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Abstract

The release of the VAST catalog for the effective radius of cosmic voids has
produced a large quantity of data that ask to be analysed with old and new
probability distributions. We tested two families of distributions: the lognor-
mal and the Kiang function. In more detail, we have analysed the standard
lognormal distribution, the truncated lognormal distribution, the exponenti-
ated lognormal distribution and the exponentiated lognormal distribution
with truncation. About the Kiang function, we easily derived the distribution
in radius. We introduced the effect of truncation for the general Kiang func-
tion and for the distribution in radius. All the new and old distributions were
compared with the six different catalogs of cosmic voids for VAST.

Keywords

Methods: Statistical, Cosmology: Observations, (Cosmology): Large-Scale
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1. Introduction

The VAST void catalog for SDSS DR7, see [1], computes the effective radii and
centres of cosmic voids for two cosmologies with three different methods. This
catalog has been used to explain the gamma-ray dark matter emission from halos
of galaxies, see [2], and the calibration of the background universe, see [3] [4]. A
useful quantity to model the cosmic voids is the spherically averaged stacked den-

sity profile

(1)
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where 7 is the radius of the void, n(r) is the spherical density of galaxies at r

n(_r)

n

and 7 is the average density of galaxies of the catalog, see [1]. The ratio

is zeroat #=0 and reaches the maximum value of 1 at 7= 20 Mpc . The avail-
ability of reliable data for the cosmic voids requires a precise analysis of the data.
There are, roughly speaking, two methods of fitting data. One method adopts a
generic probability distribution ad hoc, e.g. the lognormal distribution. The other
one explores the probability distributions which arise from the particular problem
analysed. In the case of cosmic voids, a useful tool is the distribution connected
with the Voronoi diagrams, ie. the Kiang distribution [5], which dates back to
1961. Two targets of the research on cosmic voids are the determination of the
radius of the maximum sphere, which is = 50 Mpc, and the evaluation of the radius
of the minimum sphere which can be detected, which is = 8 Mpc. The maximum
radius is connected with the physical process which produces the voids, but the
minimum radius is connected with the observational techniques. The presence of
the two boundaries in the distribution of radii requires the introduction of the
truncated PDFs.

In order to explore the two above distributions, Section 2 reviews the lognormal
distribution and the other three modified lognormal distributions. Section 3 ap-
plies the lognormal family to the VAST catalog of voids. Section 4 reviews the
Kiang function, its particularization to the radius of the Voronoi diagrams in 3D

and introduces the truncation for both the distributions.

2. The Lognormal Family

In the following, PDF means probability density function and DF distribution
function. We now review the lognormal distribution, the truncated lognormal dis-
tribution, the exponentiated lognormal distribution and the exponentiated lognor-

mal distribution with truncation.

2.1. The Lognormal Distribution

Let X be a random variable taking values x in the interval [0,0]; the first

definition for the Jognormal PDF, following [6] or formula (14.2) in [7], is

1 —[ln(x/m)]2

f(x:m,0)= Py exp o7 . (2)

The average value, E (m,O') , 18

(¥}

(o8

E(m,a):meT, 3)
and the distribution function, F(x:m,o), is given by
(V2 (1n<m>—1n<x>>J

F 1 [ 20
(x.m,O')—E— >

4)

DOI: 10.4236/ijaa.2025.154023 373 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2025.154023

L. Zaninetti

The second definition is

. 1 ~(Inx—u)’
f(x:y,a):xo_\/gexp (nzy;zy) , (5)

where m=expu and pg=Inm.

2.2. The Truncated Lognormal Distribution

Let X be arandom variable defined in [xl, ] the truncated lognormal PDF
(f;) is based on the first definition of the lognormal as given by Equation (2)

Ir (x:m,a,x,,xu)
\567?[‘“(7)) ©)

ECC )

where m is the scale parameter, o is the shape parameter, x, denotes the

minimal value, and x, denotes the maximal value. The introduction of the fol-

lowing coefficients allows a compact notation:

:l«/z(—az +1n(x,)—ln(m))

)

aziﬁ(amn?m>—ln<xu>>,
Széﬁ(ln(x;m(m)),
" 1ﬁ(—1n<xj)+ln<m>),

12 (—202+1:<x,)—1n(m)),

.- ff 2(- 202+hf<xu>—1n(m)),

In this compact notation, the PDF is

| ) _\/Ee’ig [ln[;]jz
Srlxem e n ) = et (a)—ert (@)

)z—ef[zfl (m)J+erf(a3)

erf (a;)—erf (ay) ’

) )

the DF is

8)

Fy(x:m,0,x,x,
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and the mean, E;(m,0,x,,x, ), is

I 2

e’ m(erf (a,)+erf (a,))

erf (a, ) +erf (a,) ©)

E, (m,O',x,,xu)z

More details can be found in [8].

2.3. The Exponentiated Lognormal Distribution

The modified lognormal distribution with a power-law (MLP) defined in the in-
terval [0,00] has the PDF

\/5(0(0'— ln(x)—yj
x erfe g o

2

f(x:a,0,u)= — , (10)

1
—a“c -ou

2e ?

where erfc(x) is the complementary error function
2 0 2
erfc(x)x=—~=| e dt=1-erf(x), (11)
(-] ()

see the handbook [9]. Its DF is
\/5 aaz —In(x)+ lozzz72+oz
erfc[ ( ( ) ,u) x %e? g
20
2

erfc[ﬁ(ln(x)_'u)]

F(x:a,0,u)=—
(12)

20
+1- ,
2

see formula (16) in [10]. The first moment, or mean, E(a,O',,u) , is defined for

a>1:

E(a,a,,u)z , (13)

see formula (19) in [10].

The variance, Var(a,a,y) ,is defined for a>2:

2
2,
a’le? .
anJ +2u

+
(a1  a-2

Var(a,o,u)=- , (14)

see formula (21) in [10]. The mode should be evaluated numerically. The random
generation of the variate X ofthe truncated MLP is accomplished by solving the

following nonlinear equation in x:

F(x:a,0,1)=R, (15)

where R is the unit rectangular variate. More details can be found in [11].
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2.4. Truncated MLP
The truncated version of the MLP defined in the interval [x1 ,xu] has the follow-

ing PDF:
ﬁ(aa—h‘(")_”]

o o
x erfe

2

fr(xia,0,0,%,x,)=

y , (16)

y zixleiazazwerf[ﬁ (ln(xu)—ﬂ)]

where

20

_ e;"z"z”’”erf{ﬁ(ln(xl ) _'“)]

20

~ {\/E(aoj—ln(x,)+,u)J (17)
—x; “erf
20

+x‘”‘e1rf[\/§(0w-2 _ln(xu)+ﬂ)]+x'“ —x'“}.

20 !
The DF is

V2(ao® -1 +
FT(x:a,O',,u,xl,xu)=ﬁxl_xl—aerf[ ((10' n(x) ﬂ)

20

.\ e;azgzaﬂerf(\/z(ln (x)- u)}

20

(18)
_e;azazayerf{\/z(ln(xl ) - /,I)J

20

+x"erf[\/§(0m-2 —1n(x)+y)}_xa +x,a}.

20

The first moment, or average value, is

E(x:a,0,u,x,x,)

_ 1 y e—%azo'z—a;ﬁéazﬂzerf \/5(02 —ln(x,)+y)
A(-1+a)

20
—lazaz—a +la'2+ 7 \/E : _1 +
—e? " ‘erf{ (O- n(x,) #)] (19)
20
V2 (ac? -1 +
ISLES o
20
2(ac? -1 +
+x;"’erf[ (aO' 2n(xu) ,u) +x7 =X,
o
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More details can be found in [11].

3. Astrophysical Applications

This section reviews the adopted statistics and the various catalogs for cosmic
voids. The application of four types of lognormal to the last and more complete

catalog of voids is reported.

3.1. Adopted Statistics

The Kolmogorov-Smirnov test (K-S), see [12]-[14], does not require the data to
be binned. The K-S test, as implemented by the FORTRAN subroutine KSONE in
[15], given ordered statistics x;, i=1,---,N, where N defines the number of
elements in the sample, finds the maximum distance, D , between the theoretical
and the astronomical DFs. The significance is
Ous(4)= Z[i(—l)“ e J (20)
j=1

and the significance level to have an observed D is

Pys = Probability(D>D,, . ..) = Oks (QKS (\/ﬁ +0.12+ ﬂj D], (21)

JN

see formulas 14.3.5 and 14.3.9 in [15]. If P, >0.1, then the goodness of the fit is
believable.

3.2. Catalogs of Voids

The first catalog of cosmic voids can be found in [16], where the effective radius

of the voids, R, has been derived to be

R, =1823h"'Mpc Pam et al. 2012. (22)

The second catalog is that with radii up to redshift 0.124™' Mpc in (SDSS-
DR7), see [17],

R, =11.85h"'Mpc Varela et al. 2012. (23)

The third catalog is that of the Baryon Oscillation Spectroscopic Survey, see
(18],

R, =57.53h" Mpc Mao et al. 2017. (24)

The fourth catalog is that of the VAST void catalog for SDSS DR7 which uses

three algorithms, VoidFinder, V*/VIDE and V*/REVOLVER in the framework of

two cosmologies, Planck2018 and WMAPS5, see [1]. The data with Cartesian co-

ordinates and effective radius R, in Mpc are available at the following address

https://zenodo.org/records/11043278. A graphical display of the voids is reported
in Figure 1.

3.3. Statistics of the Voids

The statistics for the lognormal distribution of the VAST catalog are given in Ta-
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ble 1, for the truncated lognormal distribution in Table 2, for the MLP distribu-
tion in Table 3 and for the truncated MLP distribution in Table 4.

Figure 1. 3D display through spheres of the 1184 voids de-
rived with the VoidFinder method in WMAP5 cosmology.

Table 1. Numerical values of D , the maximum distance between theoretical and observed
DFs, and PKS , significance level, in the K-S test for the lognormal distribution, see Equa-

tion (5), for different cosmologies and methods.

Cosmology Method Parameters D B

WMAP5 VoidFinder, N =1184 0=0.177, p=2765 0.0652 7.84 %107
Planck 2018 V2/VIDE, N =531 0=0.336, x=2.841 0.0669 0.0163
Planck 2018 V#REVOLVER, N =518 0=0229, 4=2988 0.0677 0.0162

Table 2. Numerical values of D , the maximum distance between theoretical and observed
DFs, and Py, significance level, in the K-S test for the truncated lognormal distribution,

see Equation (7), for different cosmologies and methods.

Cosmology Method Parameters D Pyg

WMAP5 VoidFinder, N =1184 c=0.1875, w=2.755 0.0551 1.05x 107
Planck 2018 V/VIDE, N =531 c=044, x=2701 0.0193 0.988

Planck 2018 V#/REVOLVER, N =518 o0=0.335, x4=2.833 0.021 0.972

Table 3. Numerical values of D , the maximum distance between theoretical and observed
DFs, and Py, significance level, in the K-S test for the exponentiated lognormal distribu-

tion, see Equation (10), for different cosmologies and methods.

Cosmology Method Parameters D P
VoidFinder, 0=0.0982, u=26,
WMAP5 0.0416 3.16 x 1072
N=1184 a=6.32
V?/VIDE, =031, u=273,
Planck 2018 / 7 # 7 0.063 2.78 x 1072
N =531 a=923

V2 /REVOLVER, o =0214, 4=291,
Planck 2018 0.0665 1.94 x 102
N =518 a=13.96
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Table 4. Numerical values of D , the maximum distance between theoretical and observed
DFs, and Py, significance level, in the K-S test for the exponentiated and truncated

lognormal distribution or truncated MLP see Equation (16), for different cosmologies and

methods.
Cosmology Method Parameters D P
VoidFinder, 0=0.0931, ©4=259,
WMAP5 0.0363 8.57 x 1072
N=1184 a=5.61
V2/VIDE, 0=0387, u=256,
Planck 2018 0.0211 0.969
N =531 a=5.94
V2/REVOLVER, 00=0284, u=2.74,
Planck 2018 0.022 0.961
N=518 a=172

We now report the best results for the three cases here analysed as empirical
and theoretical PDFs: Figure 2 reports the WMAPS5 and VoidFinder data in the
case of the truncated MLP distribution, Figure 3 reports the Planck 2018 and
V*/VIDE data in the case of the truncated lognormal distribution and Figure 4
reports the Planck 2018 and V2/REVOLVER data in the case of the truncated

lognormal distribution.

2

o N
.0
o2
c
5}
S
o
O~} 4
| .
- I"q
~—
o
—
os [ \\
o
2
ol
1 1.4 15

Log10 (m/M®)

Figure 2. Logarithmic histogram of distribution of voids as given by WMAPS5 and Void-
Finder data (red) with a superposition of the truncated MLP distribution when the number
of bins, m, is 30 (green line). Parameters as in Table 4. Vertical and horizontal axes have
logarithmic scales.

05

Log1Q (frequencies)

=

Tog10 (M/MO)

Figure 3. Logarithmic histogram of distribution of voids as given by Planck 2018 and
V*/VIDE data (red) with a superposition of the truncated lognormal distribution when the
number of bins, m, is 30 (green line). Parameters as in Table 2. Vertical and horizontal
axes have logarithmic scales.
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1 1.5
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1.6

Log10 (m/Me) "
Figure 4. Logarithmic histogram of distribution of voids as given by Planck 2018 and
VZ/REVOLVER data (red) with a superposition of the truncated lognormal distribution
when the number of bins, m, is 30 (green line). Parameters as in Table 2. Vertical and

horizontal axes have logarithmic scales.

4.Voronoi Diagrams

This section first deals with the generic Kiang distribution and then particularizes
it to the distribution in radius. The effect of truncation on both of these two dis-

tributions is reported.

4.1. Generic Distribution

Let X bearandom variable taking values x in the interval [0, 00] ; the gamma

PDF is

i
f(x;b,c)zbbr—(c) (25)
where
I(z)= j: e dt, (26)

is the gamma function, »>0 is the scale parameter and ¢ >0 is the shape pa-

rameter, see formula (17.23) in [7]. Its expected value is

,u(x;b,c):bc. (27)

We now re-scale the above PDF in such a way that the expected value is 1 and

the gamma variate, H (x;c) , ([5]) is obtained

H(x;c)= ﬁ(cx)cfl exp(—cx), (28)

where 0<x <o, ¢>0.The DF of the Kiang function is
I'(c,cx)

F(x;c)= 1_—F(c) , (29)

where I'(a,z) is the incomplete Gamma function defined as

I(a,z)= fw “ede, (30)
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see [9]. The Kiang PDF has a mean, u, of

the variance is
1
ol=—, (32)
c
the skewness is
2
skewness = —, (33)

Je

the kurtosis is

kurtosis = 219 (34)
c
and the mode is at
mode = C—_l (35)
c

An approximate expression for the median can be obtained by an order 3 Tay-

lor series for the DF about the mean

—2ce™“ + \/(cc )2 (e’c )2 —2e T (c, c) +e‘cT (c)

Cc  —C

c¢e

median = — (36)

The percent error of the above median is 0.013% at c=2.

In the case of a 1D Poissonian Voronoi tessellation (PVT), ¢=2 is an exact
analytical result, but ¢ is supposed to be 4 or 6 for 2D or 3D PVTs, respectively,
the so called Kiang conjecture [5]. The value ¢ =6 in 3D was successively refined
to 5.5 due to a change in the generator of random numbers [19], or to 5.78 as
deduced by [20]. A first methodto derive the numerical value of ¢ is to equalize
the variance of the sample, var, with the theoretical variance

var=o’. (37)

A second method to derive the numerical value of ¢ is the maximum likeli-
hood (MLE) method, which maximizes

A=ncln(c)-nln (F(c))+2(ln(xj)c—cxj —ln(xj)), (38)

Jj=1

where 7 is the number of elements in the sample x,. The value of ¢ is found

solving the following non-linear equation

a—A:nln(c)+n—n‘{’(c)+zn:(ln(xj)—xj)ZO, (39)

oc =
where W(z) is the digamma or Psi function defined as
¥Y(z)=I"(z)/T(z2), (40)
where Rz >0, see [9].

Figure 5 reports a typical evaluation of the volume distribution of the Voronoi

diagrams in the presence of Poissonian seeds.
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2000

[}

1 2 3
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Figure 5. Histogram of volume distribution for the Voronoi diagrams generated by
N =1122 . Poissonian seeds (blue line) with a superposition of a red dashed line represent-
ing the Kiang PDF as given by Equation (28) when ¢=5.378 as deduced with the first

method. The two parameters of the K-S testare D=9.361x10" and P, =1.2x107.
4.2. Radius Distribution

We approximate the volume of each cell of the Voronoi diagrams, v, with

4

v=—nR>. 41
3 (41)
The Kiang function in volumes is
-l ey
clev) e
H(v;c)=L, (42)

and that in radius, R,

3 el 4cnR?
4c7;R J e 3 R

I(c)
where ¢ is the variable to be found from the data of the volumes. We now intro-
duce the scale b : the scaled PDF is

H(R;c):4c(

, (43)

3 el _4cT[R3
4c(4c’3‘R ] e 3 nR’

R;b,c)= , (44)

and the scaled DF is

_denk’ 3
sy (@) pee o or{en t)
F(R;b,c)=1+ 45
( ) cF(c) (45)
The above distribution has a mean
y(b,c)zbl"(c+%)6l/3, (46)
variance
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o (bc) = b’ (F(c+%)F(c)—l“[c+%j2j6z/3, )

skewness
2 1 1y
skewness:r(c)3c—3r(c+§jr(c+§jr(c)+2r(c+§j , (48)
and kurtosis
kurtosis = ﬂ, (49)
D
where
1y 4
N=3Tc+— -2 c+§ I'lc+— F(C)F c+§
\ e | (50)
+F(c+—j +[c+—j (C__JF(C)S}
3 9
and

o=([ertrier(e+2)or(es) . =

An approximate expression for the median can be obtained by an order two

Taylor series for the DF about the mean:

. 1 1 3e+l 1 r(c)’
median =——~——————x| =bI'| c+—|| cI'(¢c ec+— e
12111/304/31"(0) ( 3j ( ) ( 3}

(52)

1 ’ 1-[6+*)3
C+§ 33 1 =3¢
—o| et l,———2 |e " F(c)3cl"(c+§j —6c+26" |.

One way to deduce the parameters associates » with the maximum of the
sample; ¢ is found by solving the non-linear Equation (37) with the theoretical
variance as given by Equation (47). Another way, the MLE method, maximizes

A =2ncIn(2)—ncn(3)+ncin(n)-3ncln(b)+ncln(c)+nln(3)
n demy)
—nIn(T(c))+Y | 3cln(x,)-In(x, |-—==L (53)
(F)+ 5 et 1l -5

=0.

The values of b and ¢ are found by solving the two following non-linear

c| =3nb’ +4n y x

= = 0, 54
ob b* (54

equations:

DOI: 10.4236/ijaa.2025.154023 383 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2025.154023

L. Zaninetti

and
OA
- 2nIn(2)-nIn(3)+nin(z)-3nln(b)+nln(c)+n-n¥(c)
Z”:(erj —9ln(xj)b3)
=l 55
e (55)
=0.
The statistics for the Kiang function in radius of the VAST catalog are given in
Table 5.

Table 5. Numerical values of D , the maximum distance between theoretical and observed
DFs, P, significance level, in the K-S test for the Kiang distribution in radius, see Equa-
tion (44), and percent error for the approximated median, see Equation (52), for different

cosmologies and methods.

%
Cosmology Method Parameters D P ? error
median
VoidFinder, h=2699 M
WMAP5 ordrinder P 0103 173x 10 4.37%
N=1184 c=3.03
h=3356 M
Planck 2018 V2/VIDE, N =531 00 PC 0120 341x10%  11.57%
Cc=V.
VYREVOLVER,  h=34.87 Mpc i
Planck 2018 0019 63x10°  587%

N =518 c=2.08

As a visual example, Figure 6 reports the Planck 2018 and V?/REVOLVER data

in the case of the Kiang distribution in radius.

Log10Q_(frequencies)

0
T

1.6

L5g10 (m/M®)"
Figure 6. Logarithmic histogram of distribution of voids as given by Planck 2018 and

V2/REVOLVER data (red) with a superposition of the Kiang distribution in radius when
the number of bins, m, is 30 (green line). Parameters as in Table 5. Vertical and horizontal

axes have logarithmic scales.

4.3. The Truncated Generic Distribution

The truncated gamma variate H,(x;c,x,,x,) is

c (cx)ﬁl e

—F(c,cxu)—i-l"(c, cx,) ’ (56)

Hr(x;c,x,,xu):
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where x, <x<x,, ¢>0.
The truncated distribution function is
e efx) —c‘xe +T (c+1ex)-T(c+1,ex))

c(l“(c,cxu)—l"(c,cx,)) 57)

F; (x;c,x,,xu)z

The truncated Kiang PDF has a mean, /i, , given by
—F(c+1,cx,)+l"(c+l,cxu)

C(F(c,cxu)—l“(c,cx,)) G8)

Hr (C’xl’xu):

and the rth moment about the origin is, ., is

(e x,x,)

c+r

—xe e+ x{ e e =T (14 c+r,ex) )+ T (1+c+r,cx,) (59)
(T(c.ex,) =T (cex,))(c+r) '

The variance is

u 1

2
[_ccecxuxc+l+ccecxlxc+l_F(C+2’Cxl)+r(c+2’cxu)]
2

C c

o =- 5 >
(F(c,cxu)—l"(c,cx,)) (c+1) (60)
F(3+c,cx1) . F(3+c,cxu)

2 2
C [

(F(c,cxu)—r(c,cx, ))(c +2)

One way to find ¢ uses Equation (37) in which & is given by the previous

_Cce—cx,, x§+2 c+2

+ce™x,

+

equation. Another way to find ¢ is the MLE method, which maximizes

A:ncm(C)+n]n[—l"(c,cxu)l+l“(c,cx,)j+§(ln(xi)c_CXi —ln(x,.)). (61)

In this case, E;—A has a complicated expression which is not reported. As an
C
application, Figure 7 reports a typical evaluation of the volume distribution of the

Voronoi diagrams in the presence of Poissonian seeds.

4000
T

2000
T

frequencies

1 2 3
normalized volumes

Figure 7. Histogram of volume distribution for the Voronoi diagrams generated by
N =1122. Poissonian seeds (blue line) with a superposition of a red dashed line represent-
ing the truncated Kiang PDF as given by Equation (56) when c= 5.385 as deduced with the
second method. The two parameters of the K-S testare D =9.296x10" and

P =1336x107.

DOI: 10.4236/ijaa.2025.154023 385 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2025.154023

L. Zaninetti

4.4. Radius Distribution with Truncation

We now introduce the truncation in the radius distribution with scale, see Equa-
tion (44). The truncated PDF is

3\l 4enR’
i

4 2(
fr (R;b,c,R,R,) = , (62)

k
where R, <R<R,, ¢>0, b>0 and

4enR] _4cnk}

k=43 n e b (R e 2 0 a3 nt e (R ) e v

3 3
+T| c+1, 407[131 b =T c+1, 407“5“ b
3b 3b

(63)

The distribution function is

F.(R;b,c,R,,R,)

_denR? 3
b |43 (RY) b e ¥ +F(c+1)—l"(c+1,40nRj

= i (64)

3 c,_cn—c 3\¢ 7.-3¢ ¢ _4cn§[3 467—[1313
B4 n3 e (R)) b7ce ¥ +T(c+1)-T|c+l,

k

and the average value

1 4  4enR}
b,e,R,R)=—— x| 3b°°T| — +c, L 6"
e ( k) (6¢k +2k) " { 3 3p’

3
4 4cnR; J 6 (65)

=3b*cr| = +c,——
37 3

| 4enR} 4enR}
—3c+3 ¢+l C+§ cq—c 353 3c+l 353 3c+l
—6b7 " 437 —e R +e R

The median can be found by numerically solving the equation
FT(R;b,c,R,,Ru):%. (66)

The statistics for the truncated Kiang function in radius of the VAST catalog
are given in Table 6, the high values of the probability do not mean overfitting or
limitations in the data-model fit. Figure 8 reports the Planck 2018 and V*/RE-
VOLVER data.

5. Conclusions

Lognormal family
We tested the progressive increase in the number of parameters for the lognor-

mal family here represented by the lognormal, the truncated lognormal, the mod-
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ified lognormal and the modified lognormal with truncation on the radius distri-
bution for cosmic voids as given by the VAST catalog. This increase produces

progressive best fits, see the last column in Tables 1-4.

Table 6. Numerical values of D , the maximum distance between theoretical and observed
DFs, P, significance level, in the K-S test for the truncated Kiang distribution in radius,
see Equation (62), and percent error for the numerical median, see Equation (66), for dif-
ferent cosmologies and methods.

%
Cosmology Method Parameters D P ’ er.ror
median
VoidFinder, b=2635 M
WMAP5 ordHinder PC 0083 1.08x107  3.025%
N=1184 ¢=233
V2/VIDE, b=2427 M
Planck 2018 / PC 0051 0121 427%
N =531 ¢=0.173
VYREVOLVER,  h=26.04 Mpc
Planck 2018 00192 0.99 0.623%
N =518 ¢=0361

50
T

40
T

20
T

frequencies
30

10
T

Figure 8. Histogram of distribution of voids as given by Planck 2018 and V*/REVOLVER
data (blue) with a superposition of the truncated Kiang distribution in radius when the
number of bins, m, is 30 (red dashed line). Parameters as in Table 6. Vertical and horizontal

axes have linear scales.

Kiang distribution

The introduction of a truncation in the Kiang distribution in radius increases
the reliability of the fits, see the last column in Table 5 and Table 6. We also de-
rived an approximation for the median of the Kiang distribution, see Equation
(36), and for the Kiang distribution in radius, see Equation (52). The results for
the VAST catalog of the median in terms of percent error are reported in the last
column of Table 6. The positive results for the Kiang distribution require a refine-
ment of the model, 7e. the stereological properties of the Voronoi diagrams.

Comparison of the two distributions

The modified lognormal distribution with truncation for the radius distribution
in cosmic voids produces better results for two of the three cases analysed. The

Kiang distribution in radius with truncation reports a surprising P, =0.99
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which is the highest level of significance for the VAST catalog, see Table 4 and
Table 6.

Maximum void

The Bodtes void, sometimes called ‘the great nothing’ or great void, was discov-

ered in 1987. Its radius is 62 Mpc [21], which is the maximum at the moment of

writing. In our framework, this can be identified with the upper radius, R, , of

the truncated Kiang distribution in radius, see formula 63.
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