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Abstract 
Assessment of the Hubble parameter as an indicator of the expansion rate of 
the universe holds a central position in the field of astronomy. From its initial 
estimate of about 500 km∙sec−1∙parsc−1, this value had been steadily amended 
as the observational tools became more accurate and precise. Despite this, a 
gap remains between the value of observations relating to local and nonlocal 
estimations of the Hubble parameter that gave rise to what became known as 
the Hubble tension. This tension is addressed here while dealing with space 
fabric as a cosmological fluid that undergoes transition. 
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1. Introduction 

The ΛCDM model which represents standard cosmology had a remarkable suc-
cess in matching the theoretical predictions of the 6-parameter model to the ob-
servational findings.  

However, there had been many recent challenges to the integrity of this model 
in the form of local estimations of the Hubble parameter [1] [2] [3] [4] which 
have statistically significant difference from those values estimated by non-local 
measurements, mainly through CMB observations [5] [6]. 

In addition, the presence of enhanced lensing amplitude whose value exceeds 
the theoretical prediction ( 1LA > ) [7] [8] is interpreted as an indication of a 
closed universe—in contradiction to the basic assumption of the ɅCDM model 
of a flat cosmology. 

Here we will try to address those two questions concerning the Hubble ten-
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sion and the curvature tension which were tackled previously [9] using degree of 
freedom approach, but this time the Friedmann equations would be employed. 

2. Hubble Parameter-Radius of the Universe (rue)  
Relationship 

The Hubble parameter is related to the universe radius via the scalar factor as 
follows 

( )ue ueor a t r=                          (1-2) 

where uer , ueor  denote the radius of the universe at any time (t) and at present 
time (to) 

( )dd
d d

ue
ueo

a tr
r

t t
=                         (2-2) 

( )

( )

( )

( )

( )

( )

d d d
d d d

ue
ueo

ueo ue

a t a t r t
r

t t tH
a t r a t r t

= = =                (3-2) 

3. Decelerating Pressure-Less Universe 

This analysis is based on a model for quanton fields [10], which are space and 
time varying, when interacting they generate inflationary and gravitational inte-
ractions of space fabric which are at origin of dark energy and dark matter. 

Here, the standard form of Friedmann equations will be tackled, while later on 
a slightly modified version will be introduced. Friedman acceleration equation is 
written as 

2

4 3
3

ue
m

ue

r G p
r c
′′ π  = − + 

 
                    (1-3) 

2: energy densitye

K
t

=                    (2-3) 

2
3

ue rur K t=                         (3-3) 
where mass density is defined as 

2

2
e

m c
=


                          (4-3) 

, ruK K : constants of proportionality [9]. For the case of pressure-less fluid 
this reduces to 

4
3

ue m

ue

r G
r
′′ π
= −


                      (5-3) 

Given that 
2
3

ue rur K t=                         (6-3) 
1

3d 2
d 3

ue
ue ru

r
r K t

t

−

′ = =                     (7-3) 

And 
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2 2m

k
c t

=                           (8-3) 

Substituting with this equivalent value for uer  

2 2

44
3 3
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ue ue ue

GkG
r r r

c t
ππ′′ = − = − 

                (9-3) 
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=                  (10-3) 

substituting in (8-3) with value of 2

1
t

 and integrating w.r.t uer  
3

2

4
d d

3
ru

ue ue ue ue
ue

Gk k
r r r r

rc
π  

′′ = −  
 

∫ ∫               (11-3) 
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′ π
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Given that 
3

3 2

1ru

ue

k
r t

=  

( )
( )

2
2

2

8
constant

3
ue m

ue

r G
H

r

′ π
= = +


              (16-3) 

The constant of integration equals 
2

2
ue

kc
r
− , which is the usual form of Fried-

mann equation. If the curvature term is small enough to be neglected in com-
parison to density term. 

2

2

8
3

ue m

ue

r G
r c

 
 
 

′ π
=


                     (17-3) 

which is the first Friedmann equation of Einstein DeSitter model for flat matter 
dominated universe this time in a closed cosmology model. 

Now the Hubble parameter 

( )

( )

1
3

2
3

d 2
2d 3
3

ue
ru

ue
ru

r t
K t

tH
r t t

K t

−

= = =                 (18-3) 

Back to the first Friedmann equation and from before  

2
2

8 4
3 9

mG
H

t
π

= =


                    (19-3) 

The closed inflationary model of the nature 
2
3

ue rur K t= =  of a four dimen-
sional energy density translates into 3 dimensional mass density of the type 
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3 .m
K
a

=  As for the three dimensional universe, the four degrees of freedom of 
expanding energy density are the result of adding three degrees of freedom for 
the qunanton volume in addition to one degree of freedom due to quanton split-
ting [9], and when considering length, its 

4
3

 degrees of freedom are the result 
of adding one degree of freedom of the quanton radius and (

1
3

) degrees of free-
dom as a result of quanton splitting. 

In this closed inflationary model, the energy density plays the pivotal role due 
to its relationship with the energy degree of freedom as this was the major para-
meter which controlled the inflationary process and contributed to the unifor-
mity and the homogeneity of space fabric as it is today.  

Despite being a closed model, it had a clear matter density term dominance 
over curvature term especially in the earliest part of inflationary history. 

The relative ratio between the density term (
8

3
mGπ 

) and the curvature term 
(

2

2
ue

c
r

) is as follows 

4
3

2 2 2
3
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2

2 2
4

2
8

8 83
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3

m

ruru
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G
GK GK KK t

RR
c c t c

c t
r

π
π π

= = ∗ = 



         (20-3) 

The inflationary process of the universe started with a dominant density term 
in comparison to the curvature term with a relative ratio RR of almost 1: 2 × 1022 
(at Planckt t= ). 

Gradually the curvature term assumed greater relative importance, and this 
gradual loss of dominance for the density term can be understood as energy  

density expansion is expressed as 2e

k
t

=   in other words energy density in-

versely proportional to true time squared ( 2t ), while the radius of curvature is  

put as 
2
3

ue rur k t=  as the curvature term (
2

2
ue

c
r

) is inversely proportional to (
4
3t ). 

The dominance of density term is manifested as a decelerating inflationary re-
gime which weakens as time progresses, and gradually both terms converge. In 
fact for very small values of (t) the curvature term can be disregarded and this 
closed inflationary model can be viewed as very similar to flat model. 

4. Transition Time and Afterwards 

The inflation of the universe was accompanied by a reduction of the energy den-
sity which led to a weakness of decelerating effect with regard to the rate of  

change of its radius (
d
d

uer
t

). The deceleration came to a halt as the rate 
d
d

uer
t

  

approached the value of (c). This happened as the space fabric whose constituent 
quantons must expand in a degree of freedom manner or in other words 

d
d

or c
t
= , 

where or  denotes the outer radius of the universe. 
From this point on, the universe radius is expressed in terms of the equivalent 

sphere whose radius equals uer  (which is also equal to Hubble radius), outer 
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and inner radii or , ir  of a shell. 
The transition from sphere to shell shaped universe is the result of a universe 

volume uV  being smaller than volume encompassed by the outer shell oV ,  

since the rate of generation of this volume 
d
d

uV
t

 is smaller than the rate of in-

crease of the outer sphere volume 
d
d

oV
t

 [9]. 

The quantons now forth behave as a quantum relativistic (photon like) gas 
(keeping in mind that photons were defined as relativistic quantons) [10] which 
obey the relationship  

3 e
Up
V

= =   [11] [12]                  (1-4) 

The Friedmann acceleration equation  

2

4 3
3

ue
m

ue

r p
r c
′′ π  = − + 

 
                       (2-4) 

During post transition era, the pressure has an accelerating effect which nulli-
fies the decelerating gravitational effect of density term. 

In other words 

2

3
m

p
c

= −                          (3-4) 

and consequently 

zeroue

ue

r
r
′′
= , or zerouer′′ =                   (4-4) 

which leads to constantuer c=′ = . 
Under such conditions the second Hubble equation becomes 

2
2

2
ue

cH
r

=                          (5-4) 

uer : the equivalent radius of the universe. 
At present an equivalent universe radius equals 1.36 × 1026 meters and can be 

expressed as 

ue Hr ct=                          (6-4) 

tH = Hubble time and this relationship is valid for t > tr. Figure 1 represents the  
 

 
Figure 1. Representation of Hubble parameter transition from pressure-less fluid of the 

nature 0
2
3

H
t

=  to the relativistic fluid of the nature 0
ue

cH
r

= . 
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transition from a decelerating fluid (the higher curve on the left) to a relativistic 
fluid (the lower curve on the left) where the transition time is the instance when 
the Hubble parameters of the two flow regimes were momentarily equal. 

5. Local Hubble Parameter 

Possible explanations for the inconsistency between the local and the universal 
values of the Hubble parameter, apart from systematic errors, range from early 
dark energy [13] [14], acoustic dark energy [15], modified gravitation [16], Dy-
namic dark energy [17] [18], and neutrino physics [19]. 

This model proposed an inflationary scenario that transits from sphere to 
shell shaped universe [9], under such a model the Hubble parameter can have a 
local value, while its universal value can still be assessed via non local phenome-
na like CMB. 

Previously, the values of the Hubble parameter were obtained in terms of the 
outer ( or ), inner radius ( ir ), and their rates of change with time, the same me-
thodology can be elaborated further to allow for the determination of the Hubble 
parameter at any radius ( xr ). 

Remembering that 

( ) ( )
2
3

o r ru rr t c t t K t= − +                      (1-5) 

d
d

or c
t
=                            (2-5) 

rt : transition time  

( )
3

3 3
4i o ur t r V= −
π

                      (3-5) 

2
2d d1 1

d 4 d
i u

o
io

r V
r

r c tr
= −

π


 
 

                    (4-5) 

d d d d
d d d d

i o i i

o o

r r r r
c

t t r r
= =                      (5-5) 

Now for the Hubble parameter an any point on the radius xr . 
Given that o x ir r r> >  and 

x i

o i

r r
x

r r
−

=
−

                         (6-5) 

( ) ( )( )1x o i i o o ir x r r r r x r r== − + − − −              (7-5) 

After rearrangement 

( )1x o ir xr x r= + −                      (8-5) 

When differentiating w.r.t time 

( )d d d
1

d d d
x o ir r r

x x
t t t
= + −                    (9-5) 
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And the local Hubble parameter 

( )
( )d d d1

d d d
x o i

x x

r r rx x
t t tH x

r r

+ −
= =                 (10-5) 

( )
( )

( )
( )
( )

d d d d1 1
d d d d

1

o i o i

o i i o i

r r r rx x x x
t t t tH x

x r r r xr x r

+ − + −
= =

− + + −
         (11-5) 

Figure 2 charts the variation of the Hubble parameter along the radial dis-
tance xr . 
 

 

Figure 2. Representation for the variation of the local value of the Hubble parameter 
along the radial direction xr , o x ir r r> > . 

6. Newtonian Interpretation of the Transition Time 

Based on the Newtonian concept of gravitation [20] [21] an illustration can be 
made about the physical meaning of each of Friedmann equations, given that the 
mass of the universe uM , the second Newton law is written as 

2

2 2

d
d

ue u

ue

r GM
t r

= −                         (1-6) 

After multiplying both terms by 
d
d

uer
t

 and integrating, the energy equation is 
obtained. 

2d1
2 d

ue u

ue

r GM
U

t r
  = + 
 

                    (2-6) 

where the density term represents the gravitational potential energy and the 
constant (U) represents the total energy of the universe, while the time deriva-
tive term represents the kinetic energy. 

For the case of the symmetrically expanding universe the mass can be ex-

pressed as 
34

3
e e

u
uM

rπ
=


 when dividing by 2

uer . 

In pre-transition era the kinetic energy equaled the gravitational decelerating 
potential, while in post transition universe total energy is represented by the ki-
netic energy as there was no decelerating potential. 

The kinetic energy of the universe is transformed from being equal to the gra-
vitational potential to being equal to the total energy in the universe in the post 
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transition era. 

7. The Dual Nature of Density Term 

The motivation behind the following analysis is to study how the cosmological 
Transition took place given that it must have been a smooth one between the 
two epochs. The condition of such smoothness is that both the density and the 
curvature terms must momentarily be equal at the instant of transition. Pre-
viously, it was shown that the density term had a relative dominance in magni-
tude over the curvature term. The curvature term approaches the density term 
but not at any point the universe’s inflationary history did both terms become 
equal. Under such conditions the cosmological transition took place under a 
modified gravitation. Here a distinction is made between the energy density spa-
tial expansion (whose pattern is uniform throughout the inflationary history of 
the universe), and the volumetric expansion which is altered at the transition in-
stance. Previously the universe radius was defined as 

2
3

ue rur k t=                           (1-7) 

where the degrees of freedom corresponding to ( uer ) are 
4
3uerDof =                           (2-7) 

This allows universe radius to be put in the form 

2
rueDof

ue rur k t=                          (3-7) 

Similarly for the case of spatial expansion which corresponds to the two di-
mensional expansion of the quanton fields and the spatial radius is represented 
by sr , the degrees of freedom corresponding to the spatial radius  

4 2
2sr

Dof = =                         (4-7) 

2
rsDof

s rs rsr k t k t= =                        (5-7) 

The value of rsk  equals the constant (c) as the spatial expansion corresponds 
a degree of freedom expansion of the quanton energy fields. 

The spatial expansion is based on Hubble parameter of the discrete quanton 
Fields. 

sr ct=                            (6-7) 

d
d

srv c
t

= =                          (7-7) 

The spatial expansion based Hubble parameter (Hs) can then be found as fol-
lows 

d
1d

s

s
s

r
ctH

r ct t
= = =  (t: true time)              (8-7) 

Now the modified Friedmann equation becomes 
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2
2

8 1
3

m
s

G
H

t
π

= =


                      (9-7) 

This equation remains time invariant. (pre- and post-transition), and this is 
understandable as the expansion nature of quanton fields remains constant ir-
respective of the inflationary nature of the universe. 

The Friedman equation for the volumetric expansion in a pre-transition world 
now becomes  

2 2
2 82 2

3 3 3
m

v
G

H
t

π   = =   
   


               (10-7) 

Hv: Hubble parameter for the volumetric expansion and the ratio between the 
volumetric and spatial expansion Hubble parameters for the pre-transition era  

2
3

v

s H

H t
H t

= =                       (11-7) 

This ratio between the volumetric and the spatial expansion Hubble parame-
ters (as well as the ratio between Hubble time and true time) was a constant one 
during the pre-transition era as it was a case of inflation into a spherically 
shaped universe.  

In pre-transition time the density term played both roles, namely volumetric 
and spatial expansion, however this duality came to an end with the advent of 
the transition and afterwards, as the curvature term assumed the role of volume-
tric expansion while the density term maintained the role of spatial expansion 
and the ratio between the two in post transition era is no longer a constant one 
as it was  

3
23

4
1

vu
v

s H

c

k tH t
H t

t

π= =                      (12-7) 

1
3

3 3
4 vu

ct

k
=

π

                          (13-7) 

where the universe volume is defined as  
2

u vuV k t=  [9]                        (14-7) 

and its equivalent radius 
23
33

4ue vur k t
 
 
 

=
π

                      (15-7) 

and the volumetric Hubble parameter of the post-transition world now becomes  

v
ue

cH
r

=                            (16-7) 

Previously the value of the vacuum energy density and the total energy con-
tent of the universe was provided based on empirical data [22] [23]. Now more 
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refined value for both can be determined based on (9-7), which yields the fol-
lowing values of vacuum energy density and total energy content of the universe 
respectively. 

2
10 33 8.45 10 j m

8e
c
G

− −= = × ⋅
π

                   (17-7) 

698.9 10 joulesuE = ×                      (18-7) 

Equation (9-7) allows for the following  
23 8c Gk= π                           (19-7) 

23
8

ck
G

=
π                           (20-7) 

For a closed universe spatially symmetric universe,  

u
u

e

E
V =


                           (21-7) 

2 23 3
3 33 3

4 4
u u

ue ru
e

E E
r t k t

k
= = =

π π 
                 (22-7) 

Substituting with value of k  from (20-7) 

3 3

2 2

3 8 2
4 3

u u
ru

GE GE
k

c c
∗ π

= =
π∗

                  (23-7) 

23
3

2

2 u
ue

GE
r t

c
=                         (24-7) 

2
2

8
3

u
u

GE
V t

c
π

=                         (25-7) 

Equations (23, 24, 25-7) are very important as they relate the cosmological 
parameters in terms of the fundamental physical constants G, c in the absence of 
the related time constants (k’s). 

The concept of uniform density expansion of the form 2 2

8 1
3

eG
c t

π
=


 allows  

for the development of more refined values of actual energy density while main-
taining the symmetries of the quanton physical and cosmological ratios as illu-
strated in the supportive data. 

Figure 3 displays relationship between true time and Hubble time which is 
based on Equations (10-7) and (16-7) for pre and post transition respectively. 
 

 

Figure 3. The extrapolated relationship between true time and Hubble time. 
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Note that the intersection point where the two values are equal marks another 
possible transition when density term and curvature term are equal in value. 

Table 1 offers the modified version of the Friedmann equation for the spatial 
and volumetric expansion. 
 
Table 1. The density term represents both the volumetric and the spatial expansion in the 
pre-transition Era while it represents only the spatial expansion in post transition era. 

Era expression 

Pre-transition 
Spatial expansion 

2
2

8 1
3

m
s

GH
t

π
= =


 

Pre-transition 
Volumetric expansion 

2 2
2 82 2

3 3 3
m

v

GH
t

π    = =     
     

  

Post transition 
Spatial expansion 

2
2

8 1
3

m
s

GH
t

π
= =


 

(the same as pre-transition) 

Post transition 
volumetric expansion v

ue

cH
r

=  ( uer : equivalent spherical radius) 

 
The value of Hubble time is greater than true time up till now, and conse-

quently, the value of the term ( 2

1
t

) is bound to be greater than the value of the 

term ( 2

1

Ht
), therefore, the actual mass density is always greater than the critical 

density. 
Based on the previous conclusion the value of the curvature parameter can be 

obtained 
2 10

2 10

8.45 10 1.09
7.74 10

m H

mc

t
t

−

−

×
Ω = = = =

×



              (26-7) 

1 0.09kΩ = −Ω = −                     (27-7) 

An explanation of the near zero value of the curvature parameter as a result of 
the constraining of observational cosmological parameters [24] lies in the fact 
that this near zero curvature parameter (which is perceived as an evidence of a 
flat universe) belongs to a closed universe which is expanding at a rate that 
equals that of an open universe due to geometric degeneracy which allows vari-
ous closed models to generate the same observational results as flat model, 
namely 

( )
23

perceived critical mass density
8

v
mc

H
G

=
π

            (28-7) 

2
2

ue
v

cH
r

 
 
 

=  (actual volumetric expansion)           (29-7) 

2
8

3
mc

ue

G c
r

 



π
= 




                      (30-7) 
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2

2

8
3mc

ueo

Gc
r
π

=                        (31-7) 

8. Effect of Presence of Normal Matter 
8.1. Departure from Parameter Ratio Symmetry with Time 

Previous work [9] the presented cosmological inflationary model which the 
quanton and the cosmological parameters were determined based on their ener-
gy degree of freedom. The relative ratios of those parameters between the 
present day and the Planck Era ( xRR ) were deduced in the form 

( )
172 2

0 2
44

4.37 10 2.84
5.39 10

x x
x

Dof Dof
Dof

x
P

t
RR

t −

   ×
= = =   ×   

         (1-8) 

where xRR  is the relative ratio between the value of the parameter (x) at the 
present day to its value at Planck time given its degrees of freedom (Dof). That 
model was based on either the absence of the normal matter or considering it to 
be as diffusive as dark matter. In either case the result was ideal ratios that do 
not deviate from that of time relative ratio. But in reality the agglomerated, 
non-diffusive nature of the normal matter reduces its gravitational effect so al-
lowing energy density further expansion and as a result the quanton and the 
cosmological parameter relative ratios are higher by two or 3 hundredths from 
that ideal relative ratio. 

8.2. Underestimation of the Energy Density 

The extent of lensing of observational CMB radiation is affected by the matter 
distribution, as a result the observed curvature parameter ( 0.045kΩ = − ) is an 
underestimation of the actual space curvature while the ideal relationship  

2

81
3

mG
t

π
=


 provides an overestimation of the energy density. As a result of the  

combination of those effects, the actual curvature parameter is somewhere be-
tween the observed value and the ideal value. 
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3) https://drive.flipdrive.com/drive/NYdIDzfDx1Or737LkQvT9JITRXoYQakM 

11. Discussion 

Though this model adheres to the main outlines of the GR based standard 
cosmology but amendments were introduced which can be summarized as 
follows 

1) Distinction is being made between spatial and volumetric expansion of 
energy density due to the nature of quantized two dimensional quanton space 
and time varying fields expanding in three dimensional space. 

2) In the pre-transition era 
a) The Hubble parameter is represented by the modified density term only 

despite being a closed model (k ≠ zero as density term is greater in magnitude 
than curvature term).  

b) As a result of this distinction between spatial expansion volumetric expan-

sion, a factor of (
2
3

) was introduced to density term to account for this differ-

ence when calculating the universal volumetric Hubble parameter.  
3) In post transition era, introduction of a locally varying Hubble parameter 

which seems to be a departure from general principle of cosmology which ne-
cessitates that inflation is the same everywhere in the universe, but otherwise the 
reminder of that principle still holds since the degree of freedom expansion of 
the statistically distributed quanton densities as well as parameter synchroniza-
tion ensured the space fabric uniformity and homogeneity.  

Finally Equation (9-7) provided a constraint that broke the geometric dege-
neracy and provided a unique closed inflationary model that corresponds to ob-
servational values. 

12. Conclusions 

1) Cosmic transition from decelerating pressure-less fluid to a relativistic fluid 
allows Hubble parameter to be varied locally, while the universal Hubble para-
meter can be assessed in terms of curvature term of Friedman equation.  

2) Both density and curvature terms carry their own time imprints (true time 
and Hubble time) which express spatial and volumetric expansion of energy 
density respectively.  

3) Smooth cosmic transition requires that the density and the curvature terms 
be equal momentarily, this is possible only under modified gravitation. 
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