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Abstract 
Two existing solutions for the diffusion of cosmic rays (CRs) are analyzed. The 
first one is a well-known solution in 3D over an infinite spatial domain and 
the second one is a 1D solution with an exponential decay initial profile over 
an infinite spatial domain. For each solution, the temporal evolution of the 
number of particles at a fixed distance has been analyzed. The anticorrelation 
between the flux of CRs and the magnetic field at one astronomical unit has 
been explained by adopting a careful choice of the astrophysical parameters 
involved. 
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1. Introduction 

In order to understand the physics connected with the heliosphere, the monthly 
mean total sunspot number, which is available starting from 1749, was the first 
physical phenomenon to be analyzed, see the overall reviews by [1]-[3] or a more 
localized study of solar cycles 24 - 25 [4]. We now review some recent observations. 

1) The electron density, the speed of the solar wind, the radial and total mag-
netic field and the Alfven speed were measured as functions of the radial distance 
from the sun, see [5]. 

2) The variations in the flux of cosmic rays (CRs) are monitored by a network of 
ground-based neutron monitors, see [6]. 

3) The oscillating behavior of the magnetic field at one astronomical unit (au) 
has been examined by [7]. 

We now outline some theoretical studies that explain the solar modulation of 
CRs. The first approach was by Parker in 1958 [8], who correlated the 11-year 
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variation of the CR intensity with the hydrodynamic outflow of gas from the sun. 
Numerical solutions for the complete transport equation, which includes the pro-
cess of adiabatic deceleration together with the processes of diffusion and convec-
tion, were considered by [9]. The diffusion tensor based on the theory of turbu-
lence and the theory of charged particle scattering has been analyzed in [10]. The 
effect of polar perpendicular diffusion and drifts on the propagation of CRs was 
explored in [11]. The long-term variations of galactic CRs were compared with 
the behavior of various indices of solar activity and heliospheric parameters dur-
ing the solar cycle 22 [12]. The influence of spatial and rigidity dependence on the 
drift coefficient in the modulation of CR carbon in the heliosphere was explored 
in [13]. The cumulative modulating effect of the interplanetary magnetic field’s 
neutral current sheet and solar activity on propagation of CRs in the heliosphere 
was analyzed in [14]. The long-term solar modulation of CRs has been modeled 
by a modified force-field approach [15]. The HELMOD code models the prop-
agation of CRs by solving the Parker transport equation [16]. A global effective 
formula for the modulation lag of CRs and predictions for the flux evolution of 
CRs in the solar cycle has been derived by [17]. The stochastically forced solar 
dynamo model allows long-term simulations that explain how dynamo-generated 
magnetic fields produce the structure of the heliosphere [18]. The variations of the 
CRs in the 25th solar cycle were explained by a model based on a forecast of solar 
activity parameters [19]. Various solutions of the diffusion equation applied to CRs 
have been explored from a mathematical point of view [20]. Three analytic models 
were used to explain the solar modulation: the force-field approximation, the con-
vection-diffusion model, and the extended force-field approximation with a drift 
effect [21]. The above approaches allow posting some questions: 

1) Can the propagation of CRs be explained by the 1D or 3D time-dependent 
diffusion in an infinite spatial domain? 

2) Is it possible to model the anticorrelation between the variable magnetic field 
of the heliosphere and the concentration of CRs at one astronomical unit? 

In order to answer the above questions, Section 2 summarizes the adopted fits 
and Section 3 reviews the measured data of the heliosphere. Section 4 reviews 
a well-known 3D solution of the transport equation and a less-known 1D solution. 
Section 5.1 derives the astrophysical value of the diffusion coefficient. The anticor-
relation between the magnetic field and the density of the CRs at one astronomical 
unit is explained in the framework of 3D diffusion, see Section 5.2, and 1D diffu-
sion, see Section 5.3. 

2. Adopted Data Analysis 

We report the types of fit here used. The oscillatory behavior is modeled by the 
following sinusoidal fit, which covers many periods: 

( )0 0 0 0
2; , , , sin ,ty t A A T A A
T

ω ωπ = + + 
 

                   (1) 

where A  is the amplitude of the oscillations, 0A  is the averaged amplitude, t  
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is the time, T  is the period and 0ω  is the initial phase. 
A fit of gamma type with three parameters is characterized by the following equa-

tion, which covers only one period of an oscillatory motion: 

( ); , , e ,b cty t a b c at −=                            (2) 

where a , b  and c  are positive. A power law fit with two parameters is char-
acterized by: 

( ); , ,y x C Cxαα =                             (3) 

where x  is the independent variable, C  is a positive constant and α  is the 
exponent. 

The merit function 2χ  is given by: 
2

,2

1
,

n
i i th

i i

y y
χ

σ=

− 
=  

 
∑                           (4) 

where n  is the number of elements of the experimental sample, ,i thy  is the the-
oretical value, and iσ  is the uncertainty in iy . 

3. The Heliosphere 

We summarize the observational status of the number of sunspots, the behavior 
of the magnetic field of the heliosphere, the variations of the flux of the CRs meas-
ured by the neutron monitoring stations, and the magnetic field at one au. 

3.1. The Number of Sunspots 

The monthly mean total number of sunspots for the period 1749-2023 is reported 
in Figure 1 as green points. 

 

 

Figure 1. Monthly mean total number of sunspots, green points, and 
sinusoidal fit, red line. The parameters of the sinusoidal fit (1) are 

46.79A = , 0 78.87A = , 10.02T =  and 0 2.65ω = − . 

 
A detailed view of the number of sunspots can be obtained by analyzing solar 

cycle 24, which started in December 2008, and finished in December 2019, see the 
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red line in Figure 2. 
 

 

Figure 2. Mean total number of sunspots, red line for solar cycle 
24, and sinusoidal fit, blue dotted line. The parameters of the fit 
as represented by Equation (1) are 52.92A = , 0 44.35A = , 

10.88T =  and 0 5.15ω = − . The 2χ , according to Formula 
(4), is 40440.73. 

 
Another type of fit is represented by the three parameters gamma, see the red line 

in Figure 3. 
 

 

Figure 3. Mean total number of sunspots, red line for solar cycle 
24, and gamma fit, blue dotted line. The parameters of the 
gamma fit as represented by Equation (2) are 13.44a = , 

4.5b = , and 1.04c = . The 2χ , according to Formula (4), is 
39192. 

3.2. The Magnetic Field of the Heliosphere 

The magnetic field of the heliosphere is analyzed in [5] and the data are reported 
in [5]. That catalog reports the radial magnetic field, radB , and the total magnetic 
field, totB . Table 1 reports minimum, average and maximum of the total compo-
nent of the magnetic field and Figure 4 displays its spatial behavior as well as the 
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power law fit. 
 

Table 1. Data of the total magnetic field of the heliosphere in nT. 

minB  1.732 

B  1233 

maxB  9704 

 

 

Figure 4. The total magnetic field, totB , of the heliosphere as func-
tion of the distance from the sun in solar radius units, green stars, and 
fit with a power law are given by Equation (3), red full line. The pa-
rameters of the fit are 49343.7C =  and 1.866α = − . 

 
The above power law behavior is transformed to a probability density function 

(PDF) with the magnetic field expressed in μ-gauss units and distance, pcx  in pc: 

( )
7

1.866
2.06 10 -gauss.pc

pc

B x
x

−×
= µ                    (5) 

The above PDF allows evaluating the average value of pcx  between the sun 
and the earth, which is: 

( ) 7  d 1.5489 10 pc,u

l

x
pc pc pcx

x x B x x −= = ×∫               (6) 

where the lower limit, lx , corresponds to two R


 expressed in pc and the upper 
limit, ux , corresponds to one astronomical unit in pc, which means: 

5207.07 -gauss.B = µ                           (7) 

3.3. The Neutron Monitoring 

The solar modulation is represented by the force-field approximation modeled by 
the modulation potential Φ. In the neutron monitoring stations, the variation of 
the modulation potential is reported in percent as a function of time, see the red 
line in Figure 5, which is compared with the number of sunspots, see the blue line 
in Figure 5. In Figure 5, an anticorrelation is clearly visible between the modula-
tion potential and the sunspots number. 
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Figure 5. Variation of Φ in % as function of time and scaled 
number of sunspots (blue line). 

3.4. Magnetic Field at 1 au 

The interplanetary magnetic field has been modeled by [7] and the variations of 
the total magnetic field have been recorded at 1 au as a function of time, see Figure 
6. 

 

 

Figure 6. Total magnetic field in nT at 1 au (green empty stars) 
and number of sunspots (red line). 

 
In the above figure, a correlation between the total magnetic field at 1 au and the 

number of sunspots is clearly visible. 

4. Diffusion 

Many approaches to the diffusion coefficient for CRs, D , are based on the follow-
ing definition: 

( ) ~ ,D K E Eδ=                        (8) 

with  0.3 - 0.6δ ≈  [22]. Here, conversely, we adopt a diffusion coefficient based 
on the relativistic free path and the transport velocity. The time-dependent diffu-
sion equation for CRs is here analyzed in its simplest form: a well-known 3D 
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impulsive solution of the diffusion equation in an infinite domain and a less-
known 1D solution of the diffusion equation with an existing profile in an infinite 
domain. 

4.1. The Diffusion Coefficient 

The dependence for the mean square displacement of the random walk, ( )2R t , 
according to Equation (8.38) in [23], is: 

( ) ( )2 2 ,R t dDt t= →∞                          (9) 

where d  is the number of spatial dimensions. From Equation (9), the diffusion 
coefficient is derived in the continuum: 

( )
2

.
2
RD t
dt

= →∞                            (10) 

Using discrete time steps, the average square radius after N  steps, Equation 
(12.5) in [23], is: 

( )2 ~ 2 ,R N dDN                          (11) 

from which the diffusion coefficient is derived: 

( )2

.
2

R N
D

dN
=                           (12) 

If ( )2 ~R N N , the diffusion coefficient is: 

1 ,
2 trD v

d
λ=                            (13) 

when the step length of the walker or mean free path between successive collisions 
is λ  and the transport velocity is trv . 

4.2. 3D Case, Impulsive Injection 

In 3D, Fick’s second law in spherical coordinates is: 

( )
( ) ( )

2

2

2 ,
, , ,

N r t
rD N r t N r t

r tr

 ∂  
  ∂ ∂∂  + =

∂∂ 
 
 

           (14) 

which has a solution: 

( )
( )

2

4
0

3
2

4e, ; ,
16

r
DtNN r t D

Dt

−

=
π

                     (15) 

where 0N  is the number of particles injected at 0t =  and 0r = . Once the 
radius of the sphere, r  is fixed, the maximum number of particles occurs at 
time: 
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2

.
6max
rt
D

=                            (16) 

A display of the concentration of particles at fixed distance and variable time in 
3D is presented in Figure 7 for two values of the diffusion coefficient. The maxi-
mum concentration for this 3D solution is clearly dependent on the value of the 
diffusion coefficient. 

 

 

Figure 7. Number of diffusing particles in 3D when 

0 1N =  and 1r = : 1D =  red line and 1 3D =  
blue line. 

4.3. 1D Case with an Existing Profile 

We analyze the case of 1D diffusion in an infinite domain with an initial exponen-
tial profile. The equation for the diffusion is: 

( ) ( )
2

2, , ,u x t D u x t
x

 ∂
=  ∂ 

                       (17) 

where D  is the diffusion coefficient and ( ),u x t  is the concentration of parti-
cles. The initial condition is ( ) ( ),0u x f x=  with: 

( )
2

2

0e ,
x
bf x N

−
=                           (18) 

where 0N  is the maximum concentration and b  is the scale of the existing con-
centration. The solution is: 

( )

2

24
0

2

e, .
4

x
Dt bbNu x t

Dt b

−
+

=
+

                        (19) 

Once the distance on the line, x  is fixed, and 
2
2

bx > , the maximum num-

ber of particles occurs at time: 
2 22 .
4max

b xt
D
−

= −                           (20) 

A display of the typical maximum in concentration as a function of time is pre-
sented in Figure 8. Also, for this 1D solution, the maximum concentration is de-
pendent on the value of the diffusion coefficient. 
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Figure 8. Number of diffusing particles in 1D when 

0 1N =  and 1x = : 1D =  red line and 1 3D =  
blue line. 

5. Astrophysical Applications 

Is important to stress that in the following we will have two times, one astronom-
ical of the order of 11 years, astrot , and the other one characteristic of the diffusion, 

difft , less that 1/10 of a year. We now report the astrophysical value of the diffusion 
coefficient, a 3D impulsive simulation and a 1D simulation with an initial profile. 

5.1. The Astrophysical Diffusion Coefficient 

The relativistic gyroradius or Larmor radius of a single CR is: 

,H
mc vr

qB
γ ⊥=                               (21) 

where m  is the mass of the particle, c  is the speed of light, 

2

2

1 ,
1 v

c

γ =

−

                             (22) 

is the Lorentz factor, v  is the velocity of the particle, q  is the charge of the , 
B  is the magnetic field and v⊥  is the velocity of the particle perpendicular to 
the magnetic field, as seen in Formula (1.54) in [24] or Formula (7.3) in [25]. 
We now assume v c⊥ =  due to the fact that we are dealing with relativistic 
particles. The numerical value of the Larmor radius in the case of an acceler-
ator is, in SI units, 

3.335  m,GeV
L

T

Er
B

≈                           (23) 

where GeVE  is the energy expressed in GeV and TB  is the magnetic field ex-
pressed in tesla. In the case of a CR, we express the Larmor radius in pc: 

6

1.081 pc,PeV
L

Er
ZB−

≈                          (24) 

where Z  is the atomic number, PeVE  is the energy expressed in 1015 eV, and 

6B−  is the magnetic field expressed in 10−6 gauss, see [26]. On assuming that the 
CRs diffuse with a mean free path equal to the relativistic gyroradius, the transport 
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velocity is equal to the speed of light and 3d = , the diffusion coefficient accord-
ing to Equation (13) is: 

82 2

6 6

0.055134 5.5134 10pc pc .
year year

PeV GeVE ED
ZB ZB

−

− −

×
= =           (25) 

The difference with the diffusion coefficient as given by Equation (8) is that 
here we have a linear dependence on the energy against a power law, further on 
the constant K  of Equation (8) is numerically evaluated on the basis of the 
physics involved. As an example when 510PeVE −= , 1Z = , 6 5207.07B− =  and 

3d =  we have 101.0588 10D −= ×  pc2∙year. In order to evaluate the diffusion 
time from the sun to earth (1 au), we insert in Equation (9) the above value of the 
diffusion coefficient and we choose ( )2 61 4.84814 10au pcR t −= = × , obtaining 

diff 0.03699t =  year. 

5.2. Simulation with a 3D Impulse 

We now outline how it is possible to have an anticorrelation between the magnetic 
field and the number of diffusing CRs. We assume that the average magnetic field 
between the sun and the earth oscillates with the following law: 

( ) astro
6

210sin ,tB t A A
T
π = +  

 
                    (26) 

where 5207.07A =  μ-gauss is the average magnetic field between the sun and 
the earth, see Equation (7), astrot  is the astronomical time and 12T =  yr. The dif-
ference between the number of diffusing particles at the maximum average mag-
netic field and that at the average magnetic field is shown in Figure 9. 

 

 

Figure 9. Difference between number of diffusing particles at 
1.2 5207.07B = ×  μ-gauss and 5207.07B =  μ-gauss when 

510PeVE −= , 1Z = , and 3d = . 

 
This means there is an anticorrelation between the oscillating averaged mag-

netic field and the concentration of CRs, see Figure 10. 
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Figure 10. Oscillating average magnetic field (blue dots) and su-
perposed behavior for the 3D concentration of CR (red line) when 

510PeVE −= , 1Z = , burst 0.01t =  yr, 12T =  yr and 3d = . 

 
The above bursting time, burst yr0.01 19423.73mint = = , can be compared with 

the time necessary to travel from the sun to 1 au, light 0.00001584308739t =   
yr 8.3176208min= , which means in the framework of the 3D random walk 2335 
collisions, see Equation (12). 

5.3. Simulation with a 1D Profile 

The average magnetic field between the sun and the earth is assumed to oscillate 
according to Equation (26). The number of dimensions is now 1, 1d = , and the 
diffusion coefficient according to Equation (13) is: 

2

6

0.1654 pc .
year

PeVED
ZB−

=                          (27) 

The concentration of CRs in 1D is shown in Figure 11 in which the anticorre-
lation with the oscillating averaged magnetic field is clearly outlined. 

 

 
Figure 11. Oscillating average magnetic field (blue dots) and su-
perposed behavior for the 1D concentration of CR (red line) when 

510PeVE −= , 1Z = , burst 0.01t =  yr, 12T =  yr and 1d = . 
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6. Conclusions 
6.1. PDE 

Two solutions of the diffusion equation over an infinite domain have been reviewed: 
the first one, which is well known, covers the case of the 3D diffusion in the pres-
ence of an initial impulse of particles, see Equation (15); the second one gives the 
1D diffusion for the case of an exponential profile for the number of particles, see 
Equation (19). Particular attention has been paid in both cases to the maximum 
concentration as a function of time when the distance is fixed, see Formulae (20) 
and (16) or Figure 10 and Figure 11. In future work, we plan to make a compar-
ison between different solutions of the diffusion equation of CRs in the framework 
of the heliosphere’s physical parameters. 

6.2. Anticorrelation 

The anticorrelation between the magnetic field at one au and the concentration of 
CRs is explained by a careful choice of the parameters that characterize the diffu-
sion, in particular, the oscillating behavior of the average magnetic field and the 
superposed behavior for the 3D concentration of CRs are shown in Figure 10. 
Figure 11 shows the oscillating behavior of the average magnetic field and the su-
perposed behavior for the 1D concentration of CRs. 
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