ||q||2L2(R3) +.(["Vq"iz(R3) dr< ”qo "iz(R3) +|| f "LZ(QT) -(6)

Our goal is to provide global estimatimation of Fourier
transforms of the Navier-Stokes equations’ soutions de-
rivatives (1), (2), (3) without assumption of the smallness
of the initial velocity and force.

We get this time-uniform estimation. Let use the
following notation:

G(k)= [a(x)e *ax, q((k-1) _[q 'y, (7)

qavg(k)=Lq(k—l)5(|k|2—|l|2)dl, ®)

Assertion 1 The solution of (1), (2), (3) according to
the Theorem 1 staisfies to:

q +J'e v\k\ ek —e,|(t— r)([(q

where F=-Vp+f.

This follows from the definition of the Fourier trans-
form and the theory of linear differential equations.
Assertion 2 The solution of (1), (2), (3) staisfies to:

ik,
p=2+

7 k[

V)q]+F)dz, (9)

Lgq; + ﬁF (10)

and the following estimations:

3 1
[Pl <31Vl o o o D

L
IVp| < K

v |k||Vf|+3|V o; (12)

Submission for p obtained by using div and the
Fourier transform. The estimations follow from this re-
presentation.

Lemma 2 The solution of (1), (2), (3) in Theorem 1
satisfies to the following inequalities:

j|x| Kl dx+”|x| [Vq|” dxdz < const, (13)

0R?
I|4qqrdX+II|4ﬂqudxdrSmeL (14)
Rr? 0R3
or

||Vq||L2(R3) +jj K|’ |ﬁq|2 dkdz < const, (15)
0R3

val, + K [7a[* dkar < const. (16)
0R3
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This follows from the Navier-Stokes equations, first a
priori estimation (Lemma 1) and Lemma 2.

Lemma 3 The solution of (1), (2), (3) satisfies to the
following inequalities:

_ T t
m3X|q|Sm3X|qo|+505§‘3g||q||i2(as)+£||Vq||iz(as)df’ a7

ml?x|VQ| < m3x|Vq0|

T - t " 18)
3 5 IVl o+ [ [V et
m5x|V2d| < mkax|V2q0|
19
+Lsup [ q|| +“|k|2|V2q|2dkdr. 9
0<t<T 0R3

These estimations follow from (9), Parseval’s identity,
Cauchy-Schwarz inequality, Lemma 3.

Lemma 4 The solution of (1), (2), (3) satisfies to the
following inequalities:
qavg < |k| M1> |anvg

where M ,M,,M,,M, are finite.
Let prove the first estimation. By definition of q and
Lemm 3,4 assertions follow the inequlities:

I J Ak (e —e,) .0,

szn|k|mkax|q|_|k|Ml,

<|k|M,, (20)

Gay
’ @1

where M, =const .
The rest estimations can be proved in a similar way.
Lemma 5 The solution of (1), (2), (3) according to the
Theorem 1 staisfies to: C; <const, (i = 0,2,4), where:

j:| | =(a,V)q+F, C,
(22)
S R
0 0

This follows from a priori estimation (Lemma 1) and
assertion of Lemma 3.
Lemma 6 Let q eR, max|q| <o, then:
K

A

R3R3 |X—

dxdy <C (|q| + maxlql) (23)

Provement of the lemma can be obtained using Plan-
cherel theorem.

3. Conclusion

Thus, the uniform global estimations of the Fourier trans-
form of solutions of the Navier-Stokes equations indicate
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that the principle of modeling of complex flows and
related calculations shall be based on the Fourier trans-
form method. In terms of the Fourier transform, both
smooth initial conditions and right-hand sides do not
appear exacerbations modes for speed and pressure. Loss
of smoothness in terms of the Fourier transform can be
expected only in the case of singular initial conditions, or
of unlimited forces in the L, (Q;).
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