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Abstract 
We derive the acceleration, velocity and distance of a cosmic ray (CR) due to 
an astrophysical electric field in the framework of special relativity. The rela-
tion between distance and time has been inverted, which allows expressing the 
velocity as a function of the distance. A simulation is performed for the observed 
spectrum of CRs adopting two distributions for them: the Maxwell Jüttner dis-
tribution and the gamma-Pareto II distribution. 
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1. Introduction 

In order to explain the non-thermal behaviour of protons and electrons in many 
astrophysical contexts, the particles should be accelerated. At the moment of writ-
ing, there are many theoretical mechanisms for the acceleration; we select some 
of them. The first one is stochastic and is due to Fermi in 1954. The gain in energy 
in a continuous form for a particle which spirals around a line of force [1] [2], is 
proportional to its energy, E ,  

d ,
d II

E E
t τ
=                                (1) 

where IIτ  is the typical time-scale,  
2

2

1 4 ,
3II II

u c
Lcτ

  
=   

  
                          (2) 

where u  is the speed of the accelerating cloud, c  is the speed of light, and IIL  
is the mean free path between clouds, see Equation 4.439 in [3]. Parker in 1955 
investigated the hydrodynamic and hydro-magnetic equations from the viewpoint 
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of energy propagation [4]. Interactions, not considered by Fermi, in which the 
average energy change is zero may contribute much, or all, of the acceleration [5]. 
The consideration of the generation of cosmic rays (CRs) by ion plasma turbu-
lence began with Tsytovich [6]. Some improvements of the Fermi acceleration 
connected with the possibility of creating a wide variety of energy- or rigidity-
dependent spectra were analysed [7]. Two possibilities for models of CRs were 
analysed: the concomitant acceleration and propagation (CAP) model and the se-
quential acceleration and propagation (SAP) model [8]. The efficiency of diffusive 
acceleration in shock waves has been evaluated [9]. A numerical treatment of the 
plasma-physical injection model at a strong quasi-parallel shock has been devised 
and incorporated into the combined gas dynamics and the CR diffusion–convection 
code [10]. Gamma-Ray Bursts are good candidates for the “bottom up” scenario for 
the generation of the Ultra High Energy (UHE) CRs in the framework of the com-
plementary acceleration downstream of the external shock [11]. The acceleration of 
solar cosmic rays (SCRs) by the shock waves produced by coronal mass ejections 
has been explored [12]. An accelerated particle spectrum is derived by integrating 
the exact particle trajectories in a turbulent magnetic field near the shock [13]. The 
role played by the initial clumping of ejecta and by the efficient acceleration of CRs 
in determining the density structure of the post-shock region of a Type Ia supernova 
remnant (SNR) has been analysed [14]. Proton acceleration in a flare occurs along 
a singular line of the current sheet by the Lorentz electric field, as in pinch gas dis-
charge [15]. A spectrum of the protons produced by a fast shock with a speed of 
5000 km s-1 in the lower solar corona has been analysed [16]. 

The previous approaches leave some questions unanswered. 
1) Is it possible to accelerate the CRs in an astrophysical electric field? 
2) Is it possible to fix the astrophysical parameters in order to have acceleration 

of the CRs in the region between one solar radius and 1/10 of an astronomical unit 
(AU)? 

3) Does the acceleration affect the entire energy spectrum or only the energies 
lower than one GeV? 

In order to answer the above questions, we derive, in Section 2, the distance, 
velocity and acceleration of a particle in the presence of a constant electric field in 
the framework of special relativity. Section 3 reviews two distributions for the in-
itial energy of CRs and then presents the results of the acceleration. Section 4 re-
views useful astrophysical parameters in the solar flares and solar corona. 

2. Acceleration of Cosmic Rays 

In classical mechanics, motion is modeled by Newton’s Second Law:  

,F ma=




                               (3) 

where F


 is the force, m  is the mass and a  is the acceleration. An example of 
the trajectory, ( )x t , in the presence of a constant force along the X-axis is, 

( )
2

.
2
Ftx t

m
=                               (4) 
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In special relativity the equation of motion is  

d ,
d
pF
t

=




                               (5) 

where F


 is the force acting on the point with momentum p  which is 

,p muγ=


                               (6) 

where m  is the rest mass, u  the velocity and 

2

2

1 ,
1 u

c

γ =

−

                             (7) 

with c  being the speed of light. We now analyse the case of a single cosmic ray 
with mass A m×  where A  is the mass number (protons + neutrons) and m  is 
the mass of the proton. In the presence of a constant force, F , in 1D which will be 
later specified, we integrate the equation of motion (5) 

( )0
02 2

0
2 2

,
1 1

AmuAmu F t t
u u
c c

− = −

− −

                     (8) 

where 0u  is the velocity at 0t t=  which can also be parametrized as 0 0u cβ=   

with 0
0

u
c

β = . 

The positive solution for the velocity is  

( )
( )( )

( ) ( ) ( )( )

2 2
0 0 0

22 2 2 2 4 2
0 0 0 0 0 0

,
2

c F t t c u Amu c
u t

AFcmu t t c u t t c u c u F A c m

− − +
=

− − + − − + +
 (9) 

the acceleration, ( )a t , is  

( )
( )

( ) ( ) ( )( )( )
3 23 2 2 2 2

0

3 222 2 2 2 4 2
0 0 0 0 0 0

,
2

c FA m c u
a t

AFcmu t t c u t t c u c u F A c m

−
=

− − + − − + +
(10) 

the space, ( )x t , is  

( )

( )
( ) ( )( )

3 2 2
0 02 2

0

2 2
0 0 0
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2
,

x t Ac m x c u F
c u F

AFcmu t t c u
c

t t c u c u F A c m


= × − + −

−

− − + + − − + + 

       (11) 

and the time as a function of the distance, ( )t x , is  

( ) ( )
( ) ( ) ( )( )

2 2 2 3 2
0 0 0 0 02 2

0

23 2 2 2 2 4 2 2
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2 2
0

1

2
.

t x A c u c mu Fc t Fct u
Fc c u

AFc m x x c u x x c u c u F A c m u

c u


= × − − + −

− 

− + − + − + − + + + − 

(12) 
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We now insert the force due to the electric field, E ,  

( ) ,E t ZeE=                             (13) 

where Z  is the charge number and e  the elementary charge. The velocity as a 
function of time in the presence of a constant electric field is  

( )
( )( )

( )
( ) ( )( )

2 2
0 0 0

2 2
0 0 0

2 2 2 2 2 4 2
0 0 0

,
2

E

ZeE t t c u Amu c c
u t

AZeEcmu t t c u

t t c u c u Z e E A c m

− − +
=

− − +

− − + +

          (14) 

the acceleration as a function of time is  

( )
( )

( )
( ) ( )( )

3 23 2 2 2 2
0

3 2
2 2

0 0 0

2 2 2 2 2 4 2
0 0 0

 
,

2
E

ZeE c A m c u
a t

AZeEcmu t t c u

t t c u c u Z e E A c m

−
=
 − − + 
 − − + + 

        (15) 

the position as a function of time is  

( )
( )

( ) ( )( )

2 2
0 0 02

022 2 2 2 2 2 4 2
0 0 0 0

21 ,
 

E

AZeEcmu t t c u
x t c Ac m x

c u ZeE t t c u c u Z e E A c m

− − +  = × − − +  −  − − + + 

(16) 

and the velocity as a function of the position is 

( )

( )
( ) ( )( )

( )
( ) ( )( )

3 2 2
0 0

22 2 2 2 4 2 2
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3 2 2
0 0

22 2 2 2 6 2
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.
2

AEZc em x x c u
c

Z e x x c u c u E A c m u
v x

AEZc em x x c u

Z e x x c u c u E A c m

− − +

− − + +
=

− − +

− − + +

        (17) 

The final velocity can also be encapsulated in the final γ  factor and turns out 
to be  

( )

( ) ( )22 2 2 2 2 2 2 2
0 0 0 0

1 .
1

2 1

t
Acm

AEZcem t t E Z e t t A c m

γ

γ γ

=

− − + − +

  (18) 

The relativistic kinetic energy is  

( )2  1 ,kinE mc γ= −                         (19) 

and therefore  

( )

( ) ( )

2

22 2 2 2 2 2 2 2
0 0 0 0

1 1 .
1

2 1

kinE t mc
Acm

AEZcem t t Z e E t t A c mγ γ

 
 
 

= − 
 
  − − + − + 

(20) 

The above equation are based on the velocity as a function of time and position 
but in the forthcoming applications to the CRs we will deal with the Lorentz factor 
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γ  and energy CRE  expressed in eV. Table 1 presents some useful conversions 
and their inversions. 

 
Table 1. Conversions and their inverses. 

u
c

β =  u cβ=  

2

2

1

1 u
c

γ =
−

 2 1c
u

γ
γ
−

=  

0 2
0
2

1

1 u
c

γ =

−

 2
0

0
0

1c
u

γ
γ
−

=  

( )1.06578 GeV 1kinEγ = +  ( )GeV 0.938272 0.938272kinE γ= −  

 
An example is given in Figure 1, which presents the increase in the velocity as 

a function of time with a constant electric field, parameters as in Table 2. 
 

 
Figure 1. β  as function of time with parameters in Table 2. 

 
Table 2. Adopted parameters. 

Name Value Units 

speed of light 299792458c =  m s−1 

proton mass 271.67262192595 10m −= ×  kg 

elementary charge 191.602176634 10e −= ×  C 
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Continued 

astronomical unit 111.495978707 10AU = ×  m 

solar radius 8
    6.957 10R = ×


 m 

Electric field 31 10E −= ×  Vm−1 

starting point 0 1x =  R


 

starting velocity 0 0.416β =  number 

mass number 1A =  number 

charge number 1Z =  number 

 
An energy equivalent in GeV of the above figure is displayed in Figure 2; the 

adopted conversion is given in Table 1. 
 

 
Figure 2. Energy, kinE , as function of time with parameters in Table 2. 

 
The position, expressed in au, as a function of time is shown in Figure 3. 
 

 
Figure 3. Distance in au as function of time with parameters in Table 2. 
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3. The Simulation 

We now simulate the evolution of the spectrum of CRs in the framework of two 
probability distributions. The first distribution is the Maxwell Jüttner distribution, 
which extends the Maxwell-Boltzmann distribution to the relativistic regime. The 
second distribution is the gamma-Pareto II, which presents a thermal regime at 
low energies of the CRs and a power law behaviour at high energies. 

3.1. The Maxwell Jüttner Distribution 

The PDF for the Maxwell Jüttner (MJ) distribution is  

( )
2

2

  1 e
; ,

1MJf
K

γ

γ γ
γ

−
Θ−

Θ =
 Θ  Θ 

                      (21) 

where 2 
MBkT

mc
Θ = , m  is the mass of the gas molecules, k  is the Boltzmann  

constant, MBT  is the usual thermodynamic temperature and ( )2K x  is the Bes-
sel function of second kind, see [17]-[20]. Its average value is  

( )

1
2 2,1

1,3 2
3 2, 1 2, 2

2

12
4

1

G

K
µ

− −

 
− Θ   Θ Θ =

 
 Θ 

                    (22) 

and its variance is 

( ) ( ) ( )

( ) ( ) ( )

12 5 1 2,1 2
1 1,32 5 2, 1 2, 2

2
2

21 12,1 2 1 2,1 2
1,3 0 1,33 2, 1 2,2 5 2, 1 2,2

1 4 2 1 4
1

1 4 1 4 .

K G

K

G K G

σ − −

− −

− − −

− −

 Θ = − Θ Θ Θ Θ   Θ   Θ  

 + Θ Θ+ Θ Θ 





    (23) 

The mode can be found by solving the following cubic equation 

( ) 3 2d ; 2 0.
d MJf γ γ γ γ
γ

Θ ∝ − + Θ + −Θ =                  (24) 

The real solution is 

( )

3 3 4 2

2
33 4 2

3 3 4 2 2

1

6 36 64 12 96 39 12

36 64 12 96 39 12

4 36 64 12 96 39 12 16 12 .

mode =
− Θ+ Θ + − Θ − Θ −

× − Θ+ Θ + − Θ − Θ −


+ Θ − Θ+ Θ + − Θ − Θ − + Θ +











      (25) 

The above formula allows deriving the parameter Θ  when the position of the 
mode mγ  is given 
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( )2

2

1
.

2 1
m m

m

γ γ

γ

−
Θ =

−
                           (26) 

More details on the MJ distribution can be found in [21]. An application can be 
found in the distribution of the hydrogen (H) as observed by PAMELA [22] in 
the range [0.2,1.2] GeV for the period [2006-07-07, 2007-12-31], see Figure 4 
[22]. A typical example of the MJ distribution applied to the CRs is presented in 
Figure 5. 

 

 
Figure 4. Energy Spectrum versus kinetic energy in GeV as given by PAMELA during sev-
enteen months of observations. 

 

 
Figure 5. Spectrum of CRs versus the Lorentz factor, γ , as given by PAMELA [22] during 
seventeen months of observations (green crosses) and the theoretical fit with the M-J dis-
tribution (red line) when 0.45Θ = ; other parameters as in Table 2. 
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We are now ready to display the evolution of the MJ distribution adopting the 
following rules: 

1) We select an initial 0γ , the Lorentz factor. 
2) We convert it in an initial velocity, 0u , according to Table 1. 
3) We evaluate the final velocity, u , after a given time ( t ). according to Equa-

tion (14). 
4.) We convert the final velocity in the final Lorentz factor, γ , according to 

Table 1. 
5) We restart from point 1 with a bigger value of 0γ . 
6) The simulation ends when a significant number of 0γ  belonging to the MJ 

distribution have been processed.  
As an example Figure 6 shows the overall behaviour of the initial spectrum in 

0γ , the final spectrum in γ  and that observed for PAMELA CRs as a function 
of γ  rather than energy. 

 

 
Figure 6. Spectrum of CRs versus the Lorentz factor, γ , as given by PAMELA [22] during 
seventeen months of observations (blue empty stars), initial values of the Lorentz factor 
(red crosses) which follow an MJ distribution with 0.45Θ =  and values of the Lorentz 
factor after the acceleration (green crosses) with parameters as in Table 2. 

3.2. The Gamma-Pareto II Distribution 

The gamma-Pareto II PDF is  

( )
( )

( )

11 11 ln 1
; , , ,

c c
xx

f x c
c

α

α

θ θ
θα θ

α

−
− −  + + 

 =
Γ

              (27) 

which is defined for 0α > , 0c > , 0θ >  and 0x > , see formula (2.4) in Table 
1 of [23]. Its average value is  
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( ) ( )( ), , 1 1 ,c c αµ α θ θ −= − −                     (28) 

and the mode is at  

( )
( )1

1, , e 1 .
c

cMode c
α

α θ θ
−

+
 
 = −
 
 

                   (29) 

An application can be found in the distribution of the protons as observed by 
PAMELA [24] in the range [0.44,1009] GeV, see Figure 7. 

 

 
Figure 7. Energy Spectrum of protons versus kinetic energy in GeV as given by PAMELA 
[24]. 

 
Figure 8 presents the fit of the above distribution in energy of CRs with the 

gamma-Pareto II PDF. We now follow the evolution of the gamma-Pareto II dis-
tribution adopting the following rules. 

1) We select an initial kinE  expressed in GeV. 
2) We convert it in 0γ , the Lorentz factor. 
3) We convert it in an initial velocity, 0u , according to Table 1. 
4) We evaluate the final velocity, u , after a given time ( t ). according to Equa-

tion (14). 
5) We convert the final velocity in the final kinE , according to Table 1. 
6) We restart from point 1 with a bigger value of kinE .  
7) The simulation ends when a significant number of kinE  belonging to the 

gamma-Pareto II distribution have been processed. 
As an example, Figure 9 presents the overall behaviour of the initial spectrum 

in kinE , the final spectrum in kinE  and the observed one for PAMELA’s CRs as 
functions of kinE . 
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Figure 8. Energy Spectrum of protons versus kinetic energy in GeV as given by PAMELA 
[24]. The green crosses represent the data of CR and the full red line represents the fit with 
the gamma-Pareto II PDF when 1.469θ = , 0.517c =  and 1.436α = . 

 

 
Figure 9. Energy Spectrum of protons versus kinetic energy in GeV as given by PAMELA 
(blue empty stars), initial values of the kinetic energy (red crosses) which follow a gamma-
Pareto II distribution with parameters as in Figure 8 and final values of the kinetic energy 
after the acceleration (green crosses) with parameters as in Table 2. 

 
A careful analysis of the above Figure reveals that the amount in the accelera-

tion of energy decreases with increasing energy. The diminution of the accelerat-
ing effect as function of the increasing energy can be modeled introducing the 
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percentage error, δ ,  

( ) ( ),0

,0

GeV GeV
100.kin kin

kin

E E
E

δ
−

= ×                 (30) 

Figure 10 displays such diminution for the acceleration effect. 
 

 
Figure 10. Behaviour of the accelerating effect as function of the energy expressed in GeV. 

4. Solar Flares 

This section reviews the lognormal distribution, the observations of the solar 
flares, the electric field and some of the mechanism of acceleration for CRs. 

4.1. The Lognormal Distribution 

Let X  be a random variable taking values x  in the interval [ ]0,∞ ; the first 
definition for the lognormal PDF, following [25] or formula (14.2) in [26], is  

( )
( ) 2

2

ln1: , exp .
22

x m
f x m

x
σ

σσ

 −  =
π

               (31) 

Its average value, ( ),E m σ , is  

( )
2

2, e ,E m m
σ

σ =                         (32) 

and its distribution function, ( ): ,F x m σ ,  

( )

( ) ( )( )2 ln ln
erf

21: , .
2 2

m x

F x m
σ

σ

 −
 
 
 = −              (33) 
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The second definition is  

( ) ( )2

2

ln1: , exp ,
22
x

f x
x

µ
µ σ

σσ

− −
=

π
               (34) 

where expm µ=  and ln mµ = . The average value, ( ),E µ σ  is  

( )
2

2, e ,E
σ µ

µ σ
+

=                         (35) 

and the distribution function, ( ): ,F x µ σ ,  

( )

( )( )2 ln
erf

21: , .
2 2

x

F x

µ
σ

µ σ

 −
 
 
 = +                (36) 

4.2. The Solar Flares 

A solar flare can defined as a sudden and dramatic release of a huge burst of solar 
energy through a break in the Sun’s chromosphere in the region of a sunspot. A 
classification can be made in terms of the peak flux at 1-8 Å, see Table 3. 

 
Table 3. Classification of solar flares, adapted from Table 1 in [27]. 

level XF  (Watts × m-2) 

A )8 710 ,10− −  

B )7 610 ,10− −  

C )6 510 ,10− −  

M )5 410 ,10− −  

X )410 ,− ∞  

 
The duration in time of a solar flare can be deduced from the online version of 

the Fermi satellite measurements in the X γ−  region available at  
https://hesperia.gsfc.nasa.gov/fermi_solar/. Table 4 gives the sample’s parameters 
for the duration. Table 5 gives the parameters of the lognormal’s fit as given by 
Equation (31) and Figure 11 displays such a fit. 

 
Table 4. Parameters of the sample representing the duration of the X-ray solar flares. 

Symbol Meaning Value (s) 

mint  minimum time 1 

maxt  maximum time 4522 

t  sample’s average 602.68 

m sample’s median 315 

std sample’s standard deviation 722 

https://doi.org/10.4236/ijaa.2026.162005
https://hesperia.gsfc.nasa.gov/fermi_solar/


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2026.162005 74 International Journal of Astronomy and Astrophysics 
 

Table 5. Parameters of the lognormal distribution of the duration for the X-ray solar flares. 

Symbol Meaning Value (s) 

t  theoretical average 624.38 

m theoretical median 326.14 

σ  shape parameter 1.139 

std theoretical standard deviation 1019 

 

 
Figure 11. Duration of the the solar X-ray as measured by the Fermi satellite. 

4.3. The Electric Field 

 
Figure 12. β  as function of the electric field when x R=



 and 0 100x R=


, other pa-
rameters as in Table 2. 
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We now briefly review the measurements of the electric field in solar flares. 
Using the Stark effect exhibited by neutral helium atoms, electric fields with 
strengths as high as 7 × 104 V m−1 were observed [28]. Another measurement of 
the electric field was done by [29] where field strengths ~50 kV m−1 for a limb flare 
and ~130 kV m−1 for a white-light flare were found. In the near-Sun environment 
a deficit in the sun-ward supra-thermal population of electrons emerges, which is 
explained by an electric field of ≈ 1 nV/m [30]. The dependence of v cβ =  on 
the value of the electric field, see Equation 17 with spatial parameters typical of 
the solar flares is shown in Figure 12. 

4.4. Acceleration of Cosmic Rays in Solar Flares 

The first mechanism of acceleration for cosmic rays in solar flares was presented 
by Parker in 1957 [31]. He showed that a 500-gauss field produces a fluid motion 
of sufficient velocity to accelerate ions from thermal to relativistic energies by 
Fermi’s mechanism in about two minutes. Using the guiding centre approxima-
tion, the equation for the acceleration of charged particles is derived from their 
motion in a magnetic field varying with space and time [32]. The mechanism of 
collective ion acceleration provides the proton acceleration up to GeV energies in 
times of 10−1 - 10−2 s [33]. A non-zero turbulence helicity has a strong effect on the 
particle acceleration because the helical component of the turbulence induces a 
mean regular large-scale electric field capable of directly accelerating the charged 
particles in addition to the commonly considered stochastic turbulent electric 
field [34]. The highest energies and intensities can be produced in progressive 
events where shock waves are driven from the Sun by fast and wide coronal mass 
ejections [35]. 

5. Conclusions 
5.1. The Equation of Motion 

We analysed the one-dimensional relativistic motion in the presence of a constant 
force in the framework of special relativity. Analytical solutions for the accelera-
tion, velocity and the position as a function of time were derived, see Equations 
(9)-(11). The derivation of the inverse relation between time and position, see 
Equation (12), allows deriving the velocity as a function of the position when the 
force due to the electric field is inserted, see Equation (17). The results of the ac-
celeration can also be parametrized in order to have the final kinetic energy ex-
pressed as a function of time, see Equation (20). The above discussion answers 
Question 1 in the Introduction. 

5.2. The Simulation 

With the parameters given in Table 2, the acceleration process by the electric field 
is working properly in the range 0.1 GeV 10 GeVkinE< <  see Figure 6 and Fig-
ure 9 for the modification introduced on a pre-existing MJ distribution or a 
gamma-Pareto II distribution. This effect is well explained when the accelerating 
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effect is expressed in percent as a function of the energy, see Figure 10. The above 
effect explains the absence of the solar modulation of the proton spectra for ener-
gies greater than 10 GeV, see figure 25 in [36]. Therefore, the statement that the 
acceleration in the solar corona affects only the low energy part of the energy spec-
trum of the CRs, as suggested in Questions 2 and 3 in the Introduction, is justified.  

5.3. The Limitations of the Model 

The exploration of the electric field in the solar corona, see Section 4.3, has delin-
eated two different regions: one characterized by low values of the electric field, ≈ 
nV/m, which is referred to as the solar corona, with spherical symmetry, and a 
second one characterized by high values of the electric field, ≈104 V/m, with a 
cylindrical symmetry. An increase of the observations of the physical parameters 
such as the density of particles, the temperature, the electric and magnetic fields 
will allow clarifying the acceleration of CRs in the solar corona as well as in solar 
flares. 
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