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Abstract 
During geomagnetic disturbances, electric fields induced in the Earth and in 
power systems, pipelines and submarine cables can interfere with the opera-
tion of these systems. Calculations for submarine cables are complicated by 
the need to consider not just the induction directly into the cable but also the 
earth potentials produced at the coast at each end of the cable. To determine 
the coast potentials, we present a new model of the ocean and earth conduc-
tivity structure that spans the whole length of a cable from one coast to another. 
Calculations are based on the generalised thin sheet approach introduced by 
Ranganayaki and Madden but converted to a transmission line model that 
can be solved using standard circuit theory techniques. It is shown how the 
transmission line model can be used to calculate the earth potential profile 
from one side of an ocean or sea to the other. Example calculations are pre-
sented for a shallow sea, a shallow ocean, and a deep ocean that are simplified 
approximations to the North Sea, Tasman Sea and Pacific Ocean and show 
that the peak potentials occur at the coast. An examination is also made of 
how the width of a shallow sea and the width of the continental shelf affect 
these coast potentials. The modelling technique and example results provide a 
guide for more detailed modelling of geomagnetic induction along the routes 
of specific submarine cables. 
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1. Introduction 

During geomagnetic disturbances, the magnetic field variations produce electric 
fields at the surface of the Earth that can cause problems for critical infrastruc-
ture on land such as power systems, pipelines, and railways [1]-[6]. Electric fields 
are also produced in the sea and can affect submarine cables on the seafloor [7]. 
Modelling the voltages experienced by submarine cables is complicated as it 
needs to take account of both geomagnetic induction into the cable itself as well 
as the earth potentials at the coast for the ground connections of the cable power 
feed equipment [8]. This paper is concerned with the latter problem of how to 
model geomagnetic induction in the combined ocean and earth conductivity 
structure to determine the earth potentials at the coasts on either side of a sea or 
ocean. 

Electric fields induced during geomagnetic disturbances are dependent on the 
amplitude and frequency content of the magnetic field variations and on the 
conductivity structure of the Earth. Simple one-dimensional (1-D) models of the 
Earth conductivity have often been used to calculate electric fields [9] [10]. How-
ever, such calculations fail to take account of the effect of boundaries between 
regions of different conductivities. The largest change in conductivity is that 
between the resistive land and the conducting seawater that occurs at the coast. 
This change in conductivity results in a build-up of electrical charge at the coast 
that modifies the electric field in such a way as to produce current continuity 
across the coast. This “geoelectric coast effect” increases the electric field on the 
land side of the coast and is a factor that needs to be considered when assessing 
the geomagnetic hazard to power systems adjacent to the coast and submarine 
cables [11] [12] [13]. 

Electric fields produced in the sea depend on the amplitude and frequency 
content of the magnetic field variations and on the conductivity structure of 
the Earth, just as for electric fields on land, but calculation of electric fields on 
the seafloor also needs to take account of the attenuation of the fields by the 
conducting seawater. Formulas for a 1-D Earth model and seawater layer have 
been developed by [14]. The conductivity boundary at the coast also influences 
the electric field in the sea and is a factor that needs to be considered when 
examining geomagnetic effects on submarine cables. Ranganayaki and Madden 
[15] pointed out the importance of the crustal resistance in controlling the lea-
kage of electric currents from the sea through to the conducting mantle and in-
troduced the generalised thin sheet model to represent this. A recent paper [16] 
introduces a simple method for generalised thin sheet modelling based on 
transmission line theory. This provides a new approach for modelling geomag-
netic induction in the Ocean/Earth system comprising both the seawater and 
the earth conductivity structure beneath the seafloor and the land at either 
edge of the ocean. 

In this paper we examine geomagnetic induction in the ocean taking account 
of the land on either side and leakage through the resistive crust to the mantle. 
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This Ocean/Earth system is modelled as a multi-section transmission line with 
the sections represented by equivalent-pi circuits which are combined to form a 
nodal admittance network. Analysis of this network leads to a matrix equation 
that can be solved to give the Earth potentials across the Ocean/Earth System. 
Example results are presented for simplified models of a deep ocean, a shallow 
ocean and a shallow sea that roughly correspond to the Pacific Ocean, Tasman 
Sea, and North Sea. A closer examination is also made of the potentials at the 
coast and edge of the continental shelf and how they are influenced by the width 
of the continental shelf. 

The purpose of these model calculations is to provide a preliminary under-
standing of how oceans and seas with varying widths and water depths are ex-
pected to respond to geomagnetic induction. These calculations serve as a guide, 
offering insights into the general behavior of the Ocean/Earth system. Howev-
er, it is important to note that these results are based on simplified geometry 
and do not account for the intricate details of depth profiles and conductivity 
structures specific to certain locations. The intention is to use these model 
calculations as a starting point for further investigations that consider the de-
tailed depth profiles and conductivity structures of specific areas. By incorpo-
rating these specific characteristics into more detailed calculations, a more ac-
curate assessment of the geomagnetic induction response in those locations 
can be obtained. 

The ultimate goal is to apply this refined model to conduct comprehensive ana-
lyses for specific locations, enabling a deeper understanding of the Earth’s po-
tential distribution in those areas. This information would be invaluable for var-
ious applications, such as assessing the potential impact of geomagnetic induc-
tion on submarine cables, optimizing the design of electrical systems in coastal 
regions, and evaluating the overall electromagnetic response of the marine envi-
ronment. Therefore, these initial model calculations serve as a valuable stepping 
stone towards more detailed investigations, allowing researchers to focus on 
specific locations and refine their understanding of the geomagnetic induction 
processes occurring in oceans and seas. 

2. Ocean/Earth Conductivity Structure 

The basic structure of the Ocean/Earth conductivity is shown in Figure 1. The 
surface layer is comprised of the deep ocean with shallow seas on either side and 
all these are underlain by a layer of sediments. On the land on either side of the 
ocean there will be a surface sedimentary layer that may be very thin or several 
kilometres thick. Below these are the Earth’s crusts, thinner under the oceans 
than under the land, and the resistive mantle lithosphere. Deeper in the Earth, in 
the upper mantle, transition zone and lower mantle the temperature and pres-
sure increase cause partial melting which increases the conductivity. Resistivity 
values for these layers from the LITHO1.0 model [8] [17] and example seawater 
and layer thicknesses for the different sections are shown in Table 1. 

https://doi.org/10.4236/ijg.2023.148041


D. H. Boteler et al. 
 

 

DOI: 10.4236/ijg.2023.148041 770 International Journal of Geosciences 
 

 
Figure 1. Basic structure of the Ocean/Earth conductivity for a deep ocean with shallow 
seas and land on either side. 

 
Table 1. Example parameters for test Ocean-Earth conductivity structure. 

Layer 
Resistivity 

(Ω-m) 

Layer Thickness (km) 

Deep Ocean Continental Shelf Land 

Seawater 0.3 4 0.1 0 

Sediments 3 2 3 1 

Crust 3000 10 20 20 

Mantle Lithosphere 1000 70 140 140 

Upper mantle 100 324 246.9 249 

Transition Zone 10 250 250 250 

Lower Mantle 1 340 340 340 

3. Transmission Line Modeling 

For geomagnetic induction studies, the Ocean/Earth conductivity structure con-
sisting of surface conducting layers (seawater and sediments) over more resistive 
layers (crust and mantle lithosphere) can be represented as a thin double layer 
(with the conductive layer on top and the resistive one underneath). Ranganaya-
ki and Madden [15] developed a generalised thin sheet analysis for this structure 
that is appropriate for frequencies that penetrate through both the conductive 
and resistive layers. Wang et al. [16] have shown that this generalised thin sheet 
analysis can be accomplished by representing the double layer as a transmission 
line with series impedance, Z, given by the resistivity and thickness of the con-
ductive layers and parallel impedance, Y given by the resistance through the re-
sistive layers as shown in Figure 2. 

For the surface conductive layers, we need to consider the path for horizontal 
currents. Thus, the conducting paths through the sea (Layer 1) and the sedi-
ments (Layer 2) are in parallel and the conductance, C, of the combined layers is  

https://doi.org/10.4236/ijg.2023.148041


D. H. Boteler et al. 
 

 

DOI: 10.4236/ijg.2023.148041 771 International Journal of Geosciences 
 

 
Figure 2. (a) Layered ocean-earth conductivity model and (b) its equivalent transmission 
line model. Modified from Wang et al. [16]. 

 
simply the sum of the conductance of the individual layers. Thus 

1 1 2 2C d w d wσ σ= +                        (1) 

where 1σ  and 1d  are the conductivity and depth of the seawater layer and 

2σ  and 2d  are the conductivity and thickness of the sedimentary layer, and w 
is the width of the layers. These are used to give the series impedance Z for the 
transmission line model: 

1Z
C

=                             (2) 

For the resistive crust (Layer 3) and mantle lithosphere (Layer 4) we need to 
consider the path for vertical currents flowing between the upper conductive 
layers and the underlying upper mantle layer. Here the resistance of the two lay-
ers are in series and the combined resistance is simply the sum of the layer resis-
tances. Thus 

3 3 4 4d dR
w w

ρ ρ
= +                         (3) 

where 3ρ  and 3d  are the resistivity and thickness of the crust layer and 4ρ  
and 4d  are the resistivity and thickness of the mantle lithosphere layer. As for 
the upper layers, w is the width of the layers. These are used to give the parallel 
admittance Y of the transmission line model: 

1Y
R

=                             (4) 

These values are then used to determine the characteristic impedance Z0 and 
propagation constant, γ, of the transmission line model given by: 
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ZYγ =  0
ZZ
Y

=                       (5) 

To use the transmission line model to examine the effects of electromagnetic 
induction we use distributed-source transmission line (DSTL) theory in which 
the induced electric field is represented by voltages sources distributed along the 
transmission line [18] [19]. Considering a short element of the transmission line, 
as shown in Figure 2(b) we can write the transmission line equations: 

d
d
V ZI E
x
+ =                          (6) 

and 

d 0
d

I YV
x
+ =                           (7) 

involving the voltage, V, and current, I, produced by an induced electric field, E, 
in the transmission line. Differentiation and substitution of (6) and (7) lead to 
the equations 

2
2

2

d d
dd

V EV
xx

γ− =                         (8) 

and 
2

2
2

d
d

I I YE
x

γ− = −                         (9) 

If the electric field is assumed to be uniform within a section of transmission 

line, 
d 0
d
E
x
= , and Equation (8) becomes: 

2
2

2

d 0
d

V V
x

γ− =                         (10) 

Equations (9) and (10) have solutions of the form: 

e ex xV A Bγ γ−= +                        (11) 

and 

0 0 0

e ex xE A BI
Z Z Z

γ γ

γ
−= − +                    (12) 

where A and B can be found from conditions at the ends of the transmission 
line. 

At the start of any section, denoted by ith node, 0x = , Equations (11) and 
(12) give 

iV A B= +                          (13) 

and 

0 0 0
i

E A BI
Z Z Zγ

= − +                       (14) 

while at the end of that section with length L, denoted by kth node, x L= , Equa-
tions (11) and (12) give 
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e eL L
kV A Bγ γ−= +                       (15) 

and 

0 0 0

e eL L
k

A B EI
Z Z Z

γ γ

γ
−= − + +                   (16) 

Equations (13) and (15) can be combined to solve for A and B 

e
e e

L
k i

L L

V V
A

γ

γ γ

−

−

−
=

−
                       (17) 

and 

e
e e

L
i k

L L

V V
B

γ

γ γ−

−
=

−
                        (18) 

Substituting for A and B in Equation (11) for voltage gives 

( )e e
e e

e e e e

L L
L x xk i i k

L L L L

V V V V
V

γ γ
γ γ

γ γ γ γ
− − −

− −

   − −
= +   

− −   
            (19) 

Similarly substituting for A and B in Equation (12) for current gives 

( )

0 0 0

e e1 1e e
e e e e

L L
L x xk i i k

L L L L

V V V V EI
Z Z Z

γ γ
γ γ

γ γ γ γ γ
− − −

− −

   − −
= − + +   

− −   
       (20) 

Equation (19) shows that the voltage on the transmission line is comprised of 
two components that fall off exponentially with distance from either end of the  

transmission line. The exponential fall-off has a characteristic length 1
γ

 re-

ferred to as the “adjustment distance”. For short and medium length transmission  
lines these two components overlap and the effects from both ends have to be taken 
into account to calculate the voltages. However, if the transmission line is suffi-
ciently long then these contributions do not overlap. This “non-overlapping” crite-
rion requires that the transmission line length, L, is greater than four adjustment  

distances, i.e. 14L
γ

>  which then means e 1 eL Lγ γ−� �  and the transmission 

line is referred to as “electrically-long”. For such an “electrically-long” transmis-
sion line Equations (19) and (20) reduce to 

( )e e L xx
i kV V V γγ − −−= +                      (21) 

and 

( )

0

1 e e L xx
i k

EI V V
Z

γγ

γ
− −− 

= − + 
 

                 (22) 

3.1. Thevenin and Norton Equivalent Circuits 

The appearance of this electrically-long transmission line to another circuit can 
be represented by a Thevenin equivalent circuit comprising a voltage source, 
VTh, in series with an impedance, ZTh, as shown in Figure 3(a). 

These can be calculated from the open-circuit voltage and short-circuit cur-
rent [18]. Consider the view looking into end (node) “i” of the transmission line;  
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Figure 3. (a) Thevenin equivalent circuit, (b) Norton equivalent circuit. 

 
in this case the “electrically-long” condition means that the contribution from 
the voltage at the other end (node) “k”, Vk is negligible and can be ignored. 
When the end (node) “i” of the transmission line is open circuit the current at 

0x =  is zero and equation (22) gives 

oc
EV
γ

= −                          (23) 

When the end (node) “i” of the transmission line is short-circuited the voltage 
at that end, 0iV =  and equation (22) gives 

0

1
sc

EI
Z γ

=                          (24) 

Thus, the Thevenin components are 

Th oc
EV V
γ

= = −                        (25) 

0
oc

Th
sc

V
Z Z

I
= =                         (26) 

A similar derivation can be done for the other end (node) “k” of an electri-
cally-long transmission line and gives the same Thevenin impedance but a  

Thevenin voltage Th
EV
γ

= . The Thevenin voltage represents an electric field  

directed towards the end of the transmission line (as at end “k”) so gives a volt-
age with a minus sign where the electric field is directed away from the end (as at 
end “i”). 

The Thevenin equivalent circuit can be converted to a Norton equivalent cir-
cuit (Figure 3(b)), comprising a current source, JN, in parallel with an admit-
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tance, YN, given by 

0

Th
N

Th

V E EJ
Z Z Zγ

= = =                      (27) 

0

1 1
N

Th

Y
Z Z

= =                         (28) 

3.2. Equivalent-Pi Circuit 

To combine multiple transmission line sections, it is useful to convert each sec-
tion into equivalent-pi circuits [19] as shown in Figure 4. 

The equivalent-pi circuit can be represented with a voltage source, E', and se-

ries impedance, Z', admittances, 
2
Y ′ , to ground at each end as shown in Figure 

4(a) [19] with circuit components given by 

0 sinhZ Z Lγ′ =                        (29) 

( )
0

1cosh 1
2 sinh
Y L

Z L
γ

γ
′
= −                   (30) 

sinhEE Lγ
γ

′ =                        (31) 

Alternatively, the equivalent-pi circuit can be represented with an equivalent 
 

 
Figure 4. Equivalent-pi circuit for a transmission line section. (a) with a voltage source, 
E', and series impedance, Z'; (b) with a current source, IE and parallel admittance, YE. 
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current source, IE, in parallel with a series admittance, YE, as shown in Figure 
4(b). In this case the equivalent-pi components are given by: 

0

1
sinhEY

Z Lγ
=                        (32) 

( )
0

1cosh 1
2 sinh
Y L

Z L
γ

γ
′
= −                   (33) 

E
EI
Z

=                           (34) 

3.3. Transmission Line with “Active” Terminations 

For electromagnetic induction into a transmission line with multiple sections we 
can consider a single section and represent the sections on either side by their 
Thevenin equivalent circuits as shown in Figure 5. 

When the transmission line length is considerably shorter than the adjustment 
distance it is referred to as “electrically-short” and the equivalent-pi components 
reduce to [20]: 

Z ZL′ =                           (35) 

0
2
Y ′

=                            (36) 

E EL′ =                           (37) 

In this case, electromagnetic induction in the transmission line in Figure 5 
can be represented by the circuit shown in Figure 6. 

The current along the transmission line is then given by: 
 

 
Figure 5. Transmission Line with distributed series impedance, Z, parallel admittance, Y, and 
voltage sources representing the electric field, E, with “active” terminations at each end repre-
sented by Thevenin equivalent circuits. 
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1 2

1 2

V EL VI
Z ZL Z
+ +

=
+ +

                       (38) 

The potential at the left end of the transmission line is then: 

1 1 1U V IZ= −                         (39) 

And the potential at the right end of the transmission line is: 

2 2 2U IZ V= −                         (40) 

For the special case of a boundary between two regions that both extend far 
enough that they can be represented by Thevenin equivalent circuits for “elec-
trically-long” transmission lines as shown in Figure 7. 

The current across the boundary is given by 

1 2

1 2

Th Th

Th Th

V V
I

Z Z
+

=
+

                       (41) 

And the potential at the boundary is: 

1 1 2 2boundary Th Th Th ThU V IZ IZ V= − = −                (42) 

4. Network Modelling 

Geomagnetic induction affects all the sections of the Ocean/Earth conductivity 
structure shown in Figure 1 and Table 1. Thus, in the transmission line model 
of this structure the voltages produced in one section are not just the result of  

 

 
Figure 6. Equivalent circuit for an “electrically-short” transmission line with “active” terminations. 

 

 
Figure 7. Boundary between Region 1 and Region 2 with each region represented by its 
Thevenin equivalent circuit. 
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electric fields in the neighbouring sections. Thus, we need to consider all the in-
duced electric fields in that section but are also affected by the induced transmis-
sion line sections together and their influence on each other. This is done by us-
ing the equivalent-pi circuits for the ocean and shallow sea sections and Norton 
equivalent circuits for the land at either end to create a network model of the 
Ocean/Earth conductivity structure. 

The circuit components for the basic Ocean/Earth structure are shown in 
Figure 8(a). This considers an east-west cross-section across an ocean which 
comprises 3 sections: middle one for the deep ocean and one at each side for the 
continental shelf. Each section is represented by its equivalent-pi circuit. The 
land at each end is represented by its Norton equivalent circuit with components 
JW and YW at the western end, and JE and YE at the eastern end. The admittances 
to ground from adjacent equivalent-pi circuits and from the Norton equivalent 
circuits are combined to give the nodal admittance network as shown in Figure 
8(b). 

To calculate the voltages produced in this transmission line model, the first 
step is to combine admittances from neighbouring sections in Figure 8(a) to 
give the admittance to ground from each node in Figure 8(b). Nodes 1 and 4 
involve the admittance from the Norton equivalent circuit and the admittance 
from the equivalent-pi sections for the shallow sea: 

 

 
Figure 8. Circuit models for the Ocean/Earth conductivity structure. (a) Equivalent-pi circuits for the transmission line models of 
each seawater section and Norton equivalent circuits for the land on each side. (b) Nodal admittance network. 
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1 2
A

W
yy y
′

= +  4 2
C

E
y

y y
′

= +                   (43) 

Nodes 2 and 3 involve the admittances from the equivalent-pi circuits for the 
deep ocean and shallow seas: 

2 2 2
A By yy
′ ′

= +  3 2 2
CB yyy
′′

= +                   (44) 

The series admittance of the equivalent-pi sections becomes the series admit-
tance of the corresponding section in the nodal network: 

12 Ay y=  23 By y=  34 Cy y=                   (45) 

Similarly, the current sources from the equivalent-pi sections become the cur-
rent sources in the nodal network 

12 Aj j=  23 Bj j=  34 Cj j=                   (46) 

and the current sources for the Norton equivalent circuits at the ends are also 
connected to nodes 1 and 4. 

Applying Kirchoff's current law that the algebraic sum of the currents entering 
any node is zero, i.e. the sum of the currents entering the nodes from the lines 
equals the current flowing to ground, we can write equations for each node: 

12 1Wi i i− =                         (47a) 

12 23 2i i i− =                         (47b) 

23 34 3i i i− =                         (47c) 

34 4Ei i i− =                         (47d) 

The current in each line is determined by the potential difference between the 
nodes at the ends of the line, the admittance of the line and the equivalent cur-
rent source for the line 

( )12 1 2 12 12i v v y j= − +                     (48a) 

( )23 2 3 23 23i v v y j= − +                     (48b) 

( )34 3 4 34 34i v v y j= − +                     (48c) 

While the currents from the Norton equivalent circuits are given by the cur-
rent source values 

w Wi j=                           (49a) 

E Ei j=                           (49b) 

The currents to ground at each node ii are given by the node voltages times 
the admittances to ground, i i ii v y= . Making these substitutions in Equation 
(47) above gives for each node: 

( )1 2 12 12 1 1Wj v v y j v y− − − =                  (50a) 

( ) ( )1 2 12 12 2 3 23 23 2 2v v y j v v y j v y− + − − − =            (50b) 

( ) ( )2 3 23 23 3 4 34 34 3 3v v y j v v y j v y− + − − − =            (50c) 

( )3 4 34 34 4 4Ev v y j j v y− + − =                  (50d) 
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Rearranging gives 

( )12 1 12 1 12 2Wj j y y v y v− = + −                  (51a) 

( )12 23 12 1 12 2 23 2 23 3j j y v y y y v y v− = − + + + −            (51b) 

( )23 34 23 2 23 3 34 3 34 4j j y v y y y v y v− = − + + + −            (51c) 

( )34 34 3 34 4 4Ej j y v y y v− = − + +                 (51d) 

The currents on the left hand side represent the total of the equivalent current 
sources directed into each node, 1, , 1i i i i iJ j j− += + . Thus, we can rewrite the 
equations in the form 

( )1 1 12 1 12 2J y y v y v= + −                    (52a) 

( )2 12 1 12 23 2 2 23 3J y v y y y v y v= − + + + −              (52b) 

( )3 23 2 23 34 3 3 34 4J y v y y y v y v= − + + + −              (52c) 

( )4 34 3 34 4 4J y v y y v= − + +                   (52d) 

This can be written in matrix form 

1 11 12 12

2 212 12 23 2 23

23 23 34 3 343 3

34 34 44 4

0 0
0

0
0 0

J vy y y
J vy y y y y

y y y y yJ v
y y yJ v

+ −    
    − + + −    =
    − + + −
    

− +    

    (53) 

The first matrix on the right-hand side of Equation (53) is termed the admit-
tance matrix. This, multiplied by the column matrix of nodal voltages equals the 
column matrix of nodal current source values 

[ ] [ ][ ]J Y V=                         (54) 

Taking the inverse of the admittance matrix and multiplying by the nodal 
current sources then gives the voltages at the nodes. 

[ ] [ ] [ ]1V Y J−=                         (55) 

These nodal voltages represent the voltages at the ends of each transmission 
line section and can be substituted into Equations (19) and (20) to give the volt-
age and current profile along the length of each section. 

5. Example Modelling Results 

To illustrate the application of the modelling technique and to examine the 
voltages produced in typical Ocean/Earth conductivity structures we present re-
sults for three models representing 1) a shallow sea, 2) a shallow ocean, and 3) a 
deep ocean. 

Model 1. Shallow Sea 
This model consists of a shallow sea 600 km wide, with a depth of 100 m, with 

land at either end as shown in Figure 9(a). The seawater section has the same 
properties as the continental shelf in Table 1. This is a simplified model ap-
proximation to the North Sea. 
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Model 2. Shallow Ocean 
This model consists of a deep ocean section 1800 km wide, with a depth of 1 

km, with continental shelf 100 km wide and 100 m deep on either side as shown 
in Figure 9(b). The total width from coast to coast is 2000 km. The parameters 
for each section are the same as those shown in Table 1, except the ocean section 
has a seawater depth of 1 km. This is a simplified model approximation of the 
Tasman Sea. 

 

 
Figure 9. Example models for (a) shallow sea, (b) shallow ocean, (c) deep ocean. 
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Model 3. Deep Ocean 
This model consists of a deep ocean section 7800 km wide, with a depth of 4 

km, with continental shelf 100 km wide and 100 m deep on either side as shown 
in Figure 9(c). The total width from coast to coast is 8000 km. The parameters 
for each section are as shown in Table 1. This is a simplified model approxima-
tion of the Pacific Ocean. 

Transmission Line Parameters 
For each model the layer thicknesses and resistivities from Table 1 are used in 

Equations (1)-(4) to calculate the transmission line series impedance, Z, and 
parallel admittance, Y. These values are then used in Equations (5) and (6) to cal-
culate the transmission line propagation constant, γ, characteristic impedance, Z0,  

and adjustment distance, 1
γ

 for each section. The values obtained are shown in  

Table 2. The “Shallow Sea” parameters are used for the continental shelf sections 
in models 2 and 3 as well as for the seawater section in model 1. For all of the 
example models the transmission line parameters for the land section are used in 
Equations (27) and (28) to calculate the Norton equivalent circuit components. 

The voltage profiles for the three example models are shown in Figure 10. 
These show a transition from the linear profile characteristic of an “electrical-
ly-short” transmission line, seen for the Shallow Sea model to the S-shaped pro-
file characteristic of an “electrically-long” transmission line, seen for the Deep 
Ocean model. 

6. Potentials at Boundaries 

The above results show that the earth potentials peak at the coast which is the 
boundary between the land and sea regions with their different conductivity 
structures. To examine the coast potential more closely and to examine how this 
is affected by the width of a shallow sea or continental shelf we make calcula-
tions for different widths of the Shallow Sea model and for different widths of 
the continental shelf in the Deep Ocean model. 

6.1. Dependence on Shallow Sea Width 

The calculations for the Shallow Sea model (Figure 9(a)) were repeated for dif-
ferent widths of the sea. The land on either side was assumed to extend far 
enough from the coast that it can be represented by the equivalent circuits for an 

 
Table 2. Transmission line parameters for the sections of the example models. 

 Depth (m) Z (Ω/km) Y (S/km) γ (km−1) Z0 (Ω) 
Adjustment 

Distance (km) 

Continental Shelf 100 7.5 × 10−1 5.0 × 10−6 1.936 × 10−3 3.873 × 102 516.4 

Shallow Ocean 1000 2.5 × 10−1 1.0 × 10−5 1.58 × 10−3 1.58 × 102 632.5 

Deep Ocean 4000 7.143 × 10−2 1.0 × 10−5 8.45 × 10−4 8.45 × 101 1183.2 

Land 0 3.0 5.0 × 10−6 3.873 × 10−3 7.746 × 102 258.2 
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Figure 10. Voltage profiles for the three example models of the Ocean/Earth conductivity 
structure, calculated with electric field values of 0.1 V/km for the deep ocean and 0.3 
V/km for the continental shelf, shallow sea, and land sections. (a) Shallow sea, 600 km 
wide and 100 m deep; (b) Shallow Ocean, 2000 km wide and 1 km deep; (c) Deep Ocean, 
8000 km wide and 4 km deep. Note the different scales on the axes of these plots. 

 
“electrically-long” transmission line. We assume values for the shallow sea and 
land electric fields of 0.3 V/km. The width of the continental shelf is varied from 
0 to 2000 km and calculations made for the potential at the coast, UC (Figure 
11). 

A shallow sea with land on either side can also be represented by the circuit of 
Figure 5, where the transmission line represents the shallow sea and the Theve-
nin equivalent circuits represent the land on either side. Where the width of the 

https://doi.org/10.4236/ijg.2023.148041


D. H. Boteler et al. 
 

 

DOI: 10.4236/ijg.2023.148041 784 International Journal of Geosciences 
 

 
Figure 11. Dependence of the coast potential on the width of a shallow sea for an electric 
field in the sea and the land of 0.3 V/km. 

 
shallow sea is less than its adjustment distance then the transmission line model 
reduces to the circuit shown in Figure 6 and the coast potentials UC are given by 
U1 and U2 from Equations (39) and (40). 

If the width of the shallow sea is extended to (unreasonably) large values, it 
can be represented by an “electrically-long” transmission line and the coast po-
tential can be calculated using the circuit in Figure 7 where region 1 represents 
the shallow sea and region 2 represents the land. The coast potential is then 
given by Equation (42). For an electric field of 0.3 V/km in both the shallow sea 
and the land and inserting the appropriate values from Table 2, UC = 77.46 V. 
This represents a limiting value for the coast potential for the specified electric 
field and transmission line parameters. 

6.2. Dependence on Width of the Continental Shelf 

To examine how the coast potential is affected by the width of the continental 
shelf we repeated the calculations for the deep ocean model but with different 
continental shelf widths. The ocean width was set to 10,000 km. This is unrea-
sonably large but makes sure that the deep ocean section is “electrically-long” so 
that the potentials at the coast under study are not affected by the coast at the 
other side of the ocean. We assume values for the deep ocean electric field of 0.1 
V/km and continental shelf and land electric fields of 0.3 V/km. The width of the 
continental shelf is varied from 0 to 2000 km and the calculations made for both 
the potential at the coast, UC and the potential at the edge of the continental 
shelf, UE (Figure 12). 

To understand why the coast potential (black curve in Figure 12) initially in-
creases and then decreases as the width of the continental shelf increases, it is 
useful to consider the transmission line model shown in Figure 5. Here the 
Continental Shelf is represented by the transmission line in the centre of the 
model, with the Deep Ocean and Land represented by the Thevenin equivalent 
circuits at either end. 
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Figure 12. Dependence of the potentials at the coast, UC, and at the edge of the continen-
tal shelf, UE, on the width of the continental shelf. 

 
Table 3. Thevenin circuits. 

 Electric Field VTh (V) ZTh (ohms) 

Deep Ocean 0.1 V/km 118.32 84.5 

Continental Shelf 0.3 V/km 154.92 387.3 

Land 0.3 V/km 77.46 774.6 

 
The Thevenin equivalent circuit components for the different regions are cal-

culated using the adjustment distances and characteristic impedances from Ta-
ble 2 and the electric field values. For the electric field values of 0.1 V/km in the 
deep ocean and 0.3 V/km in the continental shelf and land sections as used in 
the modelling for Figure 8, we obtain the parameters for the Thevenin equiva-
lent circuits shown in Table 3. 

The circuit in Figure 5 is used to examine two limiting cases: 1) when the 
continental shelf width is small so that it can be represented by an “electri-
cally-short” transmission line, and 2) when the continental shelf is exceedingly 
wide so that it can be represented by an “electrically-long” transmission line. 

For an “electrically-short” transmission line its equivalent-pi components are 
given by Equations (35) to (37) and the circuit of Figure 5 reduces to that shown 
in Figure 6. The current along the transmission line is then given by Equation 
(38) and the potential at the edge of the continental shelf (boundary between 
ocean and continental shelf) is given by Equation (39) and the potential at the 
coast (boundary between continental shelf and land) is given by Equation (40). 

As the width of continental shelf is increased the modelling results in Figure 
12 shows that UC increase to a width of about 200 km and then decreases, while 
UE shows a steady decrease. Both UC and UE approach limiting values for very 
large widths of the continental shelf. To determine these limiting values, we can 
use a model comprising just two regions where both extend far enough away 
from the boundary that they can be represented by Thevenin equivalent circuits 
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for “electrically-long” transmission lines as shown in Figure 7. 
Boundary between Continental Shelf and Land 
For the boundary between a very wide continental shelf and the land, substi-

tuting the appropriate Thevenin circuit components from Table 3 into Equation 
(41) gives: 

154.92 77.46 0.2 A
387.3 774.6

I +
= =

+
                   (56) 

Substituting this into Equation (42) gives 

154.92 0.2 387.3 77.46 VCU = − × =                (57) 

Boundary between Deep Ocean and Continental Shelf 
For the boundary between the deep ocean and a very wide continental shelf, 

substituting the appropriate Thevenin circuit components from Table 3 into 
Equation (41) gives: 

118.32 154.92 0.579 A
84.5 387.3

I +
= =

+
                 (58) 

Substituting this into Equation (42) gives 

118.32 0.579 84.5 69.38 VEU = − × =               (59) 

Now, with the circuit models of Figures 5-7, and the limiting cases considered 
above, we are able to explain the dependence of UC and UE on the width of the 
continental shelf shown in Figure 12. For the hypothetical case with a continen-
tal shelf of zero width the boundary between the deep ocean and the land has an 
earth potential of 99 V. For continental shelves of increasing widths (but still 
short enough to be considered “electrically-short”), the circuit of Figure 6 shows 
that the induced voltage in the continental shelf section adds to the voltages 
from the deep ocean and land sections to increase the current across the 
boundaries. Equation (40) shows that this increase in current increases the po-
tential at the coast and, because of the large value of Z2 (774.6 Ω), this has a no-
ticeable effect on UC. Equation (39) shows that the increase in current decreases 
the potential at the edge of the continental shelf but, because the value of Z1 
(84.5 Ω) is smaller than Z2, this produces a comparatively smaller change in the 
value of UE as shown in Figure 12. 

The circuit of Figure 6 only applies for continental shelf widths that are small 
enough to satisfy the “electrically-short” condition for the transmission line 
modelling. In this condition the transmission line is short enough that there is 
no significant leakage of current from the conductive surface layers through the 
resistive layers underneath. When the continental shelf width is increased this 
condition no longer applies and some of the current in the surface layers leaks 
out through the resistive layer underneath so the current across the boundary 
starts to decrease and the potential at the coast starts to go down. Figure 12 
shows that this decrease in UC starts for continental shelf widths greater than 250 
km. 

When the continental shelf is much wider so that its transmission line model 
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can be considered “electrically-long”, Equations (56) and (57) show that the 
current across the continental shelf/land boundary drops to a limiting value of 
0.2 A and the potential at the coast goes to the limiting value of 77.46 V. At the 
boundary between the ocean and the continental shelf Equations (58) and (59) 
show that the current drops to a limiting value of 0.579 A and the potential at 
the edge of the continental shelf goes to a limiting value of 69.38 V. 

7. Discussion 

This transmission line modelling of geomagnetic induction in the Ocean/Earth 
conductivity structure was motivated by the need to calculate the variations in 
potential at the coasts at either end of a submarine cable. The power feed 
equipment at each end of a submarine cable will be connected to local earth 
which will have the coast potential, UA, at one end of the cable, A, and coast po-
tential, UB, at the other end of the cable. During geomagnetic disturbances, a 
submarine cable will experience a voltage, VC, comprised of two parts: the in-
duced electromotive force, C , induced by the magnetic field variations directly 
in the cable and the potential difference between the ends of the cable 

C C A BV U U= + −                       (60) 

where: ˆdC C
E l= ⋅∫
�
�  with the integration taken along the path of the cable, 

UA is the Earth potential at the end “A” of the cable, 
UB is the Earth potential at the end “B” of the cable. 
The calculations for a specific submarine cable will depend on the bathymetry 

of the sea or ocean and the conductivity structure beneath the seafloor and on 
the land at either end of the cable. Here we have described the calculation 
method and presented examples of simplified Ocean/Earth conductivity struc-
tures to illustrate how the modelling is used and the results that will be obtained. 

The results show that the maximum potentials (positive or negative) occur at 
the ends of the transmission line, corresponding to the coastline on either side of 
the ocean. A key parameter is shown to be the “adjustment distance” that is the 
inverse of the propagation constant of the transmission line. For ocean widths 
that are more than four times the adjustment distance the end potentials are the 
product of the electric field and the adjustment distance. For a wide ocean, such 
as in example 3, the “electrically-long” criterion is met so the end potentials, in 
the absence of any conducting path through the land, would be the electric field 
value of 0.1 V/km multiplied by the adjustment distance of 1183 km, giving a 
value of 118.3 V. The model result (99 V) is slightly less because of the effect of 
the continental shelf and the current flow into the land. 

Shallow seas tend to be “electrically-short” which means that the earth poten-
tial produced at one coast is influenced by the distance to, and conductivity 
structure, at the opposite coast. Therefore, modelling of geomagnetic induction 
in a shallow sea needs to include the whole sea from coast to coast, as well as the 
conductivity structure of the land on either side. Modelling of geomagnetic in-
duction in a deep ocean needs to take account of the continental shelf on either 
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side of the ocean, and it is shown that the width of the continental shelf has a 
significant influence on the potentials produced at the coast. 

The results obtained are valid for models that meet the “thin sheet” condition. 
This is typically met for induction by longer period variations which penetrate 
through the seawater and crustal layers. Short period variations have a smaller 
skin depth so do not penetrate as far into the Earth. Other methods, such as fi-
nite element modelling (FEM) need to be used in such cases. However, the re-
sults presented here can provide a set of useful test cases for testing such model-
ling software. 

Calculations of geomagnetic induction in submarine cables under the oceans 
involve a number of differences compared to calculations for long conductors, 
such as cables, pipeline and power systems, on land. The principal difference is 
that the geomagnetic disturbance is attenuated by the conducting seawater so 
produces smaller electric fields on the seafloor of a deep ocean than on land. The 
coast potentials are significant for all systems but on land, the potential gradients 
add to the induced electric field to increase the geomagnetically induced cur-
rents (GIC) in systems, while for submarine cables the coast potentials act 
against the induced emf in the cable and reduce the impact on the power feed for 
the cable. 

Submarine cables are the longest conductors on Earth and extend for much 
larger distances than systems on land, thus the spatial characteristics of a geo-
magnetic disturbance have greater significance. For systems on land, initial cal-
culations are made by assuming that the magnetic field variations are uniform 
across the region of the system under study, although this is recognised as an 
approximation and more work is being done to include the spatial structure of 
the disturbance in GIC calculations. However, the length of submarine cables 
means that the geomagnetic disturbances at one end of a cable may be signifi-
cantly different from those at the other end. The example calculations presented 
in this paper have used a uniform disturbance to simplify the calculations. Fu-
ture calculations for realistic disturbances need to take account of the differences 
in the disturbances along the whole length of the cable, however this will be 
challenging because knowledge of the geomagnetic field variation over the ocean 
is less constrained by measurements than over the land. 

8. Conclusions 

Geomagnetic induction in the Ocean/Earth conductivity structure can be mod-
elled using the generalised thin sheet approach of Ranganayaki and Madden [15] 
which represents the surface layers of the Earth by a double layer with a conduc-
tive top part and a resistive bottom part. The conductive top part is given by the 
combined conductance of the seawater and sediment layers, while the resistive 
bottom part is given by the resistance through the crust and lithosphere mantle. 

A generalised thin sheet can be modelled as a transmission line with series 
impedance, Z, given by the conductance of the top layer, and parallel admit-
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tance, Y, determined by the resistance of the bottom part [16]. This allows dis-
tributed source transmission line (DSTL) theory and network theory to be ap-
plied to calculate the Earth potentials produced by an induced electric field in 
the Ocean/Earth conductivity structure. 

Transmission line theory allows the potentials within a transmission line sec-
tion to be modelled in terms of the line’s propagation constant, γ, and character-
istic impedance, Z0, and the potentials at the ends of the line. A critical parame-
ter is the inverse of the propagation constant referred to as the “adjustment dis-
tance”. Simplified calculations are possible for “electrically-short” transmission 
lines with length much less than the adjustment distance and for “electrically-long” 
transmission lines with length greater than four adjustment distances. 

Complex structures can be modelled using network theory where transmis-
sion line sections are represented by their Norton equivalent-pi circuit involving 
a current source in parallel with an admittance which is combined to form a 
nodal admittance network. Using Thevenin’s current law for each node a matrix 
equation is formed relating the current sources [J] to the admittance matrix [Y] 
and the nodal voltages [U]. Matrix inversion of [Y] and multiplication by the 
current sources [J] then gives the nodal voltages [U]. 

Example calculations for a shallow sea (100 m depth), shallow ocean (1 km 
depth) and deep ocean (4 km depth) show the Earth potential variation along 
the seafloor and that they are largest at the coasts. For a shallow sea, the coast 
potentials increase with increasing width of the sea but asymptotically approach 
a limiting value for large widths. For a deep ocean, the coast potential varies with 
the width of the continental shelf, increasing to a maximum value at a width, for 
the example considered, of 250 km and then decreases to a limiting value for 
large widths of the continental shelf. 

Open Science 

The computational model, SCUBAS: Submarine Cables Upset by Auroral Streams 
is developed using Python to compute geomagnetic induction effect on subma-
rine cables [8]. A pip installer is also available to install the model in any python 
environment. Example codes are also available to describe the parameters and 
illustrate the use of SCUBAS [8]. The majority of analysis and visualization was 
completed with the help of free, open-source software tools such as matplotlib 
[21], IPython [22], pandas [23], and others (e.g., [24]. Our code is published in 
Zenodo repository [25]. 
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