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Abstract

With increasing freshwater demand and rising water scarcity, reverse osmosis
(RO) has become a key method for seawater desalination; however, accurately
modeling RO remains challenging due to its complex, nonlinear processes.
This study develops a new mass transport model by coupling the Advection-
Diffusion Model (ADM) with the Solution-Diffusion Model (SDM), and it is
solved by using the Finite Element Method (FEM) with the linear stiffness ap-
proach. The extended ADM-SDM framework combines both advective and
diffusive transport forces and calculates osmotic pressure. The model is vali-
dated against COMSOL simulations and commercial RO module data, finding
accurate prediction of solute concentration and permeate flux, with errors as
low as 0.7% for SW30-2514 and 2.6% for SW30-4021 compared to commercial
RO module data. Unlike the traditional SDM, the extended ADM-SDM frame-
work captures advective transport effects, leading to improved permeate flux
estimation while maintaining 100% salt rejection. The numerical stability was
further validated by mesh sensitivity analysis, which also demonstrated the ro-
bustness and effectiveness of the FEM stiffness implementation by showing
that outlet flux errors successfully converged to zero across refinements.

Keywords

Advection-Diffusion Model, Nernst-Planck Model, Finite Element Method,
Stiffness Matrix Method, Mesh Sensitivity Analysis, Net Driving Force
Pressure

1. Introduction

The mass transport through membranes can be described by various mathemati-

cal relations. The transport mathematical models are derived from one of the two
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main group models: irreversible thermodynamic and hydrodynamic model [1].
The irreversible thermodynamic connects the fluxes of solvent in feed water with
driving forces by linear relationship such as solution diffusion model. Also, the
equation is independent of membrane structure [2]. Over the years, many differ-
ent salt rejection irreversible thermodynamic and hydrodynamic models have
been created to explore the effective rejection of salt ions in RO systems. The hy-
drodynamic model refers to mass movement carried along by bulk fluid motion
[3]. Thermodynamic transport occurs through diffusion, where molecules dis-
solve into a medium and migrate along concentration gradients [4]. This study
utilizes both models.

Irreversible thermodynamics uses linear relationships, such as the solution dif-
fusion model SDM, to relate solvent fluxes in feed water to driving forces. For
instance, [5] shows that the Na*/K* pump functions irreversibly by employing
adenosine triphosphate (ATP) to drive ions against their gradients, underscoring
the rationale for neuronal models to emphasize active transport mechanisms over
passive diffusion. [6] used dimensionless variables and algebraic equations to cre-
ate a simplified framework for standardizing flux prediction in membranes. Their
work, based on the solution-diffusion model and compared with the solution-fric-
tion model, shows both the strengths and limits of assuming constant transport
parameters. [7] demonstrated that substrate hydrophilicity affects the structure
and efficacy of thin film composite nanofiltration in reverse osmosis membranes.
Their results are consistent with the irreversible thermodynamic solution-diffu-
sion model, which posits that transport is governed by sorption and diffusion ra-
ther than hydrodynamic pore flow.

It also considers non-linear connections for irreversible thermodynamics mod-
els, like the Nernst-Planck Model (NPM), to accurately describe mass transport.
The equation is independent of membrane structure [8]. The NPM is derived from
the Maxwell Stephan Equation and can be used to observe how transported water
is contaminated as it passes through a membrane in reverse osmosis [9]. Also, it
accounts for coupled transport phenomena, including the interactions among wa-
ter, solutes, and the membrane material [10]. This enables precise predictions
of water flux and solute rejection.

The osmotic pressure of the treated water becomes the first measurement de-
rived from SDM. In this study, SDM is used to calculate the total net pressure
required for system operation. [11] investigated low salt rejection performance in
RO membrane systems using module-scale analysis. In addition to determining
the system’s specific energy consumption, they examined the impact of feed con-
centration on brine concentration and permeability flux. [12] compared the pore
flow model and SDM to examine transport mechanisms in RO membranes. In
order to investigate the existence of a pure water layer at the sodium chloride-
cellulose acetate membrane interface and enhance membrane performance and
desalination technology, they reviewed the Gibbs Adsorption Isotherm.

[13] validated NPM, by creating an inverse averaging finite element method
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(IAFEM) to investigate salt permeability in nanofiltration systems under various
feed salt concentrations and pressures. In addition to addressing numerical insta-
bility and convergence issues related to convection-dominated NPM and large-
scale nanopore systems, the study examined pressure drop distributions across
membranes, refuting the assumption of no pressure drop in the solution-diffusion
model.

In order to investigate the permeate pH across a RO membrane, Zhang, Hamelers,
and [14] used the Donnan steric model to model the transport ion mechanism.
The results showed that the permeate pH value relied highly on the membrane
charge density and less significant effected by salt concentration and feed flux.
Also, the permeate pH level might be lower or higher than feed pH solution and
this is determined by the polarity of the membrane charged. [15] simulated the
impact of initial pH on salt ion transport during the first two hours of saltwater
electrolysis using a validated Nernst-Planck ion transport model in COMSOL. In
order to overcome a major obstacle and increase the feasibility of green hydrogen
production, they discovered that adjusting the initial pH can significantly reduce
the transport of chloride ions between the anolyte and catholyte.

While the Simplified SDM assumes constant diffusivity and permeability, which
can actually vary, other researchers like [13] [15] and [16] have investigated ion
transport using the NPM. However, our study distinguishes FROM existing liter-
ature by concentrating on the numerical implementation and validation of mass
transport models. It particularly fills in the gaps left by earlier studies, which often
lacked comprehensive validation and infrequently used sophisticated numerical
techniques like the linear stiffness approach in the FEM. This FEM-based method
offers a balance between high accuracy and stability and less computational com-
plexity than traditional Computational Fluid Dynamics (CFD) models.

In order to address the limitations of the basic SDM, this study develops the
solution diffusion model and advection diffusion model (SDM-ADM) by adding
the advection term from NPM. This expanded model takes into consideration dif-
ferent ion transport forces in addition to osmotic pressure. The FEM-linear stiff-
ness approach is used to solve the SDM-ADM model, and the results are com-
pared to experimental data and CFD-COMSOL simulations.

Following the introduction and literature review, the remainder of the paper is
organized as follows. Section 2 presents the methodology, describing the Extended
SDM-ADM model, the application of the Finite Element Method (FEM) to solve
ADM, and the use of COMSOL Multiphysics. Section 3 reports the results from
the FEM stiffness method, including concentration and flux profiles along the
membrane length, the effects of varying boundary condition configurations in
ADM, and a mesh sensitivity analysis. Section 4 provides the results from COM-
SOL Multiphysics simulations, while Section 5 examines solvent behavior in the
SDM. Section 6 compares the outcomes with commercial RO modules. Finally,
Section 7 presents the conclusions of this work. Table 1 summarizes the notation

and unit of the model parameters.
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Table 1. Notation description.

Symbol Definition Unit
J, Flux of solute 7through the membrane m3/(s-m?)
D, Diffusion coefficient of solute i m?/s
Vg, Concentration gradient of solute 7 mol/m*m
c Concentration of solute 7 mol/m3
Y Flow (advective) velocity m/s

C(x,1) Solute concentration mol/m?
D Effective solute diffusivity m?/s
D, Bulk diffusivity m?/s
o Solute-membrane interaction coefficient -

K Stiffness matrix in FEM -

1) test function -
{F} Force vector (boundary conditions and source terms) -

L Element length in FEM mesh m
Aw Water permeability coefficient m/(s-Pa)

Q Solvent (water) flux m®/day
AP Net driving pressure across membrane Pa
RR Salt rejection %

2. Methodology
2.1. The Extended SDM-ADM Model

The objective of this section is to solve the extended model which is derived from
NPM to determine the concentration profile within the RO membrane and other
design parameters of the membrane. In fact, NPM describes the ions motion in
RO membrane composed of three forces: diffusion, advection and electromigra-
tion. To simplify our analysis and also differentiate our contribution from previ-
ous research, we focus solely on the diffusion and the advection as the driving
forces of salt ions through the RO membrane, disregarding the impact of elec-
tromigration force. This is because for typical RO desalination of seawater, the
feed solution is electrically neutral [14] In such a condition the contribution of
electromigration force is minimal compared to conviction and advection forces.

By neglecting the electromigration force, the NPM can be written as:

J,=-DVc¢,—cy (1)

i

where, J; is the flux of ion 7in m’/s/m? D, is the diffusion coefficient of ion s

in m’/s, Ve, is the concentration gradient of ion 7in mole/m’, ¢, the concen-
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tration of ion 7in mole/m? and v the flow velocity in m/s.

Equation (1) is also referred to as the advanced diffusion model (ADM) and
describes the transport of solutes within the membrane. In RO membrane sys-
tems, solute transport is governed by both diffusion (random molecular motion)
and advection (bulk fluid movement). To solve ADM, we apply FEM using the
stiffness approach. We still employ the SDM to capture the osmotic pressure-
driven movement of the solvent through the RO membrane. By coupling the
ADM and SDM, we are able to investigate the three fundamental forces: advec-
tion, osmotic pressure, and diffusion, as they jointly govern solute and solvent
transport in RO membranes.

By converting the ADM model to a system of algebraic equations and solving
for the unknown parameters, such as ¢, and J,, the FEM provides a reliable
numerical approach for obtaining the solution of the new extend model (ADM
and SDM) equation. The input parameters for the new extend models are: mem-
brane geometry, feed water, and operating conditions.

The initial step to solve the ADM and SDM by FEM is to define the geometry
of the RO membrane, the boundary conditions, and the initial ion concentrations,
Le, feed concentration. The general solute transport equation in one dimension
(i.e., x-direction) can be described as follows:

a—C+va—czi( eﬁa—cj+R (2)
ot Ox Ox Ox
where C (x,t) is the solute concentration with unit mol/m?, ¢ is the time of so-
lute transport in RO membrane (Second) and v is the advective velocity (m/s),
D, is the effective solute diffusivity (m*/s), and R is the rejection or adsorp-
tion factor.

In Equation (2), the left-hand side represents the rate of change of solute con-
centration and the advective transport of solute. The right-hand side represents
diffusion and any reaction terms. D, is the effective solute diffusivity and

mathematically can be computed by:

Dy =Dye™*¢ (3)
where D, is the bulk diffusivity (m*/s), and « is the solute interaction coeffi-
cient. Several assumptions are made to solve the Advection-Diffusion Model
(ADM), including: 1) steady-state, where (Z—f:O, and 2) small concentration

changes in which ¢™““ ~1—-aC, and no adsorption or degradation and mathe-

matically can be described as follows:

VEZE(DOM Ej ()
ox Ox ox

By expanding the right-hand side and rearranging Equation (4), it can be writ-
ten as follows:

aC efacy 0 0°C 0 0C
v—-+aD.e — | =D,e =De " — 5
Ox 0 ( ox j o Y ®)
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Since C is small, the term «aC is also small, we neglect higher-order terms
a’C, reducing Equation (5) to:

2 2 2
v£+aD0(acj = Dog—aDng
ox ox ox

ox ©

Also, since aC and aD, are small value compared to the leading transport

2
terms, non linear term in Equation (6) suchas @D, (0C/éx)’ and aD,C [Z—fj
x

can be neglected without effecting on the solution accuracy. By linearizing ADM
Equation (6) can be simplified to:
2
v% =D, d (zj
ox dx

™)

This linearization is based on the assumption of low solute concentrations and
a weak coupling effect, meaning the nonlinear interaction terms are too small to
effect on the transport behavior. Under these conditions, Equation (7) suggests a
valid approximation. In our analysis, the parameter a < 1, supports the weak cou-
pling assumption. However, if a > 1, the coupling becomes strong, and the non-

linear terms can no longer be neglected.

2.2. Finite Element Method to Solve ADM

In this section, the ADM is first solved (using FEM with the stiffness approach) to
obtain the solute concentration profiles and flux distributions along the RO mem-
brane length. The results from this analysis describe how solutes move through
the feed channel and are ultimately rejected at the membrane surface. This con-
centration profile acquired from ADM is used to calculate the osmotic pressure
term in SDM.

Finite Element Method (FEM) is the stiffness approach, and the stiffness matrix
relates the nodal values of the unknown function to applied forces. The following

is the general form:
K{Cy={F} ®)

where Kis the stiffness matrix that accounts for diffusion and advection effects,
{C} is the vector of unknown nodal values, and {F} is the force vector that
incorporates boundary conditions and source terms. For an N-node 1-D finite

element mesh, the global stiffness matrix is assembled from local element matrices:

K, K, 0 0
k21 K,, Ky 0
K= 0 K32 K33 0 9
: : : Ky v
00 0 Ky, Ky |

where matrix Krepresents the combined effects of diffusion and advection. It has

contribution from both the diffusion term D,

2

and the advection term
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dc
v—-.

dx

To solve Equation (7) by FEM using the linear stiffness approach, we solve it
over a domain 0<x< L, and apply both the Neumann and Dirichlet boundary

conditions, which mathematically can be represented as follows:
Dirichlet condition at x=0:C(0)=C,

dc (10)
Neumann condition captures the zero flux at x =L : o ~0

=L

To minimize the residual error across the domain, the strong form is converted

into a weak form [17]. That is, both sides of Equation (7) is multiplied by a test

function ¢ . We assume two nodes, and integrate over the domain 0<x <L,
the following is obtained:

L dC L d*C
X vaﬁdx:‘[o Dowqﬁidx (11)

Solving the diffusion term in Equation (11), by integration by parts, and apply-

ing Neumann condition in Equation (10), the weak form can be written as follow:

J-L dC J- dC d¢ (12)
Also C(x) isapproximated using shape functions as follow:
C(x):C1¢1(x)+C2¢z (x) (13)

The derivative of Equation (13) is given by,
o dd o dh "
dx dx dx

For a linear shape function:

E:q(—i}qi (15)

where Ax=ux,—x.
. dc . . . .
Now substitute C (x) and o into Equation (12), it can be rewritten as fol-

lows:

L dg dg, dé, dg, d¢z
_[Ov( dx+c jqﬁdxj ( dx+c dxjdxdx (16)

This leads to the final element stiffness matrix to the following:

dg, d¢ dg,
K, = ) [ ¢ —L (17)
The linear shape functions for a two-node element are [18]:
X X=X
#(x)==2 (x):—AX1 (18)

where Ax=ux, —x, is the element length. By taking the derivative of Equation

(18), it can be represented as follows:
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hi) = (1) = (19)

Substituting the shape function derivative (Equation (19)) into the diffusion

term in Equation (16), it will give the following:
X 11 1
in DO (Egdxj = DO F-Li dX (20)
Since the integral evaluates to Ax:

A=t 1)
Ax

Thus, for elements stiffness, we have
D, . e D
0 delffuslon _ delffuslon _ 0
s B2 — B -

Ax

Since the advection terms contain one linear function and one constant deriv-

diffusion __ p-diffusion __
K 11 - K22 -

. . . . . 1
ative, the integral of a linear function over an element gives a factor of EX thus

the advection form in Equation (17) can be evaluated as follows:

X2 d 1
I vﬁidxzvx— (22)
& dx 2
This result in:
dvecti v
Klal vection _ V. ,
advection __ v
K> -5
2
advection __ v
K -5
2
advection __ v
KZI -5
2

Adding the diffusion and advection contributions, the stiffness of two nodes

can be represented as follows:

D, v Dy v

K- &2 A2 (23)
Dy,v D v
Ax 2 Ax 2

The discretization is applied along the membrane’s length, which is 0.356 me-
ters. The domain is divided into V= 50, 100, 500, and 1000 mesh elements, re-
spectively. As shown in Figure 1, the membrane is treated as a sheet and meshed
into uniform triangular elements. Since transport occurs within the membrane, it
is modeled as a 2-D field divided into equal triangular grids. FEM is then used to
solve for the permeate concentration based on Equation (7). This is followed by
calculating the solvent flux using SDM, and finally, the transmembrane pressure

is determined from the SDM’s solvent equation.
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EEV AN

Figure 1. Membrane flat sheet divided up to uniform tri-
angle mechs.

The stiffness matrix represents the stiffness of an individual finite element in
the mesh [19]. In our analysis it is a correlation between the forces imposed on
the solute transport and displacement at the nodes in the systems. To initialize the
stiffness matrix in MATLAB, we create a global matrix of size (N+ 1) x (N + 1).
In FEM, Equation (7) is approximated by a system of algebraic equation using
polynomial approximation over a number of elements.

To solve those algebraic equations, we need to assemble the stiffness matrix in
Equation (8). The process iterates through each element in the mesh, starting from
i=1 tothe total number of the elements, as seen in Figure 2. The element length,
dx, is calculated as the distance between nodes i and i+1, and it defines the
spatial step size used in the FEM. A diffusivity value is then selected from the pre-
defined matrix D . Next, the local stiffness matrix ( K, ) is assembled using Equa-
tion (23) and added to the corresponding section of the global stiffness matrix
K . After that, the local mass matrix is assembled, which accounts for the time
accumulation effects in each element. This local mass matrix is then added to the
global mass matrix M [20].

Theloopindex i isincremented, and the process repeats for the next element.
Once all elements have been processed, the global matrices K'and M are fully as-
sembled and ready to be used in solving the FEM system of equations. We loop
over the nodes, compute the integrals over the nodes and then solve for the linear
system to calculate for the overall permeate solute flux, as illustrated in Figure 2.
In this analysis, we find the values of solute concentrations at the nodes of the
finite element mesh and then interpolate the concentration profile across the do-
main of the ADM, as shown in Figure 3. Finally, To verify the accuracy and reli-
ability of the solution, the ADM and SDM data are compared with the experi-

mental findings.
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Start Loop ]

¥

Calculate dx
(dx = distance between
node i and node i =1

v

Select random diffusivity
D, (from D, values matrix)

l

Assemble local
stiffness matrix (k)

l

Add local stiffness to global stiffness matrix (K)
K(iti+lii+l)=K(i:i+Liti+1)+k,

r

Assemble local mass matrix (M)

linear shape function M, = %[2 1;12]

h 4

Add local stiffness to global stiffness matrix (K)
M(izi+Lizi+)=M(izi+Lizi+1)+ M,

v

Increment i and repeat
(Loop to next element)

h

End Loop

Figure 2. Flowchart for solving the stiffness matrices in ADM (NN = 100).
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Define Generate Initialize Assemble
Define Parameters Generate Mesh Initialize Matrices Assemble Matrices
*Set membrane *Generate node *Create global K *Loop Through

length, diffusion positions and and M matrices. Elements.

coefficients, and calculate number «Solve for «Calculate

number of of nodes. concentration concentration

elements. *Assemble global using: gradients.
*Define convection equations. A * Concentration +Calculate flux.

properties. *From equation 8. =M * «Print flux.
«Set Dirichlet and «Plot Concentration.

Neumann concentration. «Plot flux.

boundary

conditions.

Figure 3. Flowchart for solving the ADM using FEM with the stiffness approach (N=100).

By performing the analysis mentioned previously, ADM captures the solute-
side transport dynamics, while SDM captures the solvent-side flow driven by os-

motic gradients.

2.3. COMSOL Multiphysics for Solving ADM

In Section 2.1, we have explained how ADM can be solved using FEM through the
stiffness matrix approach. In this section, we take a different approach by using
Computational Fluid Dynamics (CFD) in COMSOL Multiphysics to analyze and
obtain the concentration profile.

To begin with, the model geometry is divided into three separate rectangular sec-
tions, each representing a specific region: the feed, the active membrane (transport
zone), and the permeate side. These sections are modeled as solid rectangular sheets.
The dimensions for each region are illustrated in Figure 4 and the values are given
in Table 2.

0.254

0.26+

0.24+

0.22+

0.18+ r
0.164
0.144 L
0.12;

0.1
0.08+
0.06
0.04+

0.02+

0+

-0.024 uls

T T T A T

-0.05 0 0.05 0.1 0.15 0.2

Figure 4. Membrane geometry in COMSOL multiphysics.
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Table 2. Geometric dimensions and offsets of RO membrane regions.

Region Width (m) Height (m) Offset (m)
Feed 0.0508 0.254 0
Membrane (active transport area) 0.0254 0.254 0.0508
Permeate 0.0508 0.254 0.0762

The material properties are then defined using seawater for the feed region,
which has a given dynamic density and viscosity. Then, under Material Transport,
two physics modules are added:

1) Diluted species transport, accounting for convective transport mechanisms.

2) Laminar Flow, considering steady-state fluid behavior.

In the diluted species transport physics, the velocity field is specified to incor-
porate convective transport of solutes across the RO membrane. The diffusion
coefficient for the membrane region is set to 1 x 107 m?*/s, and for the feed region,
it is larger, at 1 x 10> m?/s.

The initial concentration at the feed inlet boundary (x=0) is set to match the
conditions previously used in the FEM model. At the membrane outlet boundary
(x=L) the solute flux is assumed to be zero, as described by Equation (10). A
partition condition of K_ =1 is applied, indicating that the solute concentration
remains continuous across the membrane interface, with no additional partition-
ing effects. In the laminar flow physics, an inlet velocity of 0.01 m/s is set. Also,
the outlet flow condition incorporating osmotic pressure effects.

A finer mesh is created to match the resolution used in the earlier MATLAB
simulations, as shown in Figure 5. The concentration profile is then extracted

along the active boundary to evaluate the interface behavior [21].

m
0.284 o
0.264 L
0.24+

0.224

0.18+
0.164
0.14-
0.12-
0.1
0.084
0.06-
0.04-
L

0.024

0

-0.024 r=0 mi
T

Figure 5. Finite element mesh of the RO membrane geometry in COMSOL.
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3. Results from the FEM Stiffness Method

3.1. Concentration and Flux Profiles along the Membrane
Length

Figure 6 displays the concentration and flux behavior along the membrane length
during solute transport at 2 = 100 based on the ADM in Equation (7). This anal-
ysis is important because separating between diffusive and advective fluxes along
x which reveals the dominant transport mechanism that drives solute and sol-
vent inside the RO membrane.

In Figure 6, the blue dashed line represents the solute concentration C(x),
which starts high near the feed side (at x=0) and rapidly declines along the
membrane, indicating strong solute rejection and minimal penetration through
the membrane. The diffusive flux (brown dashed line) and advective flux (yellow
dashed line) reaches the highest near the inlet and diminish quickly, showing that
most of the transport activity occurs within a short region near the membrane
surface. Along the membrane, the green dashed line, which represents the total
flux or the sum of diffusion and advection, likewise drops off abruptly. The steep
concentration gradient close to the inlet and the high advective velocity, which
cause the solute to move quickly at the entrance before rapidly declining down-

stream, are the main causes of this decline.

600 T T T T T 14
C(x)
== =% | {12
500 ’
qadv
o o qtotal 11
g 400
g 2
o 108 o
] S
§ 300 =
9 ] ©
i los E
(= o
1)
§ 200
O 104
100 H 102
O (AR, S | I | IR ) ¥ DR o DI —— | IR .. O
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Position x (m)

Figure 6. Concentration and flux profiles along the membrane length using the FEM stiff-
ness approach (Feed Salinity = 32 k ppm).

Overall, the results show that solute movement is highly localized near the
membrane’s inlet, and the fluxes approach zero beyond a certain distance, indi-
cating a dominant boundary layer effect in the transport process.

The ADM result in Figure 6 shows a very sharp concentration drop near the
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inlet along the membrane length, followed by near-zero concentration for most of
the domain. Both advection and diffusion forces contribute to this sharp drop; the
inlet flow quickly pushes solute downstream, resulting in the concentration de-
creasing more abruptly.

Overall, the findings indicate a dominant boundary layer effect in the transport
process, with solute movement being highly localized close to the membrane’s in-
let and fluxes approaching zero beyond a certain distance.

The ADM result in Figure 6 shows a very sharp concentration drop near the
inlet along the membrane length, followed by near-zero concentration for most of
the domain. This steep decline is influenced by both advection and diffusion forces,
where the inlet flow rapidly pushes solute downstream, causing the concentration

to decrease much more abruptly.

3.2. Effect of Changing Boundary Condition Configurations in
ADM

Since boundary conditions can highly influence the behavior and the accuracy of
numerical solutions, this section investigates the concentration and solute flux
along the membrane length under varying inlet and outlet boundary conditions.
Different scenarios of experiments are performed to help us better understand
how concentration gradients and transport dynamics respond to changes in phys-
ical constraints.

Figure 7 shows the concentration profiles C(x) and solute fluxes q(x)
across the membrane length under different Dirichlet and Neumann conditions
as described in Equation (10). By exploring multiple outlet flux settings, it guar-
antees that the model will always be adaptable and representative of real-world
membrane operation circumstances. This figure highlights the boundary-layer lo-
cation and mass-transfer direction that determine the outlet concentration.

In all four subplots, the blue solid lines represent the solute concentration, while
the orange dashed lines show the corresponding flux. Despite the changes in the

outlet flux condition ¢, (J_,,. ),theunitof ¢, is(mol/m*/m), the concentra-

olute
tion profile consistently and quickly drops at the membrane inlet (x =0 ) and flat-
tens out. However, the flux behavior is highly sensitive to the boundary condition.
For example, ¢, =0, the flux approaches zero gradually; when ¢, is positive or
negative, the flux either maintains a steady value or shifts in response to the im-
posed boundary influence.

A negative outlet flux means the solutes are being pushed into the membrane
from the right side instead of exiting, which creates a reversed concentration gradi-
ent. This backward flow behavior is reflected in the shifted flux profile, even though
the concentration still drops from the inlet. This creates an unusual situation where
diffusion and possibly advection are influenced in the opposite direction.

A positive ¢, , C(x) drops sharply near the inlet. This is indicating a thin
depletion (boundary) layer where most transport occurs, while ¢(x) stays

nearly constant along x.
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Figure 7. Effect of changing boundary conditions on concentration and flux profiles along
the membrane length.

3.3. Mesh Sensitivity Analysis

Figure 8 illustrates how the concentration profile evolves along the membrane
length when different mesh densities (50, 100, 500, and 1000 elements) are used
in the finite element model. Figure 8 and Figure 9 validate grid-independence to
guarantee that outlet concentration and flux are accurate and not artifacts of an
inadequately refined mesh, as the abrupt boundary layer requires appropriate mesh
resolution.

Effective solute rejection is demonstrated in every case by the concentration
C(x) rapidly approaching zero after dropping sharply at the membrane inlet. As
the mesh becomes finer, the transition in the concentration profile appears smoother
and more precisely defined, particularly near the inlet where the gradient is steep-
est. This illustrates the importance of mesh refinement in enhancing numerical
stability and capturing abrupt concentration changes, particularly in regions with
rapid variation.

Figure 9 shows that in every case, the solute flux is highest at the beginning of
the membrane and quickly drops and approaches zero. This sharp decline high-
lights a strong concentration gradient at the inlet, with much less transport hap-
pening farther along the membrane. As the number of elements increases from 50
to 1000, the plots become more detailed and consistent, especially around the inlet
where the flux changes rapidly. This suggests that using a finer mesh provides a
more accurate representation of the diffusion process [22]. In this case, a mesh size

of 500 to 1000 elements is sufficient to capture the true behavior.
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Figure 8. Effect of mesh refinement on solute concentration profile along the membrane
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Figure 9. Effect of mesh refinement on flux profile along the membrane length.

. . . . . de . .
In a discretized domain, the concentration gradient ™ is approximated by

finite differences between adjacent nodes. When the number of mesh 50 elements,

the spacing between nodes is relatively wide. This makes it challenging to depict
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abrupt concentration changes accurately, particularly near the membrane inlet
where gradients are steep. As a result, the computed flux at the inlet tends to be
lower than it should be because the steep drop in concentration is numerically
smoothed out. In contrast, using a finer mesh with 500 or 1000 elements provides
much better resolution. Sharper gradients can be more accurately resolved by the
model because nodes are spaced closer together. This improves the accuracy of
the flux calculation near the inlet and results in a higher estimate of solute transport
at the feed side, better capturing the physics of diffusion in that region. However,
employing a finer mesh also increases the computational time required to gener-
ate results [23].

By changing the mesh size, Figure 10 shows how good our numerical approach
is in predicting concentration and flux at the membrane outlet. The Concentra-
tion Error Convergence plot shows the error in our calculated concentration. The
resulting error is extremely small, around 107'2. As the grid size (/) increases, the
error decreases slightly. This indicates our numerical method is quite stable and
produces accurate results, even when fewer computational points are used. The
Outlet Flux Error plot shows the error in the calculated outlet solute flux. Here,
the error can be effectively pushed to zero for all tested mesh sizes. That means
the model perfectly matches our boundary conditions at the outlet. Overall, these

plots confirm that our numerical method is reliable and robust.
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Figure 10. Mesh convergence of the solute concentration and outlet flux.
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4. Results from COMSOL Multiphysics Simulation

Figure 11 shows a 3-D concentration distribution across RO membrane module
at 32 k ppm feed salinity. It shows the solute concentration distribution within a
cylindrical geometry, likely simulating RO membrane module. The simulation uses
mol/m? as the unit for concentration. Areas with high solute buildup are visually
indicated by the red zone in the center. (above 500 mol/m?) while the blue regions
near the outer boundaries represent zones of low concentration, approaching that
of pure solvent. This gradient suggests that solutes accumulate near the feed side
and are progressively rejected or diluted when moving outward, which is a typical

behavior in RO membranes.

3) {

Concentration (mol/m

500

450

400

350

300

250

200

z

Figure 11. Concentration distribution across RO membrane at 32 k ppm feed salinity.

The model is sliced open to reveal the internal concentration structure across
the membrane’s length, providing a clear view of how solute transport behaves
inside the domain. This helps evaluate membrane performance and supports the
validation of numerical models such as FEM. The sharp gradient seen inside the
module is further supported by the color bar on the right, which quantifies the
concentration field and displays a range of 0 to 550 mol/m’.

Figure 12 presents the concentration distribution within a rectangular section

of a membrane system, likely from a simulation of diffusion process. The color
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map displays solute concentration in mol/m?, with red areas indicating high con-
centration (above 500 mol/m?) and blue areas indicating low concentration (ap-
proaching zero). The active membrane zone where mass transfer is most intense
is indicated by the sharp gradient between red and blue, particularly in the narrow
vertical band. Streamlines and arrows overlaid on the plot illustrate the direction

and pattern of solute flux.
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Figure 12. Streamline flow distribution across RO membrane in COMSOL.

On the left side, the vertical arrows show a fairly uniform upward movement of
concentrated solute, indicating flow parallel to the membrane surface probably
representing feed flow. As the solute approaches the membrane surface (the red
to blue transition), the direction shifts, and some of the solute begins to diffuse or
be drawn perpendicularly across the membrane. The streamlines curve and dis-
perse in the blue area on the right, illustrating how the concentration decreases
on the permeate side. The contours in this region represent equal concentration
levels and help illustrates the diffusion path of the solute. Overall, Figure 12 makes
it abundantly evident how the solute is moved from the high concentration feed
region to the low concentration permeate side across the membrane, with the nar-

row transition zone exhibiting the strongest mass transfer.
The results of the COMSOL simulation and the FEM-stiffness method agree

DOI: 10.4236/eng.2025.1710029

519 Engineering


https://doi.org/10.4236/eng.2025.1710029

F. Najdawi

well, especially when it comes to the evolution of concentration and flux across
the membrane. In the COMSOL analysis, the steep concentration transition at the
membrane interface is clearly visible, with high solute levels gradually dropping
from the feed side (red region) to the permeate side (blue side). This matches the
pattern observed in the FEM output, especially when using finer mesh resolutions.
Also, the streamline flows in the COMSOL model, which illustrates the direction
and strength of the flux. This shows the same trend as the FEM results. That is,
there exists a strong flux at the inlet, and it weakens along the membrane length.
This consistency between the two approaches reinforces the accuracy of the FEM-
stiffness method in modeling solute transport in RO systems.

Table 3 compares COMSOL Multiphysics and a stiffness-based FEM for three
randomly selected boundary-layer thicknesses. For each case, the outlet concen-
tration was calculated. The methods show excellent agreement, with differences
of only ~0.4% - 0.7%

Table 3. Comparison between COMSOL multiphysics and the FEM-stiffness approach.

COMSOL FEM-stiffness
Boundary layer . .
. multiphysics (ppm approach (ppm Error (%)
thickness (m) . .
(x10"3)) (x10"3))
0.0245 31.800 31.960 0.503%
0.0310 30.610 30.815 0.670%
0.0445 30.410 30.536 0.414%

5. Solvent Analysis of SDM

In this section, we calculate the design parameters of the RO membrane under
varying feed pressures and water permeability values. Water permeability, which
indicates the rate of water flux through the membrane into the permeate, typically
ranges from 2.78 x 107** to 5.56 x 107> m/(s-Pa) (or 1 - 2 LMH/bar) as noted by
[24]. Table 3 presents the net driving pressure, solvent flow rate, and salt rejection
at different salinity levels and membrane permeability values. Table 4 also ex-
plains the influence of feed salinity and water permeability on reverse osmosis
(RO) membrane performance in terms of net driving pressure, solvent (water)
flow rate, and salt rejection efficiency. Four salinity levels from 32,000 to 35,000
ppm were evaluated across five different water permeability values ranging from
2.78 X 1072 to0 5.56 x 1072 m/(s-Pa).

As feedwater salinity increases, the net driving pressure decreases slightly from
2.79 MPa at 32,000 ppm to 2.53 MPa at 35,000 ppm. This trend reflects the in-
creasing osmotic pressure that offsets the applied hydraulic pressure. As a result,
even when permeability stays constant, water flux (Q) through the membrane
likewise decreases with increasing salinity. For example, at a permeability of 2.78
x 1072 m/(s-Pa), the flow rate decreases from 0.405 m?*/day at 32,000 ppm to 0.368
m?/day at 35,000 ppm. Furthermore, at each salinity level, increasing membrane

water permeability results in a proportional increase in flow rate. This confirms
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that membrane permeability is a key design parameter in achieving higher water
productivity. For instance, at 33,000 ppm, increasing permeability from 2.78 x
1072 to 5.56 x 1072 m/(s-Pa) increases the flow rate from 0.392 to 0.785 m?/day,
effectively doubling the water output.

Table 4. Effect of salinity and water permeability on RO membrane performance.

Net driving Watel.' . L
Salinity (ppm) pressure permeabl}lty Flow rate (Q) Salt rejection
APrrx 1076 (Pa) Awx 10712 (m?/day) (%)
(m/(s-Pa))

2.78 0.405 100

3.47 0.506 100

32,000 2.79 4.17 0.607 100
4.86 0.708 100

5.56 0.809 100

2.78 0.392 100

3.47 0.49 100

33,000 2.71 4.17 0.589 100
4.86 0.687 100

5.56 0.785 100

2.78 0.38 100

3.47 0.475 100

34,000 2.62 4.17 0.57 100
4.86 0.665 100

5.5 0.76 100

2.78 0.368 100

3.47 0.46 100

35,000 2.53 4.17 0.552 100
4.86 0.644 100

5.56 0.735 100

In all scenarios, the salt rejection remains constant at 100%, indicating that
changes in water permeability and salinity within this tested range do not com-
promise membrane selectivity. While higher permeability improves water flux,
elevated salinity imposes limits due to osmotic pressure buildup, illustrated in

Figure 13 and Figure 14.
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Figure 13. Effect of water permeability and salinity on permeate flow rate.
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Figure 14. Relationship between net driving pressure, salinity, and permeate flow rate.

Figure 15 explains the effect of net driving pressure and membrane permeabil-
ity on permeate flow rate. Also, it Validates the linear dependency of flow rate on
both membrane permeability and net driving pressure. Obviously selecting mem-
branes with higher values of 4, and operating at greater net pressures can sig-

nificantly improve water production in RO systems. However, such improve-
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ments must be balanced against energy costs and system limits. Also, the x-inter-
cepts in left plot (~0 flow rate) are around 0 Pa, consistent with the physical mean-
ing that there is no flow without pressure difference. The right plot 3D view rein-
forces the same trend seen in the 2D plot but adds depth by showing how flow
rate depends on the combined effect of pressure and permeability. The surface
smoothly rises, confirming that both increasing permeability and pressure in-

crease the water production.
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Figure 15. Effect of net driving pressure and membrane permeability on permeate flow rate.

6. Comparing with Commercial RO Modules

The SW30-2514 and SW30-4021 are the two commercial RM modules manufac-
tured by DuPont (previously called Dow FilmTec). Both are conventional spiral-
wound RO membranes often found in small- to medium-scale seawater desalina-
tion facilities. The SW30-4021 is larger than SW30-2514 and has area of around
7.9 m? while the SW30-2514 has a membrane area of roughly 2.6 m?. Both mod-
ules run best at the feed pressure of 5500 kPa. Table 5 and Table 6 present a com-
parison between the outcomes of the extended ADM-SDM model, solved using
the finite element stiffness method, and the manufacturer-reported data at a feed
pressure of 5500 kPa.

We validate the extended model (ADM-SDM) by comparing its results with
experimental data from a commercial seawater reverse osmosis (SWRO) module.
Permeate flux and salt rejection are the two main performance metrics used to
evaluate the accuracy of membrane models. The results demonstrate strong agree-
ment between the simulated and manufacturer’s reported data, confirming the
accuracy of the FEM model. By including advection effects, the extended model
improves flow rate predictions over the traditional SDM and lowers calculation
errors by more accurately representing the physical transport processes inside the

membrane.
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Table 5. The comparison between ADM-SDM and SW30-2514.

Design parameter SW30-2514 ADM-SDM Error (%)
Permeate flux (m*/day) 0.60 0.607 0.7
Salt rejection (%) 99.40 100 0.60

Table 6. The comparison between SDM and SW30-4021.

Design parameter SW30-4021 ADM-SDM Error (%)
Permeate flux (m?®/day) 7.4 7.204 2.6
Salt rejection (%) 99.40 100 0.60

Due to idealized assumptions in diffusivity and membrane homogeneity, the
model’s constant salt rejection prediction of 100% may somewhat exceed real-
world performance. This validation confirms that by using FEM, the expanded
ADM-SDM framework offers a strong tool for simulating solute and solvent
transport in RO membranes. Its precision in anticipating commercial module per-
formance supports its application in membrane selection, and performance anal-
ysis.

To validate our model against experimental results, we compared our salt re-
jection results with findings from two independent studies. For instance, [25] re-
ported a salt rejection of 97.5% at a feed pressure of 1100 kPa and a feed concen-
tration of 2 kg/m’. Our model predicted 96.8% under the same conditions, which
is only 0.72% off. This indicates strong agreement with the report.

Also, [26] reported a salt rejection of approximately 99% at 40 bar (4000 kPa)
and 30,000 ppm. Our model predicted 98.78% under the same conditions, which
is only 0.22% off. This indicates strong agreement with the report.

Like other models, the ADM-SDM framework has limitations in fully capturing
transport mechanisms that occur within the thin boundary layers near the mem-
brane surface because the flow behavior becomes complex and less predictable. In
addition, mathematical models like the ADM-SDM framework does not fully re-
flect events such as membrane fouling, in which solute particles build up and clog

membrane pores over time, hence gradually reducing performance.

7. Conclusions

This study proposes an extended mass transport model for reverse osmosis (RO)
membranes by coupling the ADM with SDM and solving it using FEM with a
linear stiffness approach. The results demonstrate good agreement between ADM-
SDM via COMSOL and experimental data from commercial RO modules, vali-
dating the model’s accuracy. The FEM stiffness method showed that solute con-
centration and flux are strongly localized near the membrane inlet. Both advective

and diffusive fluxes peak at the feeding side and decrease rapidly downstream,
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confirming the dominant role of boundary layer effects in solute rejection.

Varying boundary conditions highly affected solute flux behavior while con-
centration profiles remained steep at the inlet and flattened along the membrane.
Reversed gradients were produced by negative outlet flux conditions, demonstrat-
ing how sensitive flux predictions are to boundary conditions. Changing the mesh
size improved the accuracy of concentration and flux profiles near the inlet, where
gradients are steepest. A mesh resolution of 500 - 1000 elements was sufficient to
capture sharp variations, while error convergence plots confirmed that the nu-
merical method is both stable and reliable.

The extended Advection-Diffusion solution (ADM-SDM) model showed close
agreement with manufacturer-reported data for commercial modules (SW30-
2514 and SW30-4021). The model’s predictions were accurate because the errors
in permeate flux forecasts stayed below 3% and the estimates for salt rejection
were slightly higher than the reported values.

The salt rejection is calculated using following formula:

Salt Rejection (%) = [1 —&jx 100%
C,
where C, and C, are the solute concentrations in the permeate and feed, re-
spectively.

Because C, < C, the calculated salt rejection was 99.99%, which was rounded
to 100%. While the extended ADM-SDM framework provides reliable predictions
of solute transport and permeate flux, certain model assumptions contribute to
differences between the estimated salt rejection and the manufacturer specifica-
tions of commercial RO membranes. These assumptions include the linearization
based on low solute concentrations and weak coupling effects, as well as the ex-
clusion of electromigration.

Overall, including the advection effects improved the flux predictions com-
pared to traditional SDM approaches. It is precisely calculating salt rejection and
permeate flux. The model offers a scalable and computationally effective tool for
designing, optimizing, and assessing the performance of reverse osmosis (RO) sys-
tems in practical desalination applications. In addition to accurately forecasting
performance metrics, the extended ADM-SDM framework offers recommenda-
tions for creating anti-fouling and energy-saving techniques for RO desalination
systems.

The accumulation of solute at the membrane surface relative to the bulk solu-
tion is known as concentration polarization [27]. There are significant design and
operational implications to our discovery that flux is highly localized at the mem-
brane inlet. High concentrations in this area raise the local osmotic pressure, which
decreases flux efficiency and the effective driving force for water transport. By de-
termining the concentration behavior at the inlet, as we performed in our analysis,
strategies like staged feed distribution or inlet pressure adjustment can be used to

more evenly redistribute flux along the membrane. As a result, fouling is min-
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imized, which lowers water flow, boosts pressure drop, shortens membrane life,
and raises operating expenses [28]. Although the ADM-SDM model is quite ef-
fective and accurate, it is still unable to account for membrane fouling and elec-
tromigration force. Therefore, the integration of fouling behavior and transient
transport processes should be the main focus of future research. Predictive simu-

lations for RO systems would become much more realistic as a result.
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