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Abstract 
Recent observations by Mistele et al. show that the circular velocity curves of 
isolated galaxies remain flat out to the largest radii probed so far, i.e., ≈1 Mpc. 
The velocity decline beyond the expected virial radius is not observed. These 
results imply that the galaxy halo is in thermal equilibrium even at large radii 
where particles did not have time to relax. The galaxies must have already 
formed in the isothermal state. How is this possible? In the present note we 
try to understand the formation of galaxies with warm dark matter in the ex-
panding universe. 
 

Keywords 
Galaxy, Galaxy Formation, Warm Dark Matter, Elliptical Galaxy 

 

1. Introduction 

The present study is inspired by weak gravitational lensing measurements that 
find galaxy circular velocities of test particles to be approximately constant out to 
the largest radii probed so far, i.e., ≈1 Mpc [1]. The expected virial radius, beyond 
which the rotation velocity should decline with the Kepler law, is not observed. 
The flat rotation curves correspond to the “isothermal sphere” with density run 
( ) 2r rρ −∝  with particles with the Maxwell-Boltzmann distribution. Consider a 

galaxy with a rotation velocity ( ) 200V r =  km/s. The radius r  at which the ro-
tation period equals the age of the universe is 0.5 Mpc. So the galaxy at large r  
has no time to relax to the isothermal equilibrium state: the galaxy must have 
formed already in this isothermal state. How is this possible? 

Figure 1 presents measured total densities ( )tot rρ  and baryon densities 
( )b rρ  of the large elliptical galaxy J1313+4615 [2]. The dark matter density is 
( ) ( ) ( )toth br r rρ ρ ρ= − . The curves are obtained by integrating numerically 
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Figure 1. Observed [2] and calculated densities ( )tot rρ , ( )b rρ  and ( )h rρ  of galaxy 

J1313+4615. The fitted parameters are 2
rbv , 2

rhv , ( )minb rρ  and ( )minh rρ  (or 

( )rms 1hv ) [3]. Freeing a central black hole mass 0BHM =  does not change the fit signifi-

cantly. The figure defines the core radius cr  and density cρ , and the radius maxr  with 

density ( )max max critmrρ ρ ρ≡ = Ω  in this example (or a void, or the halo of a neighboring 

galaxy). 

 
hydrostatic equations [3] that describe two self-gravitating classical non-relativ-
istic gases, “baryons” and “warm dark matter”, in mechanical and, separately, in 
thermal equilibrium. To start the numerical integration it is necessary to provide 
four boundary conditions: the root-mean-square radial thermal velocities 2

rbv  
and 2

rhv  (independent of r ) and the core densities ( )minb rρ  and ( )minh rρ , 
of baryons and of the dark matter halo, respectively. These boundary conditions 
are varied to minimize a 2χ  between the numerical integration and the data. 
“Baryons” are mostly neutral and ionized hydrogen and helium during the for-
mation of first generation galaxies, and mostly stars, dust and neutral and ionized 
gas in later galaxies. The results of the fits are that the radial root-mean-square 
thermal velocities of dark matter particles and baryons are similar, with 

 
2

2

rb

rh

v

v
α ≡  (1) 

in the approximate range 0.5 to 0.7 in elliptical galaxies [4]. (In spiral galaxies we 
find α  in the approximate range 0.4 to 2.5 [5] as a result of galaxy rotation ac-
quired, presumably, during galaxy collisions and mergers. Rotating galaxies are 
beyond the scope of the present study.) We note that baryons and warm dark 
matter have, in general, different temperatures. Therefore, non-gravitational dark 
matter-baryon interactions can be neglected on galactic scales. Why is α  of 
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order 1? At large radii eqr r>  the dark matter density dominates. At small 

eqr r<  the baryon density dominates in large galaxies, while in dwarf galaxies 
dark matter may dominate even in the core. Excellent fits to the observed density 
runs of baryons ( )b rρ  and dark matter ( )h rρ  are obtained for dwarf [6], spi-
ral [5] and elliptical [4] galaxies with absolute luminosities that span 4 orders of 
magnitude, and baryon core densities that span 6 orders of magnitude. These ex-
cellent fits justify the hydrostatic equations with 2

rbv  and 2
rhv  independ-

ent of r . If the galaxies have a third gas, e.g., cold dark matter, current observa-
tions can not distinguish it from the baryons since we already obtain excellent fits 
to the data. An important observation is that the warm dark matter core has an 
adiabatic invariant ( )rms 1hv  common to dwarf, spiral and elliptical galaxies, even 
though ( )minh rρ  can be orders of magnitude less than ( )minb rρ , as in Figure 1. 
We interpret this adiabatic invariant to be of cosmological origin, and identify 

( )rms 1hv  with the comoving root-mean-square thermal velocity of the non-rela-
tivistic warm dark matter particles in the early universe (see Section 3 below). 
There is no such observed adiabatic invariant for baryons, possibly because bary-
ons have non-elastic collisions and radiate energy (while the measured ( )rms 1hv  
for dark matter has a spread of factor 3 between galaxies, the corresponding 

( )rms 1hv  for baryons has a spread of 100 [4]-[6]). 
The purpose of the present note is to try to understand Figure 1 and the iso-

thermal formation of galaxies. These studies are a continuation of [3] and [4]. 
The basic building block of the galaxy is the isothermal sphere that we briefly 

review in Section 2. This isothermal sphere grows in thermal equilibrium due to 
the expansion of the universe (Section 3). The dark matter core radius is deter-
mined by the dark matter “warmness” ( )rms 1hv  (Section 4). The preceeding re-
sults are valid even if the galaxy has a mix of particles with different masses, so 
long as collisions are elastic (Section 5). The mix of warm dark matter and baryons, 
and the effect of inelastic baryon collisions are studied in Section 6. Conclusions 
follow. 

2. The Isothermal Sphere 

The flat rotation curves indicate that the galaxy approximates an “isothermal 
sphere” with particles that obey the Maxwell-Boltzmann distribution [3]. For con-
venience we briefly review the isothermal sphere. In the first approximation, let 
us consider a galaxy as a self-gravitating non-relativistic gas of warm dark matter 
particles of mass m . These particles may be collisionless or may collide elastically. 
We are interested in spherically symmetric static solutions in mechanical and 
thermal equilibrium. The corresponding hydrostatic equations are Newton’s 
equation, and the equation of conservation of radial momentum: 

 ( )2 2
2

1 d d4 , , ,
d dr r r

Pr g G P P v
r rr

ρ ρ ρ∇⋅ = = − π ∇ = = ≡g e g  (2) 

where the mean-square dark matter particle radial velocity 2
rv  is independent 
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of the radial coordinate r , i.e., is isothermal. The only solution with density run 

( ) nr rρ −∝  and 2 k
rv r−∝  is  

 ( )
2 2

22
r c

c

v rr
rGr

ρ ρ  = ≡  π  
 (3) 

with 0k = . Here we have defined 2
c crρ . The velocity of a test particle in a circu-

lar orbit is 22 rV v= . Observed flat rotation curves at large r  indicate that 
2
rv  is independent of r  and ( ) 2r rρ −∝ , i.e., the galaxy halo is an isothermal 

sphere at large r . The gravitational potential per unit mass with respect to a radial 
coordinate cr  is 

 ( ) 2d 2 ln .
c

r
r rr

c

rr g r v
r

 
Φ ≡ − =  

 
∫  (4) 

The general solution of (2) depends on two boundary conditions, i.e., the core 
density cρ  at 0r → , and 2

rv  (and the mass of a central black hole that we 
will not consider here). In other words, to initiate the numerical integration of (2) 
the boundary conditions ( )minrρ  and 2

rv  are required. Here we will be in-
terested in an approximate analytical solution defined by two asymptotes: the den-
sity (3) for cr r

, and ( ) crρ ρ=  for cr r
. These two asymptotes meet at the 

core radius  

 
2

.
2

r
c

c

v
r

Gρ
=

π
 (5) 

Note that 2
rv  is defined at large r . 

The energy of one particle at r , with total momentum 2
rp m vβ= , is  

 2 21 2 ln .
2 r r

c

rE m v m v
r

β
 

= +  
 

 (6) 

1β =  if dark matter is collisionless and velocities are radial, or 3β =  if dark 
matter particles have elastic collisions and the velocities have become isotropic. 

The mean number of particles (<1) in a quantum state in the non-degenerate 
gas is proportional to the Boltzmann factor ( )exp E kT− . kT  is a constant (in-
dependent of r ), with units Joule, called “temperature”. The number of quantum 
states of a particle in the phase space volume 3 3d dr p  is proportional to this vol-
ume. The number of particles per unit phase space volume is 

 3 3
d exp .

d d
n E

kT
 ∝ − 
 r p

 (7) 

The mean-square total velocity 2v  obtained from (7) satisfies these equa-
tions: 

 2 21 1 3 ,
2 2 2rm v m v kTβ= =  (8) 

independently of r . The energy of each particle in dn  is (6). Since the exponen-
tial in (7) separates into factors that depend either on r  or on p , the density of 
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the gas is 2r−∝  if 2
rkT m v= , so 3β = . 1β =  is in disagreement with ther-

mal equilibrium and the observed flat rotation curves at large r . We conclude 
that dark matter particles have elastic collisions, and velocities become isotropic 
at least in the core. In each volume element 3d r , the particle velocities have the 
same Maxwell distribution with the same kT  and same 2

rv  independent of 
r . 

3. The Isothermal Sphere in an Expanding Universe 

A homogeneous expanding universe has a matter density: 

 ( ) crit
3 ,ma

a
ρρ Ω

=  (9) 

where ( )a t  is the expansion parameter (normalized to ( )0 1a t =  at the present 
time 0t ). We assume matter dominates so ( ) 2 3 2 3 1 3a t t H ρ− −∝ ∝ ∝ . The dark 
matter particle root-mean-square thermal velocity at expansion parameter a  is  

 ( ) ( )rms
rms

1
.h

h
v

v a
a

=  (10) 

( )rms 1hv  is the adiabatic invariant that defines how “warm” the dark matter is. 
Consider a positive density perturbation in a homogeneous expanding universe. 

An observer in this density peak “sees” dark matter expand adiabatically, reach 
maximum expansion, and then contract into the core of a galaxy. By fitting galaxy 
rotation curves (or galaxy density runs) it is possible to measure 2 2 2rv V=  at 
large r , and ( ) ( )23 d d 4c V r Gρ = π  at small r , and obtain  

 ( )
1 3

2 crit
rms 1 3 .c

h r
c

v v ρ
ρ

 Ω′ =  
 

 (11) 

If the expansion and contraction were free of relaxation and rotation, ( )rms 1hv′  
would be equal to the adiabatic invariant ( )rms 1hv . However, due to relaxation 
and rotation, in general ( ) ( )rms rms1 1h hv v′   [7]. The measured width of the dis-
tribution of ( )rms 1hv′  determines the contribution from relaxation and rotation 
(a factor γ  between 1 and ≈3), and the lower bound of the measured distribu-
tion determines the adiabatic invariant ( )rms 1hv . Fits to dwarf galaxy rotation 
curves, with a core density dominated by dark matter, obtain ( )rms 1 406 69hv = ±  
m/s [6]. A summary of measurements that justify the interpretation that ( )rms 1hv  
is of cosmological origin is presented in [7]. 

At cr r>  the halo of the isolated galaxy approaches the density run 
( ) 2r rρ −∝  until it reaches, in our example, the mean density of the expanding 

universe (9) (or a void, or the halo of a neighboring galaxy). This behavior can 
be seen by solving hydrodynamical equations [3]. The galaxy halo reaches 
( )max maxaρ ρ≡  at  

 
1 2

max
max

.c
cr r ρ

ρ
 

=  
 

 (12) 

At maxa , the Hubble expansion parameter is 
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 ( )max 3 2
max 0 0 max

crit

.m
a

H H H a
ρ
ρ

−= = Ω  (13) 

Note (from (5), (12), (13) and ( )2
crit 03 8H Gρ = π ) that the expansion velocity 

at maxr  is independent of maxa :  

 2
max max

4 .
3 rH r v≈  (14) 

The ≈ symbol is due to the inhomogeneity of the universe density during galaxy 
formation. In (14) we are neglecting the dark matter thermal velocity  

( ) ( )rms max rms max1h hv a v a=  at maxa . 
The particles that are captured at maxr  by the growing galaxy halo form a gal-

axy in thermal equilibrium if the expansion velocity 2
max max 3 rH r v≈ . These 

particles populate the tail end of the Boltzmann distribution. We note that 
( )M r r∝ , so the fraction of particles with energies 

 2 21 3 2 ln
2 r r

c

rE m v m v
r

 
= ⋅ +  

 
 (15) 

in the interval corresponding to r  and dr r+ , is proportional to dr . 
We also note that maxr  grows in proportion to 3 2

maxa  while the separation be-
tween neighboring galaxies grows slower (in proportion to maxa ), so the universe 
becomes filled with galaxy halos leaving little intergalactic medium. 

In conclusion, the halo formation is approximately isothermal without the need 
for relaxation: the galaxy halo radius grows populating the tail of the Maxwell-
Boltzmann distribution (7). 

4. The Galaxy Core 

Let us consider a dwarf galaxy with a core density dominated by warm dark matter. 
We neglect dark matter particle collisions during the first orbit. A dark  
matter particle orbit has a distance of closest approach to the galaxy center minr  
that is obtained from maxr , the transverse thermal velocity ( )rms max1hv a≈ ±  at 

maxr , the velocity ( )( )2
max4 lnr cv r rβ≈ +  in the core of a dark matter particle 

captured at maxr , and by conservation of angular momentum:  

 
( )
( )

1 3
rms

min
rms max

1
.

1
h c

c
h

v
r r f

v
ρ
ρ

 
= ± ⋅  ′  

 (16) 

The function 

 
( )

1 6

max max max

1
2ln

c c

c

f ρ ρ
ρ ρ β ρ ρ

   
≡   

+   
 (17) 

lies in the range 0.5 to 1.4 for max cρ ρ  in the range 10 to 105, and β  either 1 or 
3. So, the core radius min cr r≈  implies that the measured ( )rms 1hv′  in the core of 
a galaxy is approximately equal to adiabatic invariant ( )rms 1hv  defined in (10), 
and so is indeed of cosmological origin (as argued in Section 3 and in [3], and as 
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confirmed by measurements summarized in [7]). 

5. The Iso- rv2  Sphere 

So far, we have considered a gas of particles of mass m . Let us now consider a gas 
with a mix of particles with different masses. We still consider the case of particles 
that have elastic collisions. The results of sections 2 and 3 remain valid, except that 
E  and kT  in (7) are proportional to the particle masses, see (6) and (8). The 
Maxwell-Boltzmann distribution of velocities remains unchanged because E kT  
is independent of mass. Note that, if particles are unable to exchange energy, par-
ticles of different masses have different temperatures. However, in equilibrium 

2
rv  remains the same for all particles, independently of their mass, and inde-

pendent of r . In this case the “isothermal sphere” should more properly be called 
the “iso- 2

rv  sphere”. In the limit of baryons with elastic collisions, 1α =  (with 
α  defined in (1)). 

6. Adding Baryons 

Let us consider the galaxy as a self-gravitating mix of two gases: warm dark matter 
that has elastic collisions, and baryons that have inelastic collisions. The hydro-
static equations are two sets of equations like (2) separately for warm dark matter 
and baryons, with h b= +g g g  [3]. To start the numerical integration it is neces-
sary to provide four boundary conditions: 2

rbv , 2
rhv , ( )minb rρ  and 

( )minh rρ . These four parameters need to be taken from observations, predictions 
or simulations. Excellent fits to the data of dwarf, spiral and elliptical galaxies jus-
tify taking 2

rbv  and 2
rhv  independent of r . The asymptotic solutions of 

the hydrostatic equations are: 

 ( ) ( ) 2

2

min 2 2

1: ,
2

rb
b b

v
r r

Gr r α
ρ ρ → → ∝

π
 (18) 

 ( ) ( ) 2

2

min 22

1: .
2

rh
h h

v
r r

Grr α
ρ ρ → ∝ →

π
 (19) 

α  is defined in (1). These asymptotic solutions allow an understanding of Figure 
1. Note that in the limit 1α =  we recover the “iso- 2

rv  sphere”. Why is 1α <  
in elliptical galaxies [4]? There are two reasons. For first generation galaxies, the 
“baryons”, mostly hydrogen and helium, become neutral and decouple from pho-
tons at redshift eq 1090z = , and so for first generation galaxies  

( ) ( )rms rms1 8 m s 1 406 m sb hv v≈ ≈ . Hydrodynamical equations show that the 
collapsing warmer dark matter develops a core and forms later than the colder 
baryons [3]. The second reason for 1α <  is that baryons have inelastic collisions 
and gradually migrate towards the center of the galaxy halo. In large galaxies, 
the core density is dominated by baryons. The baryon core radius determines, 
and is equal to, the dark matter core radius. The shrinking baryon core radius 
compresses the warm dark matter in the core conserving the adiabatic invariant 
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( )rms 1hv  (see Figure 1). 
Photometric and spectroscopic galaxy observations may obtain the redshift z , 

the stellar mass *M , and the baryon velocity dispersion 2
rbv . If detailed den-

sity runs ( )b rρ  are observable, as in Figure 1, then the break radius eqr  is ob-
tained, and a redundant measurement of 2

rbv  is possible:  

 
2

eq 2
eq

.
2

rbv
Gr

ρ ≈
π

 (20) 

Integrating the asymptotes (18) obtains 

 
22

* eq2

22 2
2 3

rbv
M r

G
α
α

−
= ⋅

−
 (21) 

(valid for 2 2 3α < ). As a first approximation we may take 0.6α ≈ , so (21) is 
another constraint between eqr  and 2

rbv . 
The adiabatic invariant places another constraint between the boundary condi-

tions: 

 ( ) ( ) ( )
1 3

2 crit
rms rms

min

1 3 1 ,c
h rh h

h

v v v
r
ρ γ

ρ
 Ω′ = ≡  
 

 (22) 

with ( )rms 1 406 69hv = ±  m/s [7], and the relaxation factor γ  observed to be in 
the approximate range from 1 to 3. 

Galaxy stellar masses *M  may be related to primordial linear density pertur-
bations of total (dark matter plus baryon) mass M . This mass M  is defined by 
the Press-Schechter formalism with a gaussian window function and a power 
spectrum ( ) ( )2P k kτ  with a cut-off factor ( )2 kτ  due to the warm dark matter 
free-streaming [8]-[10]. These Press-Schechter predictions, or their ellipsoidal 
collapse extensions pioneered by R.K. Sheth and G. Tormen [11] [12], are in ex-
cellent agreement with galaxy stellar mass *M  and ultra-violet luminosity distri-
butions in a wide range of redshifts [9]. Comparing these predictions with obser-
vations we obtain the following approximate relation [9]: 

 1.5 *10 .MM
M M

≈
 

 (23) 

An empirical constraint between *M  and V  is the baryonic Tully-Fisher re-
lation for isolated galaxies [1]. Similar relations are obtained from (20) and (21):  

 
3

2
* eq

eq

.VM V r
ρ

∝ ∝  (24) 

7. Conclusions 

The observed extended flat rotation curves of galaxies [1] indicate that galaxies 
are approximately isothermal spheres with particles obeying the Maxwell-Boltz-
mann distribution [3]. The dark matter particles are collisional and these colli-
sions are elastic. The galaxies do not have time to relax to the isothermal equi-
librium state, so they must have formed already in this state. This isothermal 
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formation is due to the growing galaxy halo with density run ( ) 2r rρ −∝  at large 
r , and the expansion of the universe. The particles falling into the growing galaxy 
halo potential well populate the tail end of the Maxwell-Boltzmann distribution. 
The halos grow until they meet voids or halos of neighboring galaxies. 

The dark matter core radius is determined by the “warmness” ( )rms 1hv  of the 
dark matter. This adiabatic invariant is of cosmological origin, as shown by argu-
ments in Section 3 and in [3], by measurements summarized in [7], and by the 
observed dwarf galaxy dark matter cores as shown in section 4. The measured 
warm dark matter adiabatic invariant ( )rms 1hv  happens to be in agreement with 
the “no freeze-in and no freeze-out” scenario of scalar dark matter coupled to the 
Higgs boson [7]. 

“Baryons” have lower thermal velocities than dark matter during the formation 
of first generation galaxies, and have inelastic collisions, radiate energy, and mi-
grate towards the bottom of the gravitational potential well, so 2 2

rb rhv vα ≡  
becomes less than 1. 

In large galaxies, the core baryon density may dominate the core warm dark 
matter density by several orders of magnitude, as shown in Figure 1, yet the meas-
ured adiabatic invariant in the warm dark matter core remains invariant within 
uncertainties and relaxation corrections [4]. 

Note that warm dark matter simulations should not neglect the thermal velocity 
if the galaxy core is of interest. If the intergalactic medium is of interest, as in 
studies of the Lyman-α  forest of quasar light, it is necessary to cross-check that 
the simulations obtain the observed extended galaxy halos with flat rotation 
curves [1], since these halos leave little space to the “intergalactic medium”. 
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