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Abstract

This paper discusses the feasibility of thin-shell wormholes in spacetimes of
embedding class one admitting a one-parameter group of conformal motions.
It is shown that the surface energy density o is positive, while the surface
pressure P is negative, resulting in o +P <0, thereby signaling a violation
of the null energy condition, a necessary condition for holding a wormhole
open. For a Morris-Thorne wormhole, matter that violates the null energy
condition is referred to as “exotic”. For the thin-shell wormholes in this pa-
per, however, the violation has a physical explanation since it is a direct con-
sequence of the embedding theory in conjunction with the assumption of
conformal symmetry. These properties avoid the need to hypothesize the ex-
istence of the highly problematical exotic matter.
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1. Introduction

Wormbholes are handles or tunnels in spacetime connecting different regions of
our universe or entirely different universes. While there had been some fore-
runners, macroscopic traversable wormholes were first discussed in detail by
Morris and Thorne in 1988 [1]. The wormhole geometry is described by the fol-
lowing static and spherically symmetric line element

ds? = —e""dt? +

+17(d6” +sin*6d¢’ ), (1)

_ar
RG]
r

using units in which ¢=G=1. Here v=v(r) is usually referred to as the
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redshift function, which must be everywhere finite to prevent the occurrence of
an event horizon. The function b=b(r) is called the shape function since it
determines the spatial shape of the wormhole when viewed, for example, in an
embedding diagram. The spherical surface r=1r, is called the throat of the
wormhole. At the throat, b=b(r) must satisfy the following conditions:

b(r,)=r,, b(r)<r for r>r,and b'(r,)<1, usually called the Aare-out con-
dition. This condition can only be satisfied by violating the null energy condition

(NEC), which states that for the stress-energy tensor T_,, we must have

T, kK’ 20 )

for all null vectors k“. For the outgoing null vector (1,1,0,0), the violation

becomes

Taﬁkakﬂ :p+ pr <0. (3)

Here T',=-p is the energy density, T', =p, is the radial pressure, and
T% =T%,=p, is the lateral (transverse) pressure. For a Morris-Thorne worm-
hole, matter that violates the NEC is called “exotic”, a term borrowed from
quantum field theory.

The purpose of this paper is to account for the problematical nature of exotic
matter by studying the effects of conformal symmetry in conjunction with some
well-known classical embedding theorems. More precisely, by conformal sym-
metry we mean the existence of a conformal Killing vector & defined by the

action of 55 on the metric tensor:
‘cﬁg,uv =l//(r)gyv; (4)

here L. is the Lie derivative operator and w(r) is the conformal factor. Em-
bedding theorems, which have their origin in classical geometry, depend on
Campbell’s theorem, which has been used to show that a Riemannian space can

be embedded in a higher-dimensional flat space.

2. Conformal Killing Vectors

As indicated in the Introduction, we assume in this paper that our static spheri-
cally symmetric spacetime admits a one-parameter group of conformal motions,
by which we mean motions along which the metric tensor of a spacetime re-
mains invariant up to a scale factor. In other words, there exist conformal Killing

vectors such that
ngyv = gnv:”;‘u +gy77§’7;v :W(r)gyvi (5)

where the left-hand side is the Lie derivative of the metric tensor and w(r) is
the conformal factor [2] [3]. In the usual terminology, the vector & generates
the conformal symmetry and the metric tensor g, is conformally mapped into
itself along &. According to Refs. [4] [5], this type of symmetry has proved to
be effective in describing relativistic stellar-type objects. Furthermore, conformal
symmetry has led to new solutions, as well as to new geometric and kinematical

insights [6]-[9]. Two earlier studies assumed non-static conformal symmetry [3]
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[10].
To study the effect of conformal symmetry, we wish to make use of Ref. [11],

which uses the following form of the line element:

ds? = —e"dt? +e*dr? + r? (d 0° +sin29d¢2). (6)
The Einstein field equations then become
S AT o
r r r
e [%"‘Lj—% =8mp,, (8)
r r r
and
1,01, 2 1 1
—e | =(vV) +v'—=AVv'+=(v'- ") | =8mnp,. 9

Here p isthe energy density, p, is the radial pressure, and p, is the trans-
verse pressure. It is well known that Equation (9) could be obtained from the
conservation of the stress-energy tensor, Ze, T*! =0.So we need to use only
Equations (7) and (8).

As pointed out by Herrera and Ponce de Ledn [4], the subsequent analysis can
be simplified somewhat by restricting the vector field in a certain way: we re-
quire that £“U_ =0, where U, is the four-velocity of the perfect fluid distri-
bution, and that fluid flow lines are mapped conformally onto fluid flow lines.
According to Ref. [4], the assumption of spherical symmetry then implies that
&% = £ = £* = 0. Equation (5) now yields the following results:

Evi=y, (10)
&' =%v/r, (11)

and
EV+28 =y (12)

From Equations (10) and (11), we then obtain
e’ =Cr?, (13)

where Cis an integration constant. Combined with Equation (12), this yields

et = [ij ) (14)
174

The arbitrary constant in Equation (13) can be obtained from the junction
conditions in the usual way. This is a necessary step since, according to Equation
(13), our wormhole spacetime is not asymptotically flat and must therefore be
cut off at some r=a and joined to an exterior Schwarzschild spacetime,

2
ds? :_(1_mjdt2+L+ r?(d6? +sin*0dg’ ). (15)
r 1-2M/r

It follows that ¢"® =Ca? =1— 2M/a, so that
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_1-2M/a

a?

C (16)

where M is the mass of the wormbhole as seen by a distant observer. We also have
b(a)=2M .
For future reference, let us note that the field Equations (7) and (8) can be re-

written as follows:

’

2
1 4
—2(1—y/2)—< ):81rp (17)
r r
and
L (37-1)=8
r—z( y’ —1)=8np,. (18)
To see why, we get from Equation (14)
e =yland 4= 2V,
%

Substituting in Equation (7), we get

’

2
' 1) 1 2wy 1, 1 1 (v?)
=yt = (1-y® ) - ~——=8np.
W( wr rzj r r 2V e r2( "[/) r r

Similarly, combining Equation (8) with Equation (13), yields Equation (18).

3. The Role of Embedding

Embedding theorems have a long history in the general theory od relativity. For
example, according to Refs. [11] [12], the vacuum field equations in five dimen-
sions yield the Einstein field equations with matter, called the induced-matter
theory, to be understood in the following sense: what we perceive as matter is
just the impingement of the higher-dimensional space onto ours; this may very
well include exotic matter.

According to Campbell’s theorem [13], a Riemannian space can be embedded in
a higher-dimensional flat space: an n-dimensional Riemannian space is said to be

of embedding class mif m+n is the lowest dimension dof the flat space in which

the given space can be embedded. Given that d = %n (n-1), a four-dimensional

Riemannian space is of class two since it can be embedded in a six-dimensional
flat space, i.e.,, d =6. Moreover, a line element of class two can be reduced to a
line element of class one by a suitable transformation of coordinates [14]-[19].

Such a metric can therefore be embedded in the five-dimensional flat spacetime
ds? = —(dz!) + (dz?) +(dz2®) + (dz*) +(d2°) (19)

. S 1 z . t
the coordinate transformation is given by z° = JKe? Slnhﬁ ,

z t . . .
22 =JKeZcosh——, z®=rsinfcosg, z*=rsin@sing, and z°=rcosd. The

JK

differentials of these components are

DOI: 10.4236/ijaa.2024.143010

165 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2024.143010

P. K. F. Kuhfittig

t

dz* :\/Reg %sinh%dwe; cosh\/Edt, (20)
d2? = VK e? ¥ cosh—dr + e sinh——t, (21)
2 VK JK
dz® =sin @ cos ¢dr + r cos @ cos pd @ — rsin &sin pd g, (22)
dz* =sin@sin gdr + rcos @sin ¢dd + rsin @ cos ¢d g, (23)
and

dz® = cos@dr —rsin 9dé. (24)

The substitution yields
ds? = —e"dt? +(l+% Ke” (v’)zjdr2 +17(d6” +sin’ 0d¢* ). (25)

Metric (25) is therefore equivalent to metric (6) if
e’ =1+% Ke' (v')’, (26)

where K >0 isafree parameter. The result is a metric of embedding class one.

Equation (26) can also be obtained from the Karmarkar condition [20]:

R1414 — R1212 I:23434 + I:21224 R1334 , R2323 £ 0 (27)

Ross
It is interesting to note that Equation (26) is a solution of the differential equa-
tion

1‘//; :v%'—Zv”—(v')z, (28)

which is readily solved by separation of variables. So the free parameter K'is ac-

tually an arbitrary constant of integration.

4. Thin-Shell Wormholes

Our first task in this section is to recall from Sec. 1 that for a Morris-Thorne
wormhole, the shape function b=b(r) must satisfy the flare-out condition
b'(r,) <1, a geometric requirement that can only be satisfied by violating the
NEC p+p, <0. Our discussion of conformal symmetry has yielded Equations
(13) and (14). From Equation (13), " =Cr?, we obtain

vi=—. (29)

Substituting Equations (29) and (14) in Equation (26) from the embedding

theory, we obtain

2

1 1 2
—2=1+—K(Cr2)(—j : (30)

7 4 r

The result is
1
2
= . (31)
Y T1rke
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Returning to Equations (17) and (18), since ((//2 )’ =0, it follows at once that
Taﬁkakﬁ :8n(p+ pr)zol (32)

Since the NEC is not violated, we do not get a wormhole solution. We will there-
fore consider instead a thin-shell wormhole by first defining a suitable shape

function, making use of Equation (31):

b(r):r(l—lt;(rocj. (33)

Observe that we have indeed b(r,)=r,, while

__h
1+KC

0<b'(r,)=1 <1 (34)

for K sufficiently large. (Recall that C was obtained from the junction condition,
Equation (16)). Conformally symmetric wormholes are also discussed in Ref.
[21].

A thin-shell wormhole is constructed by taking two copies of a Schwarzschild

spacetime and removing from each the four-dimensional region

Q={r<ala>2M}, (35)

where ais a constant [22]. By identifying the boundaries, ie., by letting
oQ={r=ala>2M}, (36)

we obtain a manifold that is geodesically complete. In our situation, we take
r=a to be the cut-off in Equation (16) since we already know that b(a)=2M ;
typically, a>rj.

To meet this goal, let us consider the surface stresses using the Lanczos equa-
tions [23]:

1.
=—— 37
o ==K (37)
and
Pzi(lc’r+/('gg), (38)

8n
where x; = Kj —Kj

j and K; is the extrinsic curvature. Still following Ref.
(23],

,(9921 1_2_M_1 1_@. (39)
all a a\ a

UZ_L{ M /1_MJ, w0)
4ma a a

Given that the shell is infinitely thin, the radial pressure is zero. If the surface

So by Equation (37),

density is denoted by o, then the NEC violation o+ p, <0 implies that o
is negative, which is completely unphysical. One of the goals in this paper is to

show that under the assumption of conformal symmetry in conjunction with the
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embedding theory, o can be positive. More precisely, if P denotes the sur-
face pressure, then we must have o+7P <0 to ensure that the NEC is violated
on the thin shell itself, even though the NEC is met for the radial outgoing null
vector (1,1,0,0), as shown in Inequality (32). Even though b(a)=2M , part of
the junction formalism is to assume that the junction surface r=a is an infi-

nitely thin surface having a nonzero density that may be positive or negative. For

o to be positive, we must have / - ,/ , which implies that

b( ) < 2M . So let us assume for now that b ~2M and return to Ref. [23]:

‘r+: M/az (41)
©J1-2M/a
and
SO TP L )
K™ —2v(a) 1 - (42)

Since v'(a)=2/r by Equation (29), the surface pressure is given by

R O R ]
EE_TTEUE{E_EfJij::J_TﬂWJ (43)
)

It now becomes apparent that for b(a)<2M, the last term on the right-hand
side is close to zero. As a result,

1
pol 1 |2"@ s b
~87c\/1_2|\/| a’ a
a (44)

_1_ 1 1, 3b@)
8n /1 2M a 2 a
a
Using our shape function, Equation (33), this leads to
pol 1 1[ .3 a-n
8n /1_2M a 2 1+KC
a

11 ].@_E@:EQ}

(45)

8n [ oM 2al” 1+KC
a
We know from the flare-out condition, Equation (34), that 1+ KC is going to
be a fixed quantity. Moreover, a:>> I; so for asufficiently large, P is negative

and bounded away from zero, while under the assumption that b S2M, o is
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close to zero. We therefore get o +P <0, which was to be shown.

The inequality o +P <0 indicates that the NEC has indeed been violated on
the thin shell. In a Morris-Thorne wormhole, matter that violates the NEC is re-
ferred to as “exotic,” a requirement that many researchers consider to be un-
physical. In our situation, however, this violation has a physical basis since it is a
direct consequence of the embedding in a higher-dimensional spacetime in con-
junction with the assumption of conformal symmetry. These properties avoid the

need to hypothesize the existence of the highly problematical exotic matter.

5. Conclusion

This paper discusses thin-shell wormholes based on the standard cut-and-paste
technique. We assume that the wormhole spacetime admits a one-parameter
group of conformal motions. We also make use of an embedding theorem that
allows a Riemannian space to be embedded in a higher-dimensional flat space.
The extra degree of freedom enables us to show that the surface energy density
o is positive, while the surface pressure P is negative, but, in addition,
o+P<0. So the null energy condition (NEC) has been violated. For a Mor-
ris-Thorne wormhole, matter that violated the NEC is referred to as “exotic”, a
condition that many researchers consider to be unphysical. In this paper, the vi-
olation has a physical explanation since it is a direct consequence of the embed-
ding theory in conjunction with the assumption of conformal symmetry and can

therefore be viewed as part of the induced-matter theory.
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