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htto://creativecommons.ore/licenses/by/a.o/ 11 Shortly words, Dynamical systems study the long-term behavior of evolving

® systems [1] [2]. The dominant way of modeling how such systems change is by

means of differential equations and vice versa. The theory of Dynamical systems

1. Introduction

has applications in a wide variety of fields as Mathematics, Physics, Biology,
Chemistry, Engineering, Economics, and Medicine [3]. Coupled mass-spring sys-
tems [4], the nonlinear pendulum, the homoclinic tangle [5], population growth
and logistic equation [6], Van der Pol oscillator, Lorenz weather model [7], bil-
liards, cellular automaton [8], model of chemical reactions [9] [10], Rossler equa-
tions and Chua’s circuit [11] are some examples of dynamical systems. Most sim-
ple differential equation is the ordinary first order linear differential equations.
This paper will concern about the initial value problem given in the form

y'+py=f

y(O) =Y

Functions p and fare L-periodic piecewise continuous. To detail the problem,

(1.1)
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some prior concepts will be necessary. A Dynamical system is a system whose state
is uniquely specified by a set of variables and whose behavior is described by prede-
fined rules. According to our initial value problems at hands, the state will be given

by some representation such that involves y=y(x) and its total derivative or its
d
rate of change d_y =y’ . Then, what’s the state in our present problem? We will
X

define the basic element of the set of variables, the vector state of

v '
!//:=[ l]=al//1+ﬂ, =y, w=y (1.2)

Y,

) ol

To the vector state y is associated the point (y, y’) in some Cartesian real

in which it was defined

plane. This plane is often referred as Poincaré phase plane. More generally,

'—[0 1] B (1.4)
vl oY :

represents the rule of how this dynamical system’s state changes with initial con-

y/(0)=( Yo J (1.5)

+
Yo

dition

Now the solutions y can be represented by curves in the Poincaré plane or
phase space. The curve is called an orbit, trajectory, or path that satisfies the evo-
lution’s equation write before. Roughly, if the trajectory known as a w-limit cycle
exists, then trajectory is “closed” and isolated. Neighboring trajectories tend to-
ward it in a spiral, either moving away from or toward the cycle. We will deter-
mine the existence and uniqueness of limit cycle. To understand the research, it
will give the theoretical framework and mathematical model. Consider the set R
of the real numbers, its subsets N={0,1,2,---}, R"= {xeR:x>0}, Na finite
positive number of the set N and

(s1e+8w) (1.6)
an N-tuple of points in R". Let
(a,) (1.7)
a N-periodic sequence from N into R of minimal period N
a,.y =4, (1.8)
such that
&, =S (1.9)

if the value of nisbetween 0 and N —1 inclusive of both values. Via the principle
of mathematical induction together with the above equation, the next useful result

may be deduced
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a a (1.10)

n+mN = n
for all meN. By induction on m. For m=0 the before statement is trivially

true. For each number m, a
a

n+(m+1)N = a(n+—mN)+N =q,m =4, 18 true whenever

=a,. Now, let’s look to the following basic tool in the sequel

n+mN
(X,) (1.11)
asequence from N into R such that
X =0 (1.12)
and
X, =X, +a, (1.13)

if n>0. Considering previous function (X,), by induction on z any term X,

Xo n=0
Xn = n-1 (1.14)

may be written as

ol N> 0

To prove this last statement takes in account that the case n=0 is trivially
true. Assume that given statement is also true for the number n= j. Then to
stablish the validity of statement for n= j+1:

X =X +a, =Y "a +a, =Y s  According to the last result, it may b
=X ta; =2, ac+a; =2, 7 3 . According to the last result, ay be

deduced for all me N

Xoomn = Xp =ML (1.15)
where
Li=x,. (1.16)
By induction technique on 1z
X _ n+N—1a _ N—1a T n+N—1a _ n—la " N—la
- = k — = k = k — —o = k
n+N :,f k=0 k=N 1=0 “1+N k=0 (1‘17)

N-1
= |:0a|+Zk:0ak=Xn+XN=Xn+L1

Xoo(men = Xaemnpen = Xy +L=(% +mL)+L=x, +(m+1)L.  (1.18)

It is appropriate to introduce open real intervals and the relation of congruence
modulo Non N. The open real intervals of length a, will be denoted by
(a,)={te Rix, <t<x.,}. (1.19)

The Euclid’s division algorithm states that given integers Nn,N , there exist

unique numbers m, je N such that

n=mN + j (1.20)

in which the possible value of the remainder is

j=01---,N-1. (1.21)
The quotient set of N by the congruence modulo N

{(O%. -+~ [I1.IN -2} (122)
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is the set of congruence class modulo Nin which an equivalence class is given by

[i]={neN:n=mN + j for some me N} (1.23)

with the remainder ; as its representative. Now, for every value of the representa-

tive /it will define Z-periodic piecewise continuous functions

p; f, (1.24)
from
Une[j](an>:U::0<amN+j> (1.25)
into the real number system such that if
xe (a) (1.26)
both functions p; and f; have one-sided limitsat x, and X,

lim p;(x)=p; (%) lim p;(x)=p; (%)
X—=>Xp X—>Xny1

_ . ' ) (1.27)
lim f,(x)=f(x,) lim f;(x)=f; (x..)
X=Xy X—=>Xn 41
Then the L-periodic piecewise continuous functions appear
SEVCHES (1.28)

such that
P(x)=p;(x) fF(x)=";(x) Xe<ane[j]> (1.29)
subject to the condition

[ p(t)dt=2>0. (1.30)

So, this work will treat about the phase portrait for the periodic piecewise con-

tinuous boundary value problem

y'(x)+ p(x)y(x)=f(x)

(1.31)
Y(%)=Yo
ooy
where the first derivative is y'= ™ and x,=0.
Making a change of variable via the variable &,
0<&=x-x,<a, (1.32)

the one-sided limits of the function p (similar for #j may be written as follow

P =P (%)= lim p(x)= lim p, 1, (x) = lim p;(x, +&)=pj(£=0), (133)

|
N

P, =P (X,)=lim p(x)=lim p_*e[n_l](x): lim pj*(xn71+§): ﬁ}(fzan,l) . (1.34)

X=Xy xoxy Eoan

As immediate consequence of the periodicity any open intervals <ane[ j]> and
<a j> have the same length

A, =Xy =X, = an:jerN = X(j+1)+mN - Xj+mN = Xj+1 - Xj = aj > (135)

the functions p;, f; satisfies that
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pj(xn+§):pj(xj+§) fj(xn+§):fj(xj+§) (1.36)
and
A:j:mN“*“ p(t)dt. (1.37)

Therefore for any open real interval (an> is equivalent to only one of the ele-

ment of the set

{<a0>’<a'l>’”"<aj>’.”’<aN—l>}' (1.38)

2. Discrete-Continuous Solution

In this section we will find the solution
v=ay+p. (2.1)

However, we must do some observations more. First remarks, if we know the
function y(x) then it is determined the vector y . Second point of view, our

same problem

y'(x)+ p(x)y(x)=f(x)

(2.2)
Y(%)=Yo
may be formulated as initial value problem in every successive interval
"(X)+p(x)y(x)=f(x
V()4 p(X)Y(x)= F (x) )

y(%) =Y,

The general solution y(x) of this well-known differential equation inside any

open interval (a 3 X is given by the “continuous solution”

nel j]

y(X)=Y,R(x)+S(x), (2.4)
From this last equation for X« (a,.)) we will use the integrals
R(x)= efj:" Pl (2.5)
and
S(x):= j:n g lepitg (s)ds. (2.6)

The evaluation of piecewise L-periodic functions R(x), S(x) in

X=X,,=X,+a, givesus

yn+l = yn Rn + Sn > (27)
where
_[*n+l _[A n(x +0)do @i ro)do 7:_j+l t)dt
Rn:mN+j —g p(t)dt —e Jo" p(¥n +e)d —e lo P(XJ+ )d —e IJ p(t) _ R]- (28)
together
o [Ynen -0 p(t)dt 3 [ p(xy+A)dA
S f(s)ds = [ ¥ (x, +0)do .
aj 7ij p(xj+2)dz '
=[7e f(x;+0)do=s;.
0 i i
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To calculate the phase portrait it will need
Y
V= =ay+p, (2.10)

but to know y=y,R+S we must find y,, R(x), S(x) inside the interval
<ane[ )% To compute Yy, it will require of every previous initial condition
Yo' Yo using the recurrence tools Yy, ., =Y,R, +S, . Therefore, the sequence
“discrete solution”

(yOY'“’yj"“’yN—llyNlyN+1"“lyn:mN+jl'“):(yn :yn(YO)) (2.11)

will complete required information with the discrete function y, =y, (,). Next
sections will be dedicated to obtaining an expression for Yy, . Also it will take in
account the discontinuities. Using the one-sided limits to define the following

quantities for y(x),

Yo =y (%)= lim y(x) = lim y(x, +£) = 5" (0), (2.12)
Yoo =Y ()= limy(x)= lim y(x,,+n)=§ (a,).  @13)

therefore the continuity of this solution y(x) is written as
Yo=Yo (2.14)
Yo =Yo=VYa (2.15)

For the first derivative y'(x) it is possible to deduce with the differential

equation of the boundary value problem that

Vo =y (%) = limy () ==pyy, + . (2.16)
Yoo =y”(Xn)=er11 y'(x)=-p,y, + f, . (2.17)

A Heuristic-Discrete Sequence
This section is dedicated to achieving
Yo =Yn (%) (2.1.1)
using the recurrence relation
Y = YaRy + S, (2.1.2)

We begin for some first value of n, for example, for the first six y,_,, ¢ we
have
Y1 = YoRo + S0 = YoTor +ViTus>
Yo = YR +5; = YoRoR, + SR, + 8, = YRy + SR, + S,1= Y Top +ViT, +V, T,

Y3 = YoRoRiR, + So RR, + Sle + Sz =YoRo2 + SoRlz + Sle + Szlz YoToz +ViTiz + Vo155 + V5155,

Ya = YoRoa +SoRi3 + SRy + SRy + S31=y,To, +ViTyy +V, T,y +VoTo, +V, T4y,
Ys = Yolos +ViTis +V, T +V3Ts +V, Ts + VT,
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5

6
Ys =Yolos + Z ﬂ:lvyTye +VeTes = YoTos + Z ﬂ:lvyTye >

preceding steps suggests the expression

n

-1 R 1

S,
o —— e

* - n
Yo = Yo Tona + Z,,:lvﬂ Tona Vo Toaina = Yolona TVl (2.1.3)

Ron un

in which emerges the following expressions

0 u>v
uv,keN V =5, T, =41 U=V

Roa=[I R, u<v. (214)
0 v=0
V/tTﬂv =

K=p
" VT 0
Zﬂzl W V2

Without the application of periodicity of R, and S, it holds using the Ein-

stein’s index mute’s convention on summation

Yicjzonn-1 = Yoloj V. T,
Viornan = YoTo +V,T :{ . (215
moan-an = Yolor ¥ la =9 VN

The case Y_y =Yoloy +V, T,y is special relevant for the future, in which Ty,

begin to appear the parameter r, very important for the existence of the limit cycle

_[*k+1 N1 X4l =L
0<r=T,, :H,tt;e e UL ¥ sl CLI il CL <1 @16
The proof that Y, =Y,T; +V,T, will based in the induction on
j=0,1---,N -1 applied on y’; =YoTo; +V, T,
1 0

. e ——
Yo = Yo Too +V,uTuO =Y
(yOTOi +V#T/JJ' ) Rj + SJ'

YoRojuR; +V, TR +V;.

AT
i
YoRoj + Zﬂ:lvyTy.jﬂ +ViaTinja

yoToAj+1 + j+1V T

p=1"p pj+l

*

Yin=YjRj+S;=yjR;+5; =

=Yolojur ¥V, T jn = y?+1

uoopjl T
Now it will search an expression for Y,,, in a similar way than before apply-
ing the periodicity of R, =R; and S =S,
YnRy + Sy =(Yor +V”T#N)R0 +S4 = YolRy +V, T,y Ry + S,

N
Yo =9 Yol Tor +V, T Ro Vi = YoI Toy +V, T Ry + Z ﬂ:lvy5le11 >
yO rTOl +V/,l (TyNTOI + 5‘ulTll)
YnaRni + Sy = (yorRo +V” (T,UN R0 + 5,41)) R +S = yOrRO.l +V/1 (TyN RO.l + 5;,1R1) +3
N
Yaso = Yol Top +V,, (TunTop + 84T ) + Vo = Yol Top +V,, (T Top +6,4T, ) + 2 Vib.aTo ,

Yo rToz +V,4 (TyNTOZ + 5,41T12 + 5,4sz2)

DOI: 10.4236/ijmnta.2024.133003 35 Int. J. Modern Nonlinear Theory and Application


https://doi.org/10.4236/ijmnta.2024.133003

H. R. Olmedo Mareco

Ynqs

yN+2RN+2 + SN+2

(yOrRO.l +V/1 (T/JN Ro.1 + 5A1R1 + 5,42 )) R, + Sz =Y I'Ro.z +V,4 (TyN Ro.z + 5;11R12 +

yO rRO.Z +V,u (TyN RO.Z + 5;11 RlZ + 5/12 RZ ) +V3 = yOrRO.Z +V/1 (TyN

Yol Tos +V, (TyNT03 +0,1T13+0,,Tp3+0,5T3 )

+0,,T.

110+

+0 ,T.

12" 2.n+1

yO rTO.n+l + Vy (T,uN TO.n+1

Ynenst =9 Yol Tona +V, (TyNTO.nA 0,4l 40, T+

Yol Tont +Vo (TunTones + 0 Tenit)
Then by periodicity surges the expression
Yoo = Yol Tor +V, (TunTor + 8, T ) (2.1.7)
Yoot = YolTor +V, (TunTor +8,. T ) = { Yes = y°2rT°j Vo (TTos +0,Ts ) (2.1.8)
Yon = Yol " +V, U, T
The case n=2N is deduced so
Yaon = Yon = Yol Ton +V, (TunTon + 0, Ten ) = oI T 4V, (TuuF + T, )
= Yol 24V, (r+1)T, = Yo +V,u, T,
it was introduced U, =r+1 and it begin to appear the Kronecker’s delta
P ={0 HZE 5 1 ={0 =0 (2.1.9)
N Z;zléﬂkTw v>0

Proof of Yy, =YoITy +V, (TyNTOI +6,T

on the expression Yy, ; =Y,ITy; +V, (T”NTOj +

1

B EN
Y = Yol Too +V” T#N Too +

yN+(j+l) = yN+jRN+j +SN+j

(yOrTOj +V, (T Ty +

k' kl

0,1

) . Then

ux " k0

)R, +5,

1)

u2

N
RO.Z + 5;11 RlZ + 5;12 RZ ) + Zﬂzlvy5y3T33

R2)+S2

+.40, 01T, )

w.n+1 " n+l.n+l

S Tosn ) -

#n+l n+l.n+l

u uN

r—Q%
0, T |= Yol +V, T

0,1

(yOrRO.j—l +V, (T/JN Rojat
YorRy  aR; +V,, (TR s +

)R, +8,

uk ' Kkj

o, T

T JR) +S,
)+Sj

)+Vj+l

yorRO~J'*1RJ' +Vﬂ (TyN Ro.jfle +0, T.R;

VSN

o,T.R

e K

YorRy; +V,, (T, Roj +

Yol To 1 +V,, (TpNTO. i1 T 0w TR,

Yol Tojua +V, (TyNTO.jJrl + Z;chlé‘;m-rx.m
YorTo s + Vo (TnTo st + 0T )

uk K j+L

+0,...T

pJ+l

Lj+l

Now it will search an expression for Y,,.,,

) + z;‘:lvy 5y.j+lTj+1.

j+Lj+1

) it is made by induction’s method
0, T

HE K]

=Y

= y;:l +(j+1)

j+1

)
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YouRow + So = (Yo +V, Tunls )Ry + S = Yol "Ry +V, U, T, Ry + S,

Yonsr = Yol “Tog +V, U, T, Ry +V; = yor“To, +V, U, T, Ry +V, 6, T,y
Yol “Toy +V, (TunUyToy +3,,Tyy )

YonsaRonia +Sona = (yorzRo +V, (T;,N U,R, + 5,11)) R +S = yorzRo.l +V, (T;,N UyRyy + 5;,1R1)+ Sy
Yonss = Yol “Top +V,, (TuntaTop +8,5T ) 4V = Yol Top +V,, (Tt Top +8,4T, ) +V,8,,,T, ,

Hu2

Yol “Top +V, (T Top +8,4T1p + 6,75, )

w2122

y2N+3

Yons2Ronez + Sanso

(yorZR&1 +V,, (T,nURyy +3,4R +3,, )) R, +S, = Yor*Ry, +V, (T, U,Ry, +6

ul

R,+6

u2

R,)+S,
YOrZ Ro2 +V,, (TyN U,Ry, +6,4Rp, +6,,R, ) +V, = yor2 Ry, +V, (T;lN UyRy, +0,4R, +0,,R, ) +V,0,3T3

N
yO r2T03 + Z’L,:]_V,u (T,uN u2T03 + 5;11T13 + 5;12T23 + 5/13T33 )

yo r2TO.n+1 +V” (TyN UZTO.n+1 + 5”1T1_n+1 + 5#2T2.n+1 ) T )

un+l n+ln+l

Yorenst =3 Yol “Toma + Vo (TuntsTonar + 8T+ + 0, Tena ++ + 8,naaTrine ) -

41'1.n+1 pK - k.n+l wn+1 n+ln+l

Yol Tones +V, (TuntsTons + 8, T )
Then the steps before suggests
Yo = Yol Ty +V,, (T,U,Ty +6, T, ) - (2.1.10)
Therefore the general expression that arise of the whole work until here is re-
sumed in
Yocnat = Yol "Tor +V,, (Tl Ty +6,, T ) (2.1.11)
where come up
0 m=0
Uy, :={Z:;r”:u(1—rm) - (2.1.12)

K

. 1 . .

that includes the sum of m term ) "r* of the geometric progression whose
x=0

first term is the unity and common ratio r, 0<r=e"* <1. The set

{0,1,1+ rl+r+ rz,---,um,---} will converges to

o 1-rm 1
u = lim =—
mow l—r 1-r

(2.1.13)

and the same number u represents the limit of the geometric power series

210 r* . Proof of the validity of Y,_.n. = Yol Tor +Vﬂ (T uT, +6 T ) is via

#N¥m 0l ikl

. . > * m
the induction’s method on Y, = Yol To; +V, (T”NumTOj +0,, 1 ):

1
. - - 2 2
Yoo = Yol Too +V,u| Tun Uo Too + 0, Teo [ = Yo
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yn+1 = yn:mN+ j RmN+' + SmN+'
J ] ]

*
ymN+j RmN+j + SmN+j

(yormT0j+V”(T uT, +6 T ))Rj+sj

uN"m'0j k' Kj

(Yor™Ro 1 +V,, (TuntnRo 1 + 8, T, )R, +,
Yol "Ro 1Ry +V,, (TunUn Ry s +8,.T, )R; +S;

uN¥m UK K

= yormRo.jfle +V (T u RO-jflRi +6,T, 'R')+SJ' =y;+1

u\"uNTm HE K]

Yol "Ry +Vy(T UnRyj +5,,T .R.)+vj+1

#N¥m VS|

“ve o T

m
Yol "To.jua +V/1(T;1NumT0.j+1+§,L1KTKjRj)+Zy:1 wOujr! jeja

Vor o s V. (Tt To o+ 200 8T + 6, T,

uNZm 0. j+1 . j+1 J+1.j+l)

Yol "o o1 +V, (TunlnTo o + 0Ty 11 )

N Ym0 j+1 pi KL

Kkl

Nevertheless, in the equation Y,_., = Yol To +V, (T#NumT(JI +6,,T, ) it is
enough the restriction |=j=0,1---,N-1

Yoconsj = Yol "Toj +V,, (TuuUn o + 6,7, ) (2.1.14)

uNYm'0j UK K

to be all right because

yn:mN+I;I:N = yn:(m+1)N;j:0 . (2115)
To prove this, consider separately Y,y -y and Yoo -
Yoemnstien = Yol " Toion +V, (TyNumTO.I:N +0, Teion )
= Yor "™ 4V, (Tl + Ty )
= Yo" 4V, T, (U r +1)

Yoo(msgnij=o = yormATo.j:o +V, (TyNumﬂTO.j:O + 5,UKTK.J':O)

1
= yOrmJr +V;tT,uNum+l
1-r" r—r™t41-r 1-rm™
But u,r+1= r+l= =
1-r 1-r 1-r

holds. Other observation more

=U, - So the equation
Yn=mn+i1=N = Yoo(mag)n;j=o
Yo+ jime0, j=01.--N-1 = YoToj T ViTej- (2.1.16)

The proof of this last statement is

1
s
0

2
Yol Toj +Vﬂ [TﬂN uOTOJ. +5MTKJ.J

YoTo; +V,.0,.T,

MK K

yn:j:ovl,.u,N,l = yOTOj + Z:ZIVH ;l(:lé“uKTKj = yOTOj +VKTKj .

i i N i
yUTOi + Z ,,:1Vu K=1 5HKTK1 + Z L= j+1vy Zrc:l 5w<TKJ'
| ————)
0

YoToj + 20 iV 2wy BT,

K=1"pK K]

Note that it has been obtained the identity
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Vo, T . =VT.. (2.1.17)

a7 S I Y|

Too, forany n=mN it is obtained
1 0
m = m
Yoz = Yol Too +Vo | TnUnToo 0, T [= Yol " AV U, T - (2.1.18)
It is necessary one step more to arrive the desired equation. For this purpose it

is suppose m>0, replacing u, by u (1— rm) in Y,_nw,; andrearranging

yor"‘TOj+Vﬂ(T uT, +5 T )

uN“m0j Huk " Kj
yormTOj +V, T U, To; +V,6,. T,
Yol o +V, T u(1=1")Ty; +V,5,.T,;

Yol "To; +V, (TuntTo; =Ty Ur Ty ) +V,3,,.T

M pK K]

Yol "To; +V,, (<TnUr T + T, UTy; ) +V,8,,T,

1K K]

Yol "Ty; =V, T urmTOj+V#(T#NuTOj+é‘ T )

uuN UK K]

uouN pHK K

yn:mN+j = .—/L
Yo —UV, T [To; 1" +V,, (T UTy; +5,.T,;)

9]- :
erm +V, T\ UTy; +V,60,,T,;
er"‘ +YoTo; =0, +V. T,

m
49]-r —49]. + yOTOJ. +VKTKJ.

m
o,r" +y; -0,
—_—
Dj

Finally, we found the basic equation for the remainder work,
Yo = 057" + @, (2.1.19)
in which
0,=hTy; h=y,—p p=VuT, o=V, (TuTy,;+5,T,)=y,-0, (2.1.20)

Observe that the discrete dynamical of the sets {y,} has the property of con-

vergence

limy, =0;. (2.1.21)

nosoo
Now, taken in account that
y=Y,R+S=(0,r"+@;)R+S=0Rr" + R+
it is convenient to define
a):a)jR+S. (2.1.22)
according to this quantity @=w(x) for Xe <an6[ j]>
y=(¥o—2)To;f"R+w. (2.1.23)

Substituting y=6,Rr" + « inside our vector state
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y/:ay+ﬂ:a(0erm +a))+ﬂ:a9]er +aw+f
we introduce

limy =oa+p=Q (2.1.24)

Then our vector state is

v=(Yy—p)To;r"Ra+Q. (2.1.25)

3. Stability and Periodicity of Solution. Limit Cycle

The theoretical methods previously developed predicts the existence and ensure
the uniqueness of the w-limit cycle. Phase portrait may be constructing associating
to every point (Y, y') via the components y, =y and w, =Y’ of the vector

state
y=y(X)=(Y,—p)Ty;I"Ra +Q (3.1)

in any interval <an6[ j]> > X. In this way the points in the phase plane will trace a
curve in such way that

imy (-, - ) 62
X=X Yo
and
H - yn+1
lim y(x)=y,.=| )" |. (3.3)
X=X yn+l
Now, let’s consider the trajectory y, for which the initial condition is
Yo=pP> (3.4)
Y, = a)? =ply; +V.T> (3.5)
y=a)?R+S, (3.6)
and
¥, =Q. (3.7)

We will probe that y, is the limit cycle and there is the only one. But, first we

consider the functions previously defined when Xe <ane[ j]>
R(x)=e """ (3.8)
S(x):= j: g lept g (s)ds. (3.9)
We will need to use some properties of them. First, these functions are Z-peri-
odic
R(x+L)=R(x) S(x+L)=S(x) (3.10)

as consequence of the fact that the functions p, fare L-periodic. Another helpful

property is related to its lateral limits

limR(x)=1 lim R(x)=R,, (3.11)

X=X X—>Xm1
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limS(x)=0 lim S(x)=S

X=X X—Xpi1

(3.12)

n

To will show that the path 7, is Z-periodic, we remember that
() =o(9a(x)- £ =(om0 =5l 0| @19
For 7,
va(0=00 (0RO ol (o) @9

but because the functions p, £ R, Sare L-periodic

Wo(x+L)=Q(x+L)=Q(x) =y, (X). (3.15)
Among the results it was also found that
a(x+L)=a(x) B(x+L)=p(x). (3.16)
There is no other orbit other than path y, because the constant
o, =V, (T,\UTy; +6,T,) (3.17)

depends only on the quantities V, and T, . Therefore every ®; is the same

for any other curve y with y,.Ifthe curve y,, a)j’ is taken as our reference for

others y,

;= pTy; +V. T, (3.18)
Q=(oR+S)a+8, (3.19)
v=(Yo—p)To;I"Ra+Q. (3.20)

Suppose x tends to be very large, then x will belong to an open real interval

a in which the number n=mN + j is too very large. If n is very large,

n=mN+ j
then it is equivalent to large value of m. Let y any orbit, then
w(X)-Q(x)=(Yo —p)To;r"R(x)a(x) will tend to 0 for very large value of x. In
summary, independently of the initial condition any orbit y will converge to
Q >

limy =Q (3.21)

X—0

Therefore the path y, is the only one limit cycle or stable orbit w-limit.

4. Applicability and Limitations

Remember, our initial value problem is formulated as
y'(x)+ p(x)y(x)=f(x)
Y(o) =Yo

is a linear and ordinary simple differential equation but functions p, fare period-

(4.1)

ically changing. For this reason, the same problem may be viewed as a chain se-

quential and repetitive, for every <ane[ j]> we have
y'(x)+p; () y(x) = f;(x)

(4.2)
y(%,)=VY,
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An advantage of this problem in any of its point of view is clear that we treat
with a known solution at every open interval. Moreover, many differential equa-
tions can be reduced to the ordinary linear first-order differential equation using
a change of the dependent variable or by Taylor expansion. Therefore, some ap-
plications may be included here. As follow we consider some models. For example,
two simple differential models: the AIDS’s model [12] [13], a price-adjustment
demand and supply in Economy Dynamics [14] and the oscillations of first order
linear retarded differential equations [15]. In order to model survivability with
AIDS, let’s consider

s +kS =kS;
dt . (4.3)
S(0)=1

The independent variable ¢is as usual the time. The time at which a host devel-
ops AIDS will be denoted by t=0.Inthe equation &, S;, S, are real constants.
In this survival model for a cohort of AIDS patients, it is postulated that AIDS is
not fatal condition for a fraction S, of the cohort, to be called the immortal frac-
tion, which is probably zero. For the remaining part of the cohort, the probability
of dying per unit time at time ¢ will be assumed to be a positive constant & Thus

the survival fraction

t

S(t)=S5, +(1-5,)2 ™ (4.4)

|
is the solution in which time’s unit is the survival half-life T1/2 = % , defined

as the time required for half of the cohort to die. Instead of the parameters Xk and
Ty, » a new parameter can be defined for a host whose AIDS is fatal: the average

1
survival time T, givenby T, = e Now, in what way an initial value problem

inspired in the survival fraction Z—?+ kS=kS, S(0)=1 can be obtained. An

idea, not exactly like the exposed in this paper, subject to medical opinion and
others is explained via the proposed model applying two medical treatment sym-
bolizesas A, B

B ks=ks,
dt

. @

forming an infinite alternating sequence ABAB--- in the time. When the time
t=0:=t, thetotality of the cohort of AIDS patients begins the treatment A un-
til the survival fraction S(t,)=1/2. Immediately to the time t, begin the treat-
ment B until S(t,)=1/4 and so on.If this .AB -treatments achieve

{t,:t, <t <t, <---} or same thing like that, then the effort can be worth it be-

(4.5)

cause the life may be prolonged.

Let’s take in mind the price-adjustment demand and supply in Economy
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Dynamics whose equations take the form

q°=a+bp b<0
g°=c+dp d>0. (4.6)
dp

E:a(qd —qs) a>0

What’s about the meanings of the variables? Time is represented by £, q*, q°
are defined as resources or quantities demanded and supply per period of time,
and p symbolizes the price. Substituting the demand and supply equations into
the price adjustment we derive

P b-d)p=ala-c)
dt .
p(O) = Py

According to our idea, we can do a pricing experiment online examining price

(4.7)

elasticity of demand. Price elasticity is ratio that show how much demand a prod-
uct changes when the price of the product changes. A ratio of greater than one
indicates an elastic product; a ratio less than one indicates an inelastic product.
Knowing the price of demand for goods allows someone selling that good to make
informed decisions about pricing strategies. This metric provides sellers with in-
formation about consumer pricing sensitivity. It is also key for makers of goods
to determine manufacturing plans, as well as governments to assess how to impose

taxes on goods. Pricing experiments may obey the equations

P ob-d)p=as(a-c)

dt . (4.8)
p(t.)=p,
In this experiment in the market it appears the function

1
5=6(t)= te(r) t, =0t =r,t,=c+&=T,t_,...=mT +t.. (4.9)
0 te<g> ! !

Simultaneously we can measure or deduce the value of the price elasticity to
take decision and strategies in the future. There are other options included in this
last equation. For example, we can observe how it affects the price elasticity when
the time’s interval 7 or & tendsto be more and more small.

We shall conclude this section with an example inspired by the oscillations of

first-order linear retarded differential equations

X (t)+ 2 P (t)x(t=7,(t))=0 (4.10)
where the functions p, and 7, are nonnegative continuous on an interval
[ts,0), and

lim(t-7(t))=c0 k=L-n. (4.11)

One variant to investigate may be stated in this way

X'(t)+ p (t)x(t -7, (1)) =0

(4.12)
x(t)=x
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in which tO =0 > te <a'|:mn+k—1> .
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