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Abstract 
In this article, theoretical studies were conducted to determine the bending 
strength of a saw-toothed drum shaft under load based on bending moments 
and displacement diagrams. The diagrams constructed as a result of theoreti-
cal work show that in rigidly supported shafts, the maximum bending mo-
ments are concentrated mainly in the support areas, while in freely supported 
shafts, the largest moment values are formed in the central part. This fact con-
firms that the type of support directly affects the location of stresses. Accord-
ing to the displacement diagrams, the greatest deflection of the shaft was ob-
served in zones with intensive load effects. The diagrams of normal and equiv-
alent stresses made it possible to identify the most dangerous sections of the 
shaft. This fact is of great importance in material selection and determining the 
safety margin. The diagrams constructed in the MathCad environment con-
firmed the consistency and stability of the results obtained on the basis of the-
oretical calculations and demonstrated the suitability of the developed math-
ematical model for practical application. 
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1. Introduction 

In this study, it was planned to carry out strength testing of the linter machine saw 
drum shaft based on a modern program. In this case, by preparing the existing 
working linter shaft with grooves and a central groove on the surface, the turning 
moment, vibration, and vertical longitudinal deflection of the saw cylinder shaft 
change as a result of mass lightening [1]-[3]. 
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The objectives of the conducted research are as follows: 
- measurement of the turning moment of the saw cylinder shaft; 
- determination of the deflection of the saw cylinder shaft; 
- reduction of vibration of the saw cylinder shaft; 
- analysis of the power consumption of the linter machine shaft. 
The purpose of the research is to determine the kinematic and dynamic capa-

bilities of the proposed resource-saving saw cylinder shaft using experimental 
studies and its compliance with the laws obtained on the basis of theoretical re-
search. 

Analysis of the bending strength of a saw drum shaft under load (Figure 1). 
When determining the bending strength of a saw drum shaft under the influence 
of loads (vibration, saw drum, and grain mass) that occur together with the grain 
flow during operation, we consider the process of applying various loads [4]. 

The evenly distributed force acting on the shaft: 

q byγ= − ⋅                           (1) 

4
4

bk
EJ
γ

=                           (2) 

Wall stiffness coefficient (1/m); γ : specific gravity of steel; b: the radius of the 
shaft; E: modulus of elasticity; J : moment of inertia. 
 

 
Figure 1. Diagram of a sawmill drum shaft and the effect of loading on it. 

 
Expression (2) is the ratio of the stiffness of the shaft to the resistance of the 

cotton flow to the base. We assume that the weight of the shaft is balanced by the 
force exerted by the cotton flow [5], therefore,  

( )IV 44 qY k y
EJ

+ =                        (3) 

From the expression 0q = , we can infer.  
We calculate the equilibrium state with p = 0 along the displacement y-direc-

tion, and the general solution of expression (3) for the additional displacement is 
determined as follows: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 2

3 4

sin sh sin ch

cos sh cos ch

y C kz kz C kz kz

C kz kz C kz kz

= +

+ +
             (4) 

where, ( )sh kz  and ( )ch kz  are the hyperbolic sine and hyperbolic cosine functions, 
respectively. 
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( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2 3 1 4

1 4 2 3

2 2 2
1 2 3

2 2
3 4

3 3
2 3 1 4

3
1 4

sin sh sin sh

sin sh sin sh

2 cos ch 2 cos sh 2 sin ch

2 sin ch 2 sin sh

2 cos ch 2 cos sh

2 sin ch

y C C k kz kz C C k kz kz

C C k kz kz C C k kz kz

y C k kz kz C k kz kz C k kz kz

C k kz kz C k kz kz

y C C k kz kz C C k kz kz

C C k kz

= − + −

+ − + −

= + −

− −

′

′′

=′′ − −

−

′ +

− ( ) ( ) ( ) ( )3
2 32 sin shkz C C k kz kz










 − +

 (5) 

The origin of the coordinate system is found at the point z = 0, that is, the point 
where the force P is applied. Since the case is symmetrical, the transverse force Q 
for the right-hand section is: 

2
PQ =                             (6) 

Also, 

2
PEJy′′′ = ; 0y′ = ; 

2
Py
EJ

=′′′  

So, using the four boundary conditions 1C , 2 C , 3 C , and 4C , we define the 
invariants if z l= , 0M EJy′′= =  and 0Q EJy′′= = . 

2 3 0C C+ =  

2 3 34
PC C

EJk
+ =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3 4cos ch cos ch sin ch sin ch 0C kl kl C kl kl C kl kl C kl kl+ − − =  

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

1 2

3 4

cos sh sin ch cos ch sin sh

cos ch sin sh cos sh sin ch 0

C kl kl kl kl C kl kl kl kl

C kl kl kl kl C kl kl kl kl

− + −

+ − − + − − =
 

From these expressions, 

( ) ( )
( ) ( ) ( ) ( )

2 2

2 3

sh sin
sh ch sin cos8

kl klPC
kl kl kl klEJk

+
= ⋅

+
 

2 38
PC

EJk
= ; 3 38

PC
EJk

=  

( ) ( )
( ) ( ) ( ) ( )

2 2

4 3

ch cos
sh ch sin cos8

kl klPC
kl kl kl klEJk

+
= ⋅

+
 

To determine the bending moment y′′ , we calculate it by substituting the 
regular product: 

M EJy= ′′                            (7) 

We determine the bending moment by putting it into the expression: 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2

2 2

sh sin
cos ch

4 sh ch sin cos

ch cos
cos sh cos

sh ch sin cos

kl klPM kz kz
k kl kl kl kl

kl kl
kz kz kz ch kz

kl kl kl kl

 +
= 

+
+

− − + 
+ 

  (8) 
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When a saw drum shaft, the contour of which is reinforced in two ways, is 
subjected to a uniformly distributed pressure P, we determine its deflection and 
stresses in a freely supported state (Figure 1) [6]. The radius of the saw disk is R, 
and the thickness is h. We determine the force Q that arises in the supports under 
the influence of the load due to the flow of grain. For a shaft with a radius of r in 
the central part (Figure 2) [7], since the outer shaft is fixed, the equilibrium 
equation is as follows: 

 

 
Figure 2. Diagram of the force acting on the shaft. 

 
We determine the forces at the support points of the saw blade shaft as follows:  

22Q r P r⋅ ⋅ π ⋅ = ⋅π ⋅  or 
2

P rQ ⋅
=  

Let’s consider the fastening cases separately. 
1) The shaft is fully tightened: 

r

t

dM D
dt r

dM D
dt r

ϑ ϑµ

ϑ ϑµ

 = ⋅ + ⋅ 
 
 = ⋅ ⋅ + 
 

                      (9) 

According to formula (9), the bending moments are: 

( ) ( )

( ) ( )

2 2

2 2

1 3
16

1 1 3
16

r

t

M R r

M R r

ρ µ µ

ρ µ µ

 = + − + 

 =





+ − + 



               (10) 

d
dt
δϑ = , we determine from the expression:  

4
2 2

3
1

16 2 4
rC R r

D
ρδ

 
= − 

 
 

where the constant C3 is determined from the condition that the displacement δ 
in the contour is equal to zero. 

( )

4
3

22 2

1
4

64

C R

R r
D
ρδ


=

=


−






                      (11) 
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2) The case of a freely supported shaft with a saw blade: 
In this case, the radial stress σr (or moment Mr) on the shaft is zero. Therefore, 

according to (9) at r = R: 

0d
dr r
ϑ µϑ
+ =  

This is found in the C1.  
2 2

1 1
3 0
16 16
pR pRC C

D D
µ
 

− + − = 
 

 

From this: 
2

1
3

16 1
pRC

D
µ
µ

+
= ⋅

+
 

Angle: 

2 2 23 
16 1

p R r r
D

µϑ
µ

 +
= − + 

 

According to expressions (9), we determine the bending moments: These moments 
are given for the shaft and the saw blade. 
 

 
Figure 3. Bending moment diagram under the influence of a grain flow falling on a shaft.  

 

( )

( )

2 2

2 2

3
16

33
16 1

r

t

M R r

M R r

ρ µ

ρ µµ
µ

= + −

+
= + −

+







                  (12) 
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The shift expression has the following form: 
2 2 4

2
3

16 1 2 4
R r rC

D
ρ µδ

µ
 +

= − + + 
 

The constant 2C  is chosen from the condition that the displacement on the 
contour is zero, 

4

2
5

4 1
RC µ

µ
+

=
+

 

From this: 

4 2 2 41 5 1 3 1
16 4 1 2 1 4

P R R r r
D

µ µδ
µ µ

 + +
= − + + + 

          (13) 

According to expressions (11) and (13), the bending moment diagrams shown 
in Figure 3 are constructed. 

In the case of a compressed shaft [8], the greatest tensile stresses occur on the 
upper surface near the end. 

2

1 2

2 6
16r

R
h

ρσ σ= = , 
2

2 2

2 6
16t

R
h

µρσ σ= = , 3 0σ =  

Equivalent voltage: 
2

1 3 2

3
4ekv

Rk
h
ρσ σ σ= − =  

The greatest tensile stresses of a freely supported shaft are generated at the bot-
tom surface in the center: 

Here, 
2

1 2

3 6
16r

R
h

µ ρσ σ +
= = , 3 0σ =  

Equivalent voltage:  

( )
2

1 3 2

3 3
8ekv

Rk
h
ρσ σ σ µ= − = +  

In the first and second cases, the largest deviations according to expressions 
(2.17) and (2.19) will be as follows: 

a) 
64

P
D

δ = ; b) 
45

1 64
PR

D
µδ
µ

 +
=  + 

 

Above, we considered the cases of non-bending extension of the shell (the 
theory without moments) and bending of the saw blade without stretching. Now 
we turn to a more general case in which both bending moments and normal forces 
arise in the shell sections. 

We consider the problem of determining the stresses in a symmetrically loaded 
saw blade shaft. This problem is solved on the basis of the same assumptions as in 
the problem of shaft bending, namely, the hypothesis of the invariance of the normal 
and the assumption that the layers of the saw blade drum do not press on each other. 
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2. Determination of Stresses and Displacements due to the 
Movement of a Grain Stream in a Circular Saw Blade Shaft 

A circular saw blade cylinder with radius R and thickness h of constant radius is sub-
jected to a load symmetrically along a certain axis (Figure 4). The deformations and 
stresses generated in the shaft also naturally have symmetry along the axis and 
form a deformed cylindrical body of revolution [9]. The shape of this body is com-
pletely determined by the shape of the bent cylinder body. 
 

 
Figure 4. Diagram of the saw drum shaft under an axially symmetrical load. 

 
We define the radial displacement by ϖ [10] as the angle of deviation of the 

tangent drawn to the center of the shaft (Figure 5). 

d
dx
ϖ ϑ=                            (14) 

 

 
Figure 5. Scheme of displacement of the shaft under load relative to the supports. 

 

 
Figure 6. Elongation diagram resulting from the influence of the AB layer on cotton flow. 
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We calculate the displacement ϖ  outward from the shaft axis, i.e., outward. 
The relative elongation xε  of the section AB (Figure 6) at a distance z from the 
midsurface consists of two components: the elongation of the midsurface of the 
shaft 0ε ; and the additional elongation resulting from the bending of the frame. 

The last addition looks like this: d
d

z
x
ϑ

= . Thus, the full extension of layer AB 

will have the following appearance:  

0
d
dx z
x
ϑε ε= +                      (15) 

Stretching along a circular path 

y R
ϖε =                         (16) 

These strains produce stresses xσ  and yσ , which are related to each other 
according to Hooke’s law. 

( )21x x y
Eσ ε µε
µ

= +
−

, ( )21y y x
Eσ ε µε
µ

= +
−

 

Or according to expressions (15) and (16), 

02

02

d
d1
d
d1

x

y

E z
R x

E z
R x

ϖ ϑσ ε µ
µ

ϖ ϑσ µε µ
µ

 = + + =  −   


 = + + = −  

               (17) 

Bending moments and normal forces are generated in the shaft sections. They 
are determined by the stresses xσ  and yσ , just as we did for a circular shaft. 

Bending moments and normal forces are generated in the shaft sections. They 
are determined by the stresses σx and σy, just as we did for a circular shaft. 

Let’s consider a cylindrical sawtooth drum element of dimensions dx dy (Figure 
7). 
 

 
Figure 7. Diagram of determining stresses in the sawn drum layer. 

 
The forces on the surfaces hdy and hdx, the cross-sectional arcs assigned to the 

unit, will be: 
2

2
d

h
x xh

T zσ
+

−
= ⋅∫  

2

2
d

h
y yh

T zσ
+

−
= ⋅∫  

https://doi.org/10.4236/eng.2026.181001


A. Obidov, A. Abdurasulov 
 

 

DOI: 10.4236/eng.2026.181001 9 Engineering 
 

We determine the bending moments in these sections: 
2

2
d

h
x xh

M z zσ
+

−
= ⋅ ⋅∫  

2

2
d

h
y yh

M z zσ
+

−
= ⋅ ⋅∫  

 

 
Figure 8. Diagram of forces acting on a shaft for shear. 

 
Taking into account expressions (15) and (17), we determine the forces Tx and 

Ty and the moments Mx and My depending on the displacement ϖ : 

021x
EhT

R
ϖε µ

µ
 = + −  

, 021y
EhT

R
ϖ µε

µ
 = + −  

          (18) 

2

2

d
dxM D

x
ϖ

= , 
2

2

d
dxM D
x
ϖµ=                 (19) 

Here, as before 

( )
2

212 1
EhD

µ
=

−
 

Now, we turn to the equilibrium equations. We again consider a shaft element 
with dimensions h, dx, dy, and apply to its edges the resultant forces and moments 
equal to the values Tx, Ty, Mx, and My multiplied by dy and dx, respectively (Figure 
8). In addition to the four force factors listed, we also apply the transverse force Q 
dy. The external forces are characterized by the pressure P = P (x). 

When moving from the edge with coordinate x to the edge with coordinate x + 
dx, the forces increase accordingly. In sections with axis Y, the force factors re-
main the same due to the symmetry properties. 

Projecting the forces along the shaft axis, we obtain: 

0xdT = ,  constxT =  

This means that the shear force is determined by the loading conditions at the 
three ends of the shaft. In what follows, these conditions are assumed to be given, 
and the force Tx is assumed to be known. 

Projecting the forces in the radial direction, we obtain the second equation of 
equilibrium. 
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0y
dyT dx dQdy Pdxdy
R

− − + = , 

Or, 

yTdQ P
dx R

= −                          (20) 

The third equation of equilibrium was obtained by setting the sum of all mo-
ments of forces about the axis (relative to the normal to the arc of the section) to 
zero: 

xQdydx dM dy=  

Here, 

xdM
Q

dx
=                           (21) 

The remaining equilibrium equations are automatically satisfied for any values 
of the acting forces due to symmetry. 

Now, we rewrite the obtained equations. We subtract ε0 from Equation (18), 
and subtract the shear force Q from Equations (20) and (21). Then we get: 

2

2

d
d

y x

yx

EhT T
R

TM
p

Rx

ϖ µ= +

= −







                        (22) 

We can extract Ty from these equations: 
2

2 2
x

x
d M Ehp T

Rdx R
µϖ= − +  

If we use the first expression of Equation (19) and eliminate the bending mo-
ment Mx, we obtain an equation for one unknown—the displacement ϖ: 

4
4

4 4x xd M TPk
D RDdx

µ
ϖ+ = +                     (23) 

Here, 

( )2
4

2 2 2

12 1
4 Ehk

R D R h

µ−
= =                     (24) 

( )IV 44 qY k y
EJ

+ = . The differential equation is the same as the equation for the 

bending of a shaft on an elastic base. 
The shaft shell can be viewed as a set of mutually bending lines connected by 

elastic forces. Under symmetrical loading, all lines bend equally, and the radial 
component of the force Ty at each section is proportional to the deflection ϖ, as 
in a beam on an elastic foundation. 

Valga tushgan yuklanishdagi kuchni aniqlash mumkin. 
3

3

dQ D
dx
ϖ

=                          (25) 
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The largest stresses are determined by the following expressions, where / 2z h= +  
or   / 2z h= + . 

2

02 2

d
21 dx

E h
R x
ϖ ϖσ ε µ

µ
  = + ±  −   

, 
2

02 2

d
21 dy

E h
R x
ϖ ϖσ µε µ

µ
  = + ±  −   

 

If we subtract the values here using expressions (18) and (19): 

2

6x x
x

T M
h h

σ = ± , 2

6y x
y

T M
h h

σ = ±                 (26) 

Thus, the internal forces are expressed in terms of the displacement w, from 
which the stresses are then determined. 

( ) ( )1 2 3 4e sin cos e sin coskx kxС kx С kx С kx С kxϖ ϖ− + ∗= + + + +    (27) 

where ϖ ∗  is a special solution, which is found depending on the law of variation 
of P along the derivative. 

To determine the four constant parameters, it is necessary to specify four 
boundary conditions and then solve the system of four equations. In most cases, 
this system is said to be weakly coupled and decomposes into two systems of two 
equations. With sufficient accuracy, the constants C1 and C2 are determined inde-
pendently of the constants C3 and C4. 

This is explained as follows: the adders entering the function ϖ (27) have dif-
ferent properties. The first adder 

( )1 2e sin coskx С kx С kx− +  

Expressed as a rapidly decaying function. The second additive 

( )3 4e sin coskx С kx С kx+ +  

Expressed as a rapidly increasing function. 
If the cylinder length l is large enough and the function 

( )1 2e sin coskx С kx С kx− +  

For values of x close to l, the function is almost zero, so the deformation at the 
second end of the cylinder can be considered independent of the conditions 
around the first end. Thus, for a sufficiently long cylinder, the stress state in the 
region of small x is ( )3 4e sin coskx С kx С kx+ + , can be analyzed by ignoring the 
increasing function, that is, C1 = C2 = 0 is accepted as. In this way, assuming C3 = 
C4 = 0 and retaining only the increasing integral, it is possible to analyze the stress 
state of the cylinder at values of x close to l. 

In the calculations, the graphs are constructed under the influence of the fol-
lowing parameters. 

1) Determine the support reaction forces 
We formulate the equilibrium equation: 

2 1 1 2 3

1 2

0; 0.2 0.2 0.1 1.6 0.8 1.2 0.7 1.2 0.7
1.4 1.6 1.7 0

А

B

М G q q q q
R G M G

= − ⋅ − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

− ⋅ + ⋅ − + ⋅ =
∑  
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2 1 1 2

3 1 2

0.2 0.2 0.1 1.6 0.8 1.2 0.7
1.4

1.2 0.7 1.6 1.7
1.4

0.859 kN

B
G q q qR

q G M G

− ⋅ − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅
=

⋅ ⋅ + ⋅ − + ⋅
+

=

 

2 1 1 2 3

1 2

0; 1.8 0.2 0.1 1.6 0.8 1.2 0.7 1.2 0.7
1.4 0.2 0.3 0

B

A

М G q q q q
R G M G

= − ⋅ + ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅

+ ⋅ + ⋅ − + ⋅ =
∑  

2 1 1 2

3 1 2

1.8 0.2 0.1 1.6 0.8 1.2 0.7
1.4

1.2 0.7 0.2 0.3
1.4

1.177 kN

A
G q q qR

q G M G

− ⋅ + ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅
=

⋅ ⋅ + ⋅ − + ⋅
−

=

 

Check: 0Y =∑ ; 1 2 3 1 21.8 1.2 1.2 2 0A BR R q q q G G+ − ⋅ − ⋅ − ⋅ − − = ; 

1.177 0.859 0.586 1.8 0.416 1.2 0.216 1.2 0.14 2 0.0174 0+ − ⋅ − ⋅ − ⋅ − − ⋅ = ; 

2.036 2.0374 0− =  

2) Determine the stiffness 
To determine the stiffness, we use the universal equations for: 
a) for the angle of rotation 

( ) ( ) ( ) ( )2 3 3

0
1

2 6 6y

P x b q x c q x d
M x a

EJ
θ θ

 − − −
= + − + + − 

  

∑ ∑ ∑∑  

b) to determine coolness 

( ) ( ) ( ) ( )2 3 4 4

0 0
1

2 6 24 24y

M x a P x b q x c q x d
Z Z x

EJ
θ

 − − − −
= + + + + − 

  

∑ ∑ ∑ ∑  

Boundary conditions: 

0

0

0
0
0

х

z
θ
=
≠

=

 
2.37
0
0

B

x

z
θ
=
≠
=B

 

Based on the obtained values, deformation ( Q , иM , and Z) plots were con-
structed using the “MathCad” program. 
 

 
Figure 9. Cutting force graph on a resource-saving shaft. 
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The graph in Figure 9 shows the change in the shear force Q(x) along the re-
source-saving shaft. It can be seen from the graph that the points RA and RB, 
where the rods are located, have jumps in the values of the shear force, which 
represent the support reactions. In the range 0 ≤ x ≤ 100 cm, the shear force has 
positive values and has a linear decreasing behavior, and at the point x ≈ 100 cm, 
Q(x) = 0, which corresponds to the extremum of the bending moment at this 
point. In the range 100 ≤ x ≤ 166.7 cm, the shear force takes on negative values 
and increases gradually. 

Thus, the point where the shear force is equal to zero indicates that the shaft is 
the section where the greatest bending moment occurs. 
 

 
Figure 10. Graph of bending moment on the shaft. 

 

 
Figure 11. Diagrams of normal and equivalent stresses. 

 
The graph in Figure 10 shows the distribution of the bending moment Mz (x) 

along the resource-saving shaft. The graph has a parabolic shape, which indicates 
a uniform distribution of the load acting on the resource-saving shaft. The maxi-
mum positive value of the bending moment is observed at approximately x ≈ 1 m, 
which corresponds to the point where Q (x) = 0 on the shear force diagram. The 
value of the bending moments of the supports is equal to or close to zero, which 
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corresponds to the boundary condition. 
The graphs constructed in the MathCad environment (Figure 11) confirm the 

consistency and stability of the results obtained based on theoretical calculations 
and demonstrate the suitability of the developed mathematical model for practical 
application. 

3. Conclusions 

Analysis of bending moments and displacement diagrams from the analysis of the 
bending strength of the saw drum shaft under load clearly reflects the deformation 
process of the shaft. 

The constructed diagrams show that in rigidly supported shafts, the maximum 
bending moments are concentrated mainly in the support areas, while in freely 
supported shafts, the largest moment values are formed in the central part. This 
confirms that the type of support directly affects the location of stresses. 

According to the displacement diagrams, the greatest deflection of the shaft is 
observed in zones with intensive load effects. In the rigidly supported case, the 
amount of displacement decreases, and the overall stiffness of the structure increases. 
In the freely supported case, the deformation is relatively large, which indicates 
increased requirements for strength in the operating mode. 

The diagrams of normal and equivalent stresses made it possible to identify the 
most dangerous sections of the shaft. According to the results of the diagrams, it 
was found that the maximum tensile stresses occur in different zones in different 
fastening conditions. This is important in material selection and safety margin 
determination. The graphs constructed in the MathCad environment confirm the 
consistency and stability of the results obtained based on theoretical calculations 
and demonstrate the suitability of the developed mathematical model for practical 
application. 
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