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ABSTRACT

In this paper the problem of practical stabilization for a significant class of MIMO uncertain pseudo-linear and pseudo-
quadratic systems, with additional bounded nonlinearities and/or bounded disturbances, is considered. By using the
concept of majorant system, via Lyapunov approach, new fundamental theorems, from which derive explicit formulas
to design state feedback control laws, with a possible imperfect compensation of nonlinearities and disturbances, are
stated. These results guarantee a specified convergence velocity of the linearized system of the majorant system and a
desired steady-state output for generic uncertainties and/or generic bounded nonlinearities and/or bounded disturbances.

Keywords: Practical Stabilization; Linear and Nonlinear Uncertain Systems; Pseudo-Quadratic MIMO Uncertain

System; Lyapunov Approach

1. Introduction

The problem of practical stability and stabilization for
linear and nonlinear systems subject to disturbances and
parametric uncertainties together with an efficient robust
control has been in the past [1-10] one of the most re-
search topic and nowadays remains actual and significant
[11-21].

Indeed there exist many controlled or not systems lin-
ear but with uncertain parameters, uncertain pseudo-lin-
ear and with bounded coefficients, uncertain pseudo-
quadratic and with bounded coefficients, having a boun-
ded additional term, for which not always there exists an
equilibrium state.

Regarding this, consider:

e the mechanical systems with not viscous friction and/
or with revolute joints (e.g. robots),

o the electrical and/or electro-mechanical systems with
ferromagnetic devices,

e many chemical, ecological, meteorological, biological
and medical systems,

with possible disturbances and reference signals which

are non standard (not polynomial or cisoidal).

For the above significant systems, it is important to
design a control law such that, in a finite time interval,
the state evolution, for all the initial conditions belonging
to a specified compact set, is bounded and such that the
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evolution of the output (also the error signal) converges,
with assigned minimum velocity, to chosen maximum
values, that are bounded and not necessarily null.

In this paper a systematic method, in a more general
framework with respect to the ones proposed in literature
(see e.g. [1-5,8-10,13-18]), for the analysis and for the
practical stabilization of a significant class of MIMO
uncertain pseudo-linear and pseudo-quadratic systems,
with additional bounded nonlinearity and/or bounded
disturbances, is considered. In detail, by using the con-
cept of majorant system, via Lyapunov approach, new
fundamental theorems, from which derive explicit for-
mulas and efficient algorithms to design state feedback
control laws, with a possible imperfect compensation of
nonlinearities and disturbances, are stated. These results
guarantee a specified convergence velocity of the lin-
earized system of the majorant system and a desired
steady-state output for generic uncertainties and/or ge-
neric bounded nonlinearities and/or bounded distur-
bances (see also [19-21]). Finally two significant exam-
ples of application, well showing the utility and the effi-
ciency of the proposed results, are reported.

2. Problem Formulation and Preliminary
Results

Consider the following class of uncertain quadratic mul-
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tivariable systems

y =By By 4Ry
° L T -
y Fl,l] Fl,lv y
y(v—l) ﬁl,vl : ~l,vv _y(v—l)
+ : +Gu+d,
T - - —_
y Fm,ll o Fm,lv y
I y(v—l) 'fm,vl Ifm,vv_ y(v—l) |
(1.1)
where: yi diy /dti i=0,1,---,v,yeR" is the out-

put, ueR’ 1s the control input,

d (t Y, y s p) € R™ models possible external sig-
nals and/or particular nonlinearities of the system, pe P,
with P a compact set of R#, is the vector of the uncertam
parameters (y, Ly p) e R™™ and

Fi (y, ,y(H), p) e R™™ are bounded matrices, con-

tinuous wrth respect to their arguments,
G(y, Ly ) e R™ is a matrix continuous with re-
spect to its arguments and with rank m.

Now suppose that there exist the nominal values F
Fi. d of F, F,. d such that F=F-F,
Fei =Fei— F, i are functions multilinear with respect to
p € ¢ and with respect to bounded function

g(y,~~-,y(v’l))e Y, where
={p:pe[p.p"Jj2PcR

and Y= {g ‘g e [g’ g*]} < R" are hyper-rectangles,

and such that “d d- d“<5 where J 1is a constant.
Pose:

n=v-m,
y
X= yfl) eRF'=[F, F, Fler™,
yr (1.2)
IfJ',ll 'fj,lv FJ 11 Fj,lv
F'=| ©LF= N
ﬁj’vl |fj’w Foo o Fi
FF/eR™, j=12,,m
and denote with [F,;, F, - F,, ]eR™,
i=1,2,---,n, the matrices whose m rows are respec-

tively the i-th rows of the m matrices F/.
Then, by controlling the system (1.1) with the follow-
ing state feedback control law with a partial compensa-
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tion
XTIEIN
u=-G'|[K, K, - K]x+Fx+| i |x+d|,
x"F"
G'=G"(GG") .

(1.3)

it is easy to verify that the closed-loop system turns out
to be

0 | 0 0
0 0 I 0
X= : X
0 0 0 I
_Fv - Kv Fv—l - Kv—r v-2 " Kv—z Fr - Kr_
o o0 o 0 | 0
0 0 0 0 0
+Zn: X| : : : .|+ ]d
= 0 0 0 - 0 0
_Fz,n Fz,iz F2,i3 FZ,iv_ I
= +Zn:<xiA2’i)x+ Bd
i=1
y=[1 0 0]x=Cx.
(1.4)

To develop a practical stabilization method for the
system (1.4), in a more systematic and general framework,
which allows to calculate in a simple manner a control
law that guarantees a specified convergence velocity, the
following notations, definitions and preliminary results
are provided.

I, =P =, =,
Sp.r :{x:||x||P < r},CP’, = {x:||x||P = r}, (1.5)

A

o

,r = CP,r s

where P eR™ is a symmetric and positive definite
(pd.) matrixand C,, isacompact set.

Definition 1. Give the system (1.4) and a p.d. sym-
metric matrix PeR™". A first- order positive system
p="f(p.0), U—I](p) where p(t —"x "
52|d|, such that o( 2||y (t) || is said to be majorant
system of the system (1.4).

Theorem 1. Consider the quadratic system

p':alp+a2,02 +,35=0l2,02 Top+a,

(1.6)
a <0, a,, 20, p(0)=p, 20, 5>0.

If 5<al/4a,p,itis (see Figure 1)
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Figure 1. Graphical representation of the system (1.6).

lim p(t) < 9.V < 5 » (1.7)

where p,p,,p, < p,, are the roots of the algebraic
equation a,p’ +a,p+a, =0. Moreover for §=0 the
practical convergence time ty, [ p(ts, ) =5%p, is
given by (see Figure 2)

20—,/ Py

v =77,0 ==,y =In ,
e =700 ‘ 1= py /P2 (1.8)

P = _al/aZ >

in which 7, is the time constant of the linearized of the
system (1.6) and p,, is the upper bound of the conver-
gence interval of p(t) for §=0, i.e. of the system
(1.6) in free evolution.

Proof. The proof of (1.7) easily follows from Figure 1.
Instead (1.8) easily derives by noting that the solution of
(1.6) for d =0 is

P(t) _ P !

Po Po 1+(on_ljet/q
Po

In Figure 2 the evolution of y as a function of
P/ P, is reported. By analyzing Figure 2, note that for
Pr/Py <027 itis ye[3,3.3], ie. t, =37.

Theorem 2. The solution of the Equation (1.6) with
ol —dayo, >0 s

(1.9)

p-pt o p—p R
- f = e ® . (1.10)

1-f Po =P

P

where p,,p,,p, <p,, are the roots of the equation
a,p’ +ap+a,=0.
Proof. From (1.6) it derives

dp 1 1 1
P+ pr0 P=P\P=P PP (1.11)
a, &

=a,dt,

from which (1.10) easily follows.

Lemma 1. If P eR™ is a symmetric and p.d. matrix,

Q(x)eR™ is a symmetric matrix, continuous with
respect to xeR", and g(x)eR" is continuous with
respectto X,then Vp>0 itis:
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Figure 2. Factor y as a function of the normalized initial
condition.

II(I:IH x'Q(x)x > min /lmm( Pfl)/’?2
xeCp xeC P.p (112)

> min A n( P_])Pz

XECpp

max X"g(x) < max \/g(x)' P"'g(x)p
xeCp xeCp p 1.13
Joo P g(x) (19

< mex g(x) P7g(x)p.

Moreover, if Q(X) is linear with respect to X it is
min XQ(x)x min 4 (2(1)P" )
Xeprl

xeCp
> min 4., (Q(X)P™) 0.

xeCp |

(1.14)

More in general, if Q(X) is pseudo-linear with respect
n

to X with bounded coefficients, i.e. if Q(x)=>Q, (X)X,
i=1

where Q () are bounded, then

xeCp
n
> min A (ZQ, (2)% Pljp3 (1.15)
xeCp 1, zeR" i=1
> min A n(ZQi(Z)XiP']J,(f.
XECP 1,2eR" i=1
Proof. Note that, if f(x)eR is a continuous func-

tion with respectto x € R" and X, < X, are compact
subsets of R",itis min f (x)>min f (x),

xe Xy xeXy

max f (x)<max f(x). Moreover, since P is p.d., there
xe Xy xeX,
exists a symmetric nonsingular matrix S such that

P =S”. Hence, by posing z =Sy, it s
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min X' Q (X)X
xeprp
. T
Z e ming vy
- Ts—l S—l
MR, 287 QM)ST2
: ﬂ, ) Sfl Sfl T
i, Aun(S7Q(X)S )22
min 2, (ss-lQ(x)s-ls-l)p2
xeCp ,,
-1 2
ngg}p/lmm(Q(X)P )p

min ﬂ’min (Q(X) Pil)p29

xeCp

(1.16)

v

and so (1.12) holds. Similarly

max X'g(x)

xeCp

< max
yeCp ,,.xeCp ,,

y'g(x)
2's7g(x)
< omax [2fs™e(x)

= max qlg( ) P’lg(x)p

xeCp

< max 4/g (X)T P'g (X)p,

xeCp

= max
2eCy yp‘xeprp

" (1.17)

and hence (1.13). The inequalities (1.14) easily follow
from the fact that, if Q(X) is linear with respect to X,

QX),., =Q(x)

alogously follow.
Remark 1. Clearly, if Q(x) and g(x) are inde-
pendent of X, (1.12) and (1.13) are valid with the equal

sign. If Q(x) depends on X, min XTQ(X)X is quite

p . The inequalities (1.15) an-

xeCp |

difficult to compute because X Q | has in gen-

eral different points of relative maximum, of relative
minimum and of “inflection”; moreover, the second and
the third member of (1.12) (of (1.14) or of (1.15)) allow
an easier computation of a lower bound on

X Q |

shown later on. A similar talking is valid if g(x) de-
pendson X.

Lemma 2. Consider a p.d. matrix P e R™ and a ma-
trix CeR™" with rank m. If ||X|| < p then the smal-
lest & such that ||V|| < a" where v=CX, isequal

\ max (CP ICT)
Proof. Since P is p.d., by posing z=Sx,where S isa

symmetric nonsingular matrix such that P =S?, then, in
an equivalent way, the smallest « such that

proportional to p° ( p3), as it will be
P.p

to a=
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||v||< a"XU <ap is also the smallest & such that the
matrix o1 -S'CTCS™" is positive semidefinite, i.e. all
its eigenvalues are non-negative. As

Al —S’ICTCS’l): o’ —ﬂ(S’ICTCS’l),

itis a=,/A..
if F is a real mxn matrix with rank m, the matrix
F'F has n—m null eigenvalues and m positive ei-

genvalues equal to the ones of FF', it follows that
& = A (CS'S7'CT) = \[4,.. (CP7'CT)

the proof.

Lemma 3. Let P R™ be a symmetric p.d. matrix
with its inverse P =P~ having unitary elements on the
main diagonal. Then the hyper-rectangle of R" exter-
nally tangent to the hyper-ellipse E = {x eR":x"Px= 1}
is the hyper-quadrilateral (quadrangle if n=2, cube if
n=3) having as origin the centre and with unitary
half-side.

Proof. 1t is easy to prove that the point of contact of

the hyper-line orthogonal to the versor e,i=1,2,---,n,

N (S’ICTCS’1 ) By taking into account that,

and, hence,

of R" and tangent to the hyper-ellipse E is
b, =—18_ _i.th column of P. (1.18)
e Pe

From this the proof easily follows.
The following significant and useful theorem is stated.
Theorem 3. Let

_ i,y i nxn
A= Z A, . ,mns,,m eR
0,1}

iy, €]

be a matrix multilinearly depending on the parameters

[n, =, nl]T:neH:{neR':n’SnSﬁ}

and let PeR™" be a symmetric p.d. matrix. Then the
minimum (maximum) of /1mm(QP )(ﬂmaX<QPl )j, where
nell

Q= —(ATP+ PA), is attained in one of the 2' vertices
of IT.

Proof. Note that for_a constant w;, =i, it is
Q=Q,+mQ,,m e[nl LT ] Moreover, by taking into

account that A (QP’I): min X" Qx, it turns out to

min
xe{x:xTPx:l}

be that
min _A_. ((QO +mQ )P~ )

mi€| T n,]

1.19
x'(Q +mQ ) x. (113)

= min

mj e[nf,nr},xe{x:XTPX:I}
Therefore, said 7;,X the points of minimum of

f(m,x)=x"(Q+mQ )x

xe{x:xTPx:l} ’ 1t1s
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min 2. ((Q +mQ)P")

mi €| Wi T, J

= min_(R'QR+mR'Q%)

mi €| T LW

(1.20)
= min (60+niél):min{éo+Tci_61,f:0+ni+él}.
n€

From (1.20) the proof easily follows.

3. Main Result

Now the first main result, concerning the analysis of sta-
bility, can be stated.

Theorem 4. Give a symmetric p.d. matrix P e R™".
Then a majorant system of the system (1.4) is

p=ap+a,p’ + PO N=Cp, (1.21)
in which:
. ﬁ“min (leil)

a,=— min ————~,

peVp,geVg 2
Q=-(AP+PA)

ﬂ‘min (ZQZiXiP_IJ

a,=—  min = ,

XeVH ,PeVp.geVy 2
Qi =—(AiP+PA,) (1.22)

£ =2 (B'PB),
C= /A (CP'CT)
5],

where V and V, are the sets of vertices of the hyper-

rectangle g and of the hyper-rectangle Y respec-

tively, and V, is the set of vertices of the hyper-rec-

tangle of R" externally tangent to the hyper-ellipse
xeR" :xTPx=1}.

Proof. By choosing as “Lyapunov function” the quad-
ratic form V = x"Px =||X|||23 = p*, for x belonging to a
generic hyper-circumference C, , = {X :X"Px = pz} , it
is

2p0<  max

xeCp ,,pep,teR

(—XTQ]X— X" (iQZixijx+2xTPBd )

(1.23)

The proof easily follows from (1.23), Lemmas 1, 2 and
Theorem 3.

The second main result, concerning the synthesis of
the stabilizing control law, follows from Theorem 4.

Theorem 5.

Let p,(A)=pB2a"+pB,a '"A+-+pBar"+1" be
the characteristic polynomial of the low-pass Butterworth
filter of order v with cutoff frequency w, =a.

Copyright © 2013 SciRes.

Ifin (1.3) it is posed
[KV Kv—l Kl]
=[pa’t Bl pal ],

in which | is the identity matrix of order m, then a majo-
rant system of the system (1.4) with respect to the norm

(1.24)

||X o> with P =T,RT,, where
R=(W")",
I IO |
| o Al .
vo L[ Al Al " :i{/lg'll},(l.zs)
R N
A7 T e AT
a"'l 0 - 0
Ll I :
T, = 0 a_ _ 0 :diag{a”"l},
0 0 - 1
. i (v+2k-1)
being A4 =e? , k=12,---,v, the k-th root of

P, (4) for a=1,is

) 1
P ==Y, P+ 750’ + POV = 7P (120
in which:
. ﬂ’min Ql P171
fia =, min, %xaa = (AR +RA,).
0 | 0 0 ]
0 0 I 0
A=l 0 0 o
F, F._ F,._ F
| _ﬂvl aVJ_ v—ll avé_ v—2| gl_ﬂll_
(1.27)
n
ﬂ“min (Z Q2ai Zi P171 j
_ . i1
V2a = pevp,rgr;\l/?,zi =1 2 i
Qi =—(ALR +PAL ), (1.28)
0 0 - 0
. : : . :
A= -] 0 o - 0 |
[v—l—ﬂoor[l—j
a m F2,i1 I:2,i2 . F2,iv
av—l av—2 1

B =[P, (n,n) =1.414,2.236,3.696,6.236, -, (1.29)
N=2,34,5,"".
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Proof. By making the change of variable z=T,X, itis
easy to prove that the system (1.4) becomes

Z:aAlaZ+ Z (AZaiZi)Z+Bd’
oL (1.30)
y=C,z=[1/a""0--0]z

Moreover, note that the Butterworth eigenvalues A4,
have unitary magnitudes; hence all the main diagonal
elements of the matrix VV* =P~ are unitary. From this
consideration, from (1.30), from Lemmas 2, 3 and Theo-
rem 4, the proof easily follows.

Theorem 6. For a— oo, the parameters p,, and
7, of the majorant system (1.26) turn out to be

. N -1
limy,, =7, = cosvz—vn = —miax(Real(/?,, )

=0.7071,0.5000,0.3827,0.3090,---, (1.31)
v=2,3,4,5,
vm=n
ﬂ“min Z QZiZiP;1
. s . i=m(v—1)+1
hgl);za == pevp,lg;r;\llzl,zi =+l 2 ’
i N EERC
Qu=—(AR+RA ) A= o
00--F,

(1.32)

Proof. 1t is easy to verify that for a — o the matrix
V s the limit of the eigenvectors matrix of the matrix
A, (see (1.27)); hence itis that A, =VAV ™,

Al =A =V"'AV", where
A= diag{diag{ﬂq,--',/11},'--,diag{/lv,'-~,/lv}}. Therefore
/lmin (Ql Pl_])
= Zuin (AL = PAP™)
(1.33)
= A (VTAVT VIV AW
= Ay (VTAVT VAV =4, (AT A),

hence (1.31).
Moreover it is easy to verify that

limA,,; =0,i=12,--,m(v-1);

0O --- 0 0
;g?oAzai:(') (’) (’) d=m(v=1)+1--,mv.
0 -0 Fz,iv

(1.34)

From (1.28) and (1.34) the expression (1.32) easily
follows.

Copyright © 2013 SciRes.

Remark 2. If m=1 itis easy to prove that

>

limy,, =7, =7, maX|F2,vv
a—ow

72 = 2 ((Peer +6,87R )R 2)
=1.207,1.618,2.348,3.618,---,v =2,3,4,5,---.

(1.35)

From Theorems 5 and 6 the following result derives.

Theorem 7. Consider the system (1.4) with
K.K,,---,K, provided from (1.24). If the design pa-
rameter a is big enough, from a practical point of view,
the time constant 7, of the linearized of the majorant
system (1.26) is inverse proportional to a and it coincides
with the maximum time constant of the linearized of the
system (1.4). More in detail, if a is large enough it turns
out to be

= 1 ~_ 1 :i
. max(real(eig(Aa ))) Ca’
7, =1.414,2.000,2.613,3.236,---,v = 2,3,4,5,--;

g
(1.36)

moreover, if a is sufficiently large, for t large enough it is

y]<2-s.
0=2 ~2000,4472,9.657,20.180,---.v =2,3,4,5,.--,
§ (1.37)
or, more in general, it is
O] sLoi=otwv-1. (38

a

Proof. (1.36) easily follows from (1.26), (1.31) and by
noting that

0 | 0 0
0 0 I 0
limA, = : . (1.39)
o 0 0 0 |
__ﬁv I _ﬁv—l I _ﬁv—z I _ﬂl I _
The inequality (1.37) follows from (1.7), from the fact
B

that if a is sufficiently large then p, = ——¢, from the

la

second of (1.26) and from (1.29) and (1.31).
(1.38) analogously follows by taking into account that

yU=y=[0 I 0%y =[0 0 - 1]x.
(1.40)
4. Examples

The following examples show the utility and the effi-
ciency of the results stated in the previous sections.
Example 1. Consider the pseudo-linear uncertain
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system
y=-p,y-(1+psiny)y-p,y+u+d,

where p, =p, =1%=*20% and

|d(t,Y. .9, P, p,)| <& . By posing

g, =siny,p,=p,=1§,=0, d=0 and by applying

Theorem 5, the majorant system of the system (1.41)

controlled with the control law

u=(1-a’)y+(l1+siny—2a’)y+(1-2a)y turns out to

be

(1.41)

p=—ay,p+2.2365,V :é p. (1.42)

In Figure 3 the value of y, for aefl, 20] is re-
ported. It is significant to note that for a>6 it is
V. 209517, ie. y,=0.5 unless 5%, in accord with
Theorem 7. For a=10 it is p, =0.4867; hence
7, = 2.054/10 = 0.2054s . Moreover, being y,, =0, it is

=4.849/a and p, = . Therefore, at “steady state”,
vd :|d|£5, it is:

|y|<4.8495/10° = 4.4725/a’ ||y| < 4.8495/a’ and
|V] < 4.84965/a..

Example 2. Consider the system of Figure 4 described
by the equation

N O e T U O W
y=—sl yr—f |y
1000| p,—p, —p;)"  1000[0 —2p,

1 -p,s9 (V) 0 }
t— . . . . . yly
1000| p,59 (¥:)—P,S9 (¥, +Y>) —2P.Sg(¥; +,)
0 0 } .
1000| 0 —p,sg (v, +,) |7

110 10]d,
+ u-+ R
1000| -1 1 -11]d,
(1.43)

in which d, =-5+6,|5|<1,d,=-5+06,,|6,|<1 are
the disturbance actions due to several causes included the
slope of the road, p,=p,;=5%+20%, p,,p,<[0 2],
Ps =1%+20% and
sg(o)= 2/natan(10000)_sgn( )

_ By posing p=p=5 P=p=0, ps=1,
d =d, =-5 and by applying Theorem 5 the majorant

0.5

0.4

0.3]
]
Na

0.2]

0.1]

Figure 3. y1, as a function of a.
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system of (1.43), controlled by using the control law

1 0|l -y,+5y, 105
u= +
1 1]2y,+5y,| |[-11]|5

Lo (1.44)
2 .
—1000[1 1}(a y+«/§ay),
turns out to be
p=-ay,p+0.0079p° +1.4146,
1 (1.45)

0 =max =2.236, v=—p.
a

1 0f 4
-11]|9,
In Figure 5 the value of y, for ae[1,20] is re-
ported. It is significant to note that for a>13.5 it turns
outtobe y, >0.6366,i.e. y,=0.7071 unless 10%, in
accord with Theorem 7. For a=10 itis y, =0.6111;
hence 7, =0.1887s. Moreover it is p, =0.5177, p, =
773.0. Therefore, at “steady state”, V&, &,:|5|<I,
|52| <1,itis:

ly] £0.05177 = 2x2.236/a2,
|y <0.5177 = 2x2.236/a.

Figure 6 shows the values of | )" and of "y(t)",
obtained for p, =5, p,=1, p;=5, p,=1, p; =1, 6,(1)
and &, (t) square waves of amplitude 1 and freqruency
1.2Hz, % =[02020 0], x,=[000202].

This figure highlights that the proposed stabilization
method is little conservative, as it can be easily verified by
simulating the stabilized system for several initial condi-
tions and numerous values of the parameters.

5. Conclusions

In this paper the problem of analysis and practical

o

o —
e —
o —
ol —l—
i

o
el
)

i

=

i

o

i

o

N

S

Figure 5. y, as a function of a.
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stabilization of a significant class of MIMO nonlinear
systems subject to parametric uncertainties, including
linear and quadratic ones with an additional bounded
nonlinearities and/or disturbances, has been approached.
By using the concept of majorant system and via Ly-
apunov approach, new useful results, explicit formulas
and efficient algorithms for designing state feedback
control laws, with a possible imperfect compensation of
nonlinearities and disturbances, have been stated. These
results have been proved that guarantee a specified con-
vergence velocity of the linearized of the majorant sys-
tem and a desired steady-state output for generic uncer-
tainties and/or nonlinearities and/or bounded distur-
bances.

The utility and the efficiency of the these results have
been shown with two illustrative example.

The presented results can be used to establish further
new useful theorems for the tracking of trajectories for
relevant MIMO systems, like e.g. the robots.

In this direction the research of the author is going on.
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