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Abstract

This article considers the direct solution of the dynamic problem of building-
foundation interaction. A mathematical model of the interaction between a build-
ing and a deformable foundation is presented. A numerical method of successive
approximations of velocities and accelerations, varying over time, is proposed. A
numerical algorithm and a computer program have been developed, and studies
of free and forced oscillations of the dynamic model of the building have been
carried out. Numerical experiments were conducted, and results were obtained
using a frame building as an example. The results are given for a simplified model
considering linear and angular displacements of the foundation slab.
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1. Introduction

During earthquakes, seismic vibrations from the source are transmitted to the
building through the foundation. As is known, for a building constructed on a
rock foundation, during an earthquake, the force created in the form of an over-
turning moment and shearing force will not cause deformation of the foundation.
In this case, the seismic response depends only on the properties of the building
structure. However, for soft soils used as a foundation, soil deformation under
seismic loading affects the response of the building and creates a building-soil in-
teraction (BSI) effect. The BSI effect has been studied in the works [1]-[5], etc.
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The BSI effect produces two types of interaction: kinematic—deviation of the
foundation’s motion from the motion in the free field; inertial—the foundation
sets the superstructure in motion and inertial forces develop in the structure. The
inertia-induced shear force and overturning moment developed in the foundation
soil cause additional deformations in the soil. The foundation, excited in this way,
becomes a source that propagates waves through the soil into infinity. This leads

to a particular consideration of damping forces.

2. Equations of Motion

The interaction between the foundation soil and the structure is a determining
factor influencing the dynamic responses of the system under seismic loading. Let
us consider a multi-story frame building on an elastic homogeneous foundation
subjected to the action of a shear wave (Figure 1(a)), which propagates upward

from below at a speed
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Figure 1. Dynamic model of a building considering foundation compliance.

V,=,G/p, G=E/2(1+V),

where G,E,v, p —are the shear modules, Young’s modulus, Poisson’s ratio, and
soil density. The dynamic model of the building with the corresponding stiffness
coefficients and viscous damping elements is shown in Figure 1(b). Under seismic
impact, it is assumed that the deformability of the foundation causes the building
to move as a whole object with a rotation angle ¢(t) and a linear horizontal
displacement w; (t) (Figure 1(c)). Consequently, the dynamic model presented
in Figure 1(b) has a certain number of degrees of freedom.

It is assumed that, under the action of a transverse wave, the dynamic model
shown in Figure 1(b), as a single entity, performs a translation and rotational
movement by amounts w, (t) and, and then deforms (Figure 1(c)). It is also
assumed that the mass of the foundation has two degrees of freedom, while the
remaining masses m;,---,m, have one degree of freedom each.

Based on the primary system of the displacement method, the equations of mo-

tion for the dynamic model of the building can be formulated. By sequentially
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analyzing the dynamic equilibrium of each mass in the primary system, the cor-
responding equations are obtained. According to Alembert’s principle; inertia
forces are applied to the masses and treated as external forces. Considering these
forces, the equilibrium conditions of the dynamic model in its deformed state are

expressed using the equations of the displacement method [6].
RZ+R, =0, Z—->W, R,=MW",
MW" +RW =0 (1)
As follows from the deformed state of the model (Figure 1(c)), the displace-
ment of each mass consists of four components:
W =W, +W, +ho+w,
i=12,---,n
where w, is the prescribed displacement due to the earthquake, W; —is the
horizontal displacement of the foundation, h¢g —is the linear displacement due
to the rotation of the foundation by an angle ¢, w, —is the relative displace-

ment of the mass due to the deformation of the structure. The elements of the

inertia force vector in (1) are represented as follows:
M, = my (W + Wi+ g+ i ) )
i=12,--,n
The matrix Equation (1), taking into account (2), is presented in expanded
form.
MW, + MW, +mhg—kw, + (K, +k, ) w, —k,w, = —mWi, (t),
M+ Mo+ —kw (K kg )=k w, = —mg (1),
i=23,---,n-1,

MW, +m W, +m b g —Kk w, , +Kw, =—m i (t).

n"'n-1

3)

The other two equations are obtained from the equilibrium of the foundation
slab, which has two degrees of freedom. The first of these two equations, corre-
sponding to the horizontal motion of the mass of the foundation slab, is written

as

MV, + o+ MW+ MW+ M+ KW, = —mg Vi (t) (4)

n
my = Zizlmi +m,

where k; —the soil foundation stiffness coefficient in shear is denoted. The in-
dices S and f correspond to the structural and foundation parts of the build-
ing, respectively. The second equation, which describes the rotation (rocking) of

the building due to soil compliance, is expressed as

MW+ m b W+ W+ 1 G+K o =—Vp (1) " mh, (5)

n n 2
Iy =1, +ZHIi +zi:lmihi

where |, |, —the moments of inertia of the foundation mass and the mass of the
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i -th floor of the building are taken with respect to an axis Y , perpendicular to

the plane of the drawing k, —is the rotational stiffness coefficient of the soil.
The moment of inertia of a rectangular plate with plan dimensions—along the

z -axis and D —along the y-axis, thickness & , and mass M, is determined by

the formula [7].

I, =1,=m(a’+5°) /12
where m = pabd —mass (ts’/m), p =y/g —material density (t/m’), y —unit
weight (t/m?).

Equations (3)-(5), which describe the motion of the building taking into ac-

count the soil compliance, can be written in matrix form

MW + KW = M, (t) (6)

where the square mass matrix of order N+2 can be represented in block form.

Zn:mihi 'f+Zn:'i+Zn:mihf
i1 i1 i1

M, —the diagonal mass matrix of order n corresponding to the part of the

building above the foundation.
M, =diag(m, m, - m)

M —a rectangular matrix of size nx2 M, —a square matrix of second or-

der. The square mass matrix of order nN+2 can be represented as follows:

ml 0 ml mlhl 1
m2 mZ m2h2
M =
0 m, m, mph,
m m, - m X X
Lmh mh, - mh X, X, |

where 21=mf+§n:mi Ezzzn:mihi 23=If+znlli+zn:mihi2.

i=1 i=1 i=1 i=1

The stiffness matrix of the studied object has the form

KKSO
10 K,

where K, —is the banded stiffness coefficient matrix of order N.
k,+k, -k, 0 % 0 O
-k,  ky+k, -k 0 O
K, =

0 0 -k, k.+k, -k, O

0 0 0 -k, K,

K —the stiffness coefficient matrix of the soil foundation.
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< {kf o}
Tlo Kk,

The acceleration and displacement vectors are represented as:
v .. .o . . .. T T
W:{Wl Wy oo W, Wy (0} W:{Wl Wy oo Wy Wy §0}

The mass column vector on the right-hand side of (6), as follows from (3)-(5),

consists of the following elements:
T
m = Mr ={m1’ my, .-+, m,, (mf +Zin:1mi)' Zinzlmihi}

r={0,---,0,1,0}' —influence vector.
The system of Equations (6), accounting for damping, is presented in its ex-

panded form

M, Mg [[W,| [C, O]jw,| [K; Ofwg] [mg] ,
mMroM, W (Lo e, [w, [Tl ok, w, [T m, [ @
mo={m m, - mn}T, m,:{(mf+zin:1mi) 2?:1mihi}T

where the damping coefficient matrix (damping matrix) can be represented ac-
cording to Rayleigh [6] [8].
C, =aM, +bK;

a, b —arbitrary proportionality coefficients. The damping matrix correspond-

ing to the oscillatory process in the soil foundation (Figure 1(b)) has the form

C_cf 0
"o ¢,

The stiffness and damping coefficients of the soil in shear and during building
rotation in the vertical plane for a rectangular foundation in plan, obtained from
the solution of the problem of vibrations of a footing on an elastic foundation, are
determined by the formulas [1] [2] [9]-[12], etc.

3
8CR, | _ 8GR} 3(1-v)l,

= *T3(1-v) °" 8pR,
R, = /ab/n R(ﬂ:\/m

I¢,:m(a2+52)/12:ly m = pabs

3 _ 4,6R{{/pG ~ 0.8R}\/pG

o2y "’_(1—1/)(1+B(p)

where a,b, & —width, length, and thickness of the foundation slab, respectively;
G —is the shear modulus of the soil; V —nuvis the Poisson’s ratio; R;, R, —are
the equivalent radii of the foundation and p = y/g —is the density of the soil. It
should be noted that the methods for determining the soil stiffness and damping

coefficients are also discussed in [13]-[18].
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3. Numerical Modeling

The system of differential Equations (7) is solved using the numerical method of
successive approximations [19], according to which the accelerations and velocity

attime t; arerepresented in general form as follows

N a, . .
W = (Wu W, 1) W AW
72 T

Wi = ﬂl(w W|J1) LW, 4 — B W 4 (8)
i=42,--,n j=12,---,N 9)

where ¢, ff, —are numerical coefficients and 7 —is the integration step. Angu-

lar accelerations and angular velocities are approximated in the same way:
. a, . ..
?; :_21((/7j _¢j—1)_72¢j—1_a3¢j—1 (10)

¢" ﬁl ((PJ ¢j71)_ﬂ2¢j—l_rﬂ3¢j—1 (11)
By substituting Equations (8)-(11) into Equation (3), written at time t;, we
obtain a system of N equations with Nn+2 unknown linear and angular dis-

placements.

. .
(mlr—z ﬂ1+k +k) koW + [mlf—;—kljwfﬁmlhlr—;(pj =B,

o B o o
—k,W;; +(m2—2+cz—+ k, +k3JW2j —kaW,; +m, —-wg +mh, = 9, =B,;,
T T T T
k Bk 4 h e =B 12
KW, g+ M, T—+c —=+k, wnj+mn?wﬁ+mn nT—zgoj— i (12)

j=1, 2135”'1 N

where the free terms are represented in the form

a, a, . .
BIJ mw +m; . W|11+7Wi‘jfl+a3wi_jfl

+m; (T W, J_1+ 2 g+ oW 1)
(13)

o, a, . ..
+mh| 5@, +—=0; a0,
T T
+C (&W + SoW .+ W j
|7 M T 3Wi j1 |
i=14,23:--,n j=123-,N
By substituting Equations (8)-(11) into the differential Equations (4) and (5),
also written at time t; , we obtain a system of two algebraic equations with n+2
unknowns.

_zlz |:_;[ f+zmi]+cf%+kf:|wf,j+%(zmihi](pj =B,,; (14)
i1

T i=1 i=1

>
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(Txlzmhw +T wath +( — 14 +c, ﬂl jq)j:Bmzj (15)

i=1
_I +Z| =1 I+Zin:1mihi2

where the right-hand side of these equations is represented as follows:
L% -
By =—| M +Zm Woj"'zm Wijat . Wt oWy
n
+ mg+>.m, [ Wy, + % =g, +a3wfj1j
T

i=1

) (16)
2
+ mh ngojl (p]l+053(pJl
i=
ﬂl . .
+C¢ 7ij4 + B Wy +7BWy |
Bu.oj = WOJth +th( W+ = wi’j1+a3v\'/i’“j
+Zm h, ( Wy L vvﬁl+a3\7\'/ﬁ1j
(17)

a a, . .
g | @ +—=@+ 00,
T T
+C, ¢j—1+ﬂ2¢j—l+rﬂ3¢j—l
T

The systems of algebraic Equations (12)-(17) form a solvable system of equa-
tions of order n+2 with (Wl, W, -, W, W, ,go) unknowns. This system of equa-

tions, corresponding to the time t;, is written in matrix form as follows:

AW; = B; (18)
ap, &, 0 0 A ¢ Ay, || W B
8 &y Ay 0 Ayt Ay || Woj By

0 8y v e 0 : : : :

0 e @ @ Ay, (30 p=e (19)
0 0 01 Ay ay a,, W B,
A1 Qg T Aan Ay an+1,¢ ij ij
[ 8ni2a S22 0 @ S G0, || 9 B,;

where the elements of matrix A have the following form:

a.
& :mlT_;+C1%+kl+k2’ a, =—k,,

_ _ & _ _ 24
Qg =8 =M—, &y =8, =M —,
T T
_ B _
a, =-k,, a, m2 +c2 +k, +K;, @y, =—ks,
T T
. (04
_ _ 1 _ _ M
a2n+1 - aZf - m2 1'2 ’ a2n+2 - aZ(/) - T2 mZhZ’

291
Ay =8 =M, z__z' Qni2

24
— — 1
- an(p - mnhn T_z’
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241 B
ann—l = _kn—ll a'nn = mn 2 + Cn + kn’ (20)
T T
_m & _m & _m &
A1 =M — 8 =My—, - &y =My—,
T T T
a ys; a,
— _ 1 1 — _ 1
an+1,n+1 = an+1f = 21 2 + Cf + kf 1 an+1,n+2 - an+1(p = 22 o
T T T
(0% . .
— 1 _ 1 _ 1
an+2,1 - mlhl 21 an+2,2 - m2h2 2 ] an+2,n - mnhn 2
T T T
_ _y & _ _y @ B
Anoni = Bnyor =2, 2 8noni2 = 8nip = 23 22 +C¢ ; + kgo’

n n n n
To=mo+ym =Y mh Zo=10+) L+ mh?
i=1 i=1 i=1 i=1

Thus, based on the conditions of convergence and stability of the solutions, by
selecting the integration step 7, and specifying the soil stiffness and damping co-
efficients, the matrix A of the system of Equations (18) is formed. The vector of
free terms, which consists of the elements from (13), (16), and (17), is formed
depending on the external load and the values of displacements, velocities, and
accelerations corresponding to the previous time step. Consequently, the system
of Equations (18) is solved at each time step to determine the displacement vector,
after which the velocity and acceleration vectors are calculated. At the next stage,
internal forces are determined, including the overturning moment and the shear
force in the support part of the structure. It should be noted that the matrix A
is block-structured, and the Gaussian elimination method is applied to solve the

system of algebraic Equations (18) [20].

4. Numerical Modeling Results

Based on the presented mathematical model, a computer program BCO-3-El Cen-
tro was developed in the Fortran language, and results of free and forced vibra-
tions of the studied object under various loads were obtained. The numerical sim-
ulation results were obtained with an integration step 7 = At/NT ,where At=0.02,
NT > 4 —the sampling interval of the El Centro accelerogram.

Example 1. Study of free vibrations of a building considering the soil founda-
tion compliance. A 10-story framed building is considered, with plan dimensions
of 36 x 18 m a column grid of 6 x 6 m and a floor height of h=3. The column
cross-section is 0.5 x 0.5 the beam cross-section is 0.3 x 0.45 m, and the slab thick-
ness is 0.2 m. The building rests on a foundation slab 0.5 m thick [21].

The results of free vibrations were obtained from the action of a uniformly dis-
tributed initial velocity of v, =1 m/s). To analyze the convergence and stability
of the solutions, free vibrations of the building without considering soil compli-
ance were first studied for various time step values. Numerical experiments
showed that when varying the time step within the range from At/20 to At/4,
the results practically coincide. Figure 2 shows the free vibration graphs obtained
at 7=At/20=0.001 seconds). The fundamental period of free vibrations is
found to be 0.84 seconds.
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Figure 2. Free vibrations of the building model with a rigid base.

Similar results were obtained for the model considering soil flexibility. Figure
3 shows the vibration graphs of masses m; m, and m,, obtained without con-

sidering damping, using the following soil stiffness coefficients [22].

Wi, Wi0s Wf, M - Pagl Pap2 Pap3

0.5

S APYAR A

-0.1

NEVEVE/RYE
VI Ymeey |

0 0.5 1 15 2 25 3 35 4 4.5

Figure 3. Free vibrations of the building model considering soil flexibility.

k; =1.91x10° (t/m), k, =7.53x10" (t/m).

As follows from the obtained results, the fundamental period of free vibrations
of the building with soil flexibility is 1.0 s, which is 19% greater than that with a
rigid base.

Example 2. Forced vibrations of the dynamic model under the action of a
model accelerogram.

W, (t) = Asin 6t
A=4.0 m/s*, 0=2n/T,

Acting in the foundation part of the building. A building model with the initial
data provided in Example 1 is considered. Numerical modeling results were ob-
tained for various values of the harmonic excitation frequency. For the purpose of
comparison and to verify the reliability of the results, a dynamic model of the
building was first considered, in which the stiffness coefficients of the foundation
soil tend to infinity. The vibration graphs of the m;, and m,,, obtained with
damping at T, =1.0s, are shown in Figure 4. It can be seen that the dynamic

process corresponds to the beating effect, which indicates the closeness of the vi-
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bration periods of the external excitation and the natural vibrations of the building
(T, =0.84 c, Figure 2). The beating period is equal to:

o2t _ Th _ 1084 ..
lop—| [T-T,| [0.84-1.0

g WLWI0,m ——Paal —Pag2

« AANA A AN AL
\V

<Y VY

-0.6

0 1 2 3 4 5 6 7 8 9 10

Figure 4. Beating phenomenon arising from the superposition of two oscillations with close
frequencies.

Next, the results were obtained taking into account the foundation compliance
under harmonic excitation at T, =1.0s. Figure 5 shows the results obtained for
k; =1.91x10° t/m k$ =7.53x10" t/m without damping (Curve 1), and with
damping taken into accountat ¢, =2.19x10* ts/m c,= 2.26x10° ts/m (Curve
2). As expected, the amplitude of the oscillations increases indefinitely, which cor-
responds to a resonance mode. This confirms the reliability of the results related
to the study of free vibrations of the dynamic building model with consideration

of foundation compliance.

25 W10, m —Papl —Papn2

2
1.5
1
0.5
0
-0.5
-1
-1.5
-2
-2.5

0 1 2 3 4 5 6 7 8 9 10

Figure 5. Resonance mode of the oscillatory process in the dynamic model considering the
compliance of the foundation soil.

Example 3. Numerical solution of the dynamic problem for calculating the
building response considering foundation compliance under seismic loading in
the form of a given earthquake accelerogram. The building model with the data
from Example 1. is considered. Figure 6(a) shows the graphs of the total acceler-
ation response obtained under the action of the El Centro accelerogram for the
following values of stiffness and damping coefficients in the foundation soil.
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Figure 6. Acceleration response graphs obtained from the given El Centro earthquake ac-
celerogram: (a)—with compliant (flexible) foundation, (b)—with rigid foundation.

ki =1.91x10° t/m, k,=7.53x10" tm
¢, =2.19x10" tf/m, C(p=2.26><106 t-m-s

The damping matrix is assumed to be proportional to the mass matrix with a
proportionality coefficient b=2&w,, where the damping parameter & =0.02
@, =2n/T,, T,=1.0 corresponds to the fundamental period of the free vibra-
tions of the building model. For comparison, Figure 6(b) presents the graphs of
total acceleration response for the case of a rigid foundation.

It can be seen that the maximum acceleration in the case of a rigid foundation
is approximately 1.5 times greater than that with a compliant foundation. It
should be noted that in the model with a rigid foundation, the highest total accel-
eration is experienced by mass m,,, whereas in the model with a compliant foun-
dation, it is mass m; . At the same time, the maximum acceleration of the foun-
dation slab mass is 4.65 m/s? which is 48.5% higher than the peak acceleration of

the given El Centro accelerogram.

5. Conclusion

Based on the obtained results, it can be concluded that the developed numerical

modeling algorithm and computer program enable the study of buildings taking
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into account the compliance of the foundation soil. The comparison shows that

considering the soil compliance in the horizontal direction and during the build-

ing’s rotation in the vertical plane leads to a significant reduction in total acceler-

ations. The proposed calculation method can be used at the preliminary design

stage of buildings and structures under seismic impacts.
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