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Abstract

Beam is one of the common structures in engineering, with the development
of technology, homogeneous beams no longer meet the needs of engineering
structural design, for this reason, people have researched the non-homogene-
ous beams. In this paper, we study the mixed finite element method for the
vibration problem of non-homogeneous damped beams. The fourth-order dif-
ferential equations are transformed into a system of low-order partial differ-
ential equations by introducing intermediate variables, constructing a semi-
discrete extended mixed finite element format, proving the existence and
uniqueness of the solution of the format, and utilizing the elliptic projection
operator for the error estimation. The time derivative term is discretized by
the central difference, and the fully discrete mixed element format is given
to prove the stability and convergence of the format. The feasibility and
effectiveness of the mixed method are verified by numerical examples, and
the effects of different damping coefficients ¢ on beam vibration are inves-
tigated.

Keywords
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1. Introduction

Consider the following non-homogeneous damped beam vibration problem:

poSt, + g, +(E (x) I, )xx = f(x.1), (x,1)eQx(0,T],
u(x,O)zuo(x), u,(x,O):u1 (x), xeQ, (1)
u(O,t) = u(L,t) =0, u, (O,t) =u, (L,t) =0, te [O,T].
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where Q=[0,L]. E(x),f(x,t),u,(x) and u(x) are sufficiently smooth
known functions. p,,S,u and [ are positive constant coefficients. There exist
positive constants ¢, e, , satisfying e, <E(x)<e,.

Beam is one of the common structures in engineering, with the development of
technology, homogeneous beams can not meet the needs of actual projects. Non-
homogeneous beams are the organic combination of various materials, optimiz-
ing the properties of beams to meet the needs of various projects. The vibration of
beams can lead to changes in their physical properties, which can affect the safety
of people’s lives and properties. Therefore, it is important to study the problem of
beam vibration. Gupta numerically computed the vibration of conical beams and
investigated the effect of taper on convergence and solution accuracy [1]. The prob-
lem of non-homogeneous damped beam vibration with different boundary condi-
tions to obtain its analytical solution [2]-[5]. Awrejcewicz et al studied the vibra-
tion of flexible beams under harmonic loading using finite difference method and
finite element method [6]. Alotta et a/ used the finite element method to analyze the
fractional order Timoshenko beam vibration equations [7]. Donmez Demir et al.
develop general models of beams and rods with fractional order derivatives [8]. Wang
et al. proposed a mixed finite volume element method for beam vibration equations
with structural damping [9]. Zhang et al used a mixed element method to numer-
ically simulate the damped plate vibration problem and gave an optimal order error
estimate [10]. Yuan et a/ used the H'-Galerkin mixed finite element method to
solve the vibration problem of a damped beam simply supported at both ends [11].
Meng et al. investigated a mixed virtual element method to solve the vibration prob-
lem of a clamped Kirchhoff plate [12].

The mixed finite element method is a powerful tool for solving differential equa-
tions and provides a flexible and effective numerical way to solve complex struc-
tural problems. In the early 1970s, Babuska and Fortin et al established the general
theory of the mixed finite element method [13] [14]. Makridakis discussed the ap-
plication of the mixed finite element method to linear elastic dynamics problems
[15]. Burger et al studied the mixed finite element method for nonlinear diffusion
equations [16]. Lamichhane studied the mixed finite element method based on the
dual harmonic equations for biorthogonal systems [17]. Liu et al. proposed a mixed
finite element method for nonlinear time-fractional order stochastic fourth-order
reaction-diffusion equations [18]. Meng et al. investigated the optimal order con-
vergence of the lowest-order mixed finite element method for the biharmonic sum
eigenvalue problem [19]. Huang ef al. performed local A" norm error analysis [20]
and alpha-robust error analysis [21] for the mixed finite element method for the time-
fractional order biharmonic sum equation. Cowsat ef a/. obtained priori estimates
for the second-order hyperbolic equations by the mixed finite element method [22].
Li applied the mixed finite element method to solve fourth-order elliptic and par-
abolic problems on quasi-uniform rectangular networks [23]. He et al investigated
a class of fourth-order fluctuation equations using a mixed explicit and implicit

finite element method [24]. The mixed finite element method reduces fourth-or-
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der differential equations to lower-order systems through multi-variable coupling,
circumventing the complex discretization of high-order derivatives in traditional
approaches while effectively capturing the dynamic behavior of non-homogeneous
material damping. No study using the mixed finite element method for the vibra-
tion problem of inhomogeneously damped beams has been found yet, therefore, in
this paper, the mixed finite element method is used for the numerical simulation of
problem (1).

The paper is organized as follows: in Section 2, intermediate variables are intro-
duced to establish a mixed meta-weak form for problem (1). The semi-discrete mixed
element format is constructed, the uniqueness and convergence of the solution are
proved, and the error estimation is performed using the elliptic projection opera-
tor. In Section 3, the time term is discretized using central differences to construct
the fully discrete mixed meta-format, and a proof of stability of the format and an
error analysis are given. In Section 4, the non-homogeneous damped beam vibra-
tion problem is solved numerically to verify the feasibility and validity of the mixed
finite element method, and to investigate the effect of different damping coefficients

4 on the beam vibration.

2. Semi-Discrete Mixed Finite Element Scheme

In this section, for the problem (1), the fourth-order equations are transformed into
a system of lower-order partial differential equations by introducing intermediate
variables. The weak form is obtained by using Green’s formula to establish a semi-
discrete mixed element format. The existence of the solution is proved to be unique,

and the elliptic projection operator is used for error estimation.

Let v= —E(x)]um b(x) = E(l )I , then (1) has the following equivalent form:
X

b(x)v+u, =0, (x,1)eQx(0,T],
PoSu, +pu, —v_ = f, (x,1)eQx(0,T],

' (2)
u(x,O)zuO(x), u,(x,O)zul(x), xeQ,

u(0,6)=u(L,t)=0, v(0,t)=v(L,t)=0, t€[0,T].
where b(x) satisfies b, <b(x)<b, b,,b are positive constants.

Using Green’s formula, we obtain the weak form of (2), which is to find
{u,v}:[0,T] > H, (Q)x H, (L), such that

(a) (b(x)v,l//)—(ux,(//x)zo, Vy eHy(Q),
() poS (> @)+ 1t (1, 0) +(vis0,) = (f>0), Ve Hy(Q), (3)
u(x,O):uo(x), u,(x,O):ul(x), xeQ.

Define the finite element space: Let 0=x,<x, <---<x, , <x, =L bea parti-
L
tion of the interval Q=(0,L) with step size h:ﬁ , where x, =nh, for

n=0,1,2,---,N.Let T", be the group of dissecting units and E be the dissect-

ing unit. Let
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S, ={l//h e Hy(Q);v,, ePk(E),VEerh},

where P, (E) isthe entire set of polynomials on the cell £ whose number does
not exceed k21.
For error estimation, the elliptic projection operator R, [25]: H,(Q)—S,,

is introduced, which satisfies
((u=Ryu), .1 ) =0, Y, €5 (4)

The approximation properties satisfied by the projection operator are as fol-
lows.
Lemmal. YueS, nH"'(Q),

R+l R, < O, ®

We obtain the semi-discrete mixed element scheme of (3), which is to find
{u,.,v,}:[0,T]— S} xS, , such that

(a) (b(x)vh’v/h)_(uhx’l//hx)zoﬂ vl//h ES}?,

(b) poS(”hns(Ph)+ﬂ(”hw¢7h)+(vhxa¢7hx) = (f’(ﬂh )’ Vo, e S;?’ (6)

u, (x,0) = Ryuy, u,, (x,0)=Ryu,, v,(x,0)=R, (—E(x)[u(m_), xeQ.
Theorem 1. The solution of (6) exists and is unique.

Proof. Let {@}Z

1

M M
be a set of bases of S, then u, =>"u;¢,, v, =D v.4,.
j=l j=1

From (6), we have

AV (t)-BU(t)=0, 7)
d*U (1) dU (1) B
e 7 +uC " +BV(t)=F, (8)

where

A:(b(x)¢f’¢i)MxM ’B:(¢fx’¢ix)MxM ’C:<¢f’¢i)MxM F :(f’¢i)Mx1’
U () = (u, ()1, (£), -0 (£)) SV (1) = (0 (£)5v, (£)s- 5wy (£)) -

Since A is a symmetric positive definite matrix, it follows from (7) that

V(t)=A"BU(1), )
Substituting (9) into (8) gives
2
s e cll;(t)wc dlfh(t) +BABU(1)=F, (10)

The vector U(0) can be determined by u, (x,0). Equation (10) represents an
ordinary differential equation for the vector U(¢),where C and BA™'B aresym-
metric positive definite matrices. According to the theory of ordinary differential
equations, the solution to (10) is unique; hence, the solution to the semi-discrete
mixed finite element method (6) is also unique.

Theorem 2. Let {u,v} and {u,,v,} be the solutionsto weak form (3) and
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semi-discrete mixed finite element format (6), respectively, such that

sl sl < 08 ay
||u—u,,||l+||v—v,,||1 < Ch*. (12)

Proof Let u—-u, =(u—Rhu)+(Rhu —u,)=p+0,
v—v, =(v=Ry)+(R,y—v,)=n+& .Easy toknow, 6(0)=6,(0)=0, £(0)=
From the weak form (3) and semi-discrete mixed finite element format (6), we can
obtain the error equation:

{(a)(b(X)é,wh)—(b’x,l//m)=—(b(x)77,l//h),

(13)
(6) oS (6,-0,)+ 14(6,,0,)+ (201 ) = =S (P> 01 )— 14 21> 0, )-

The derivative of (13)(a) with respectto ¢ yields

(b(x)&.1,)=(04o11) == (b(x) 7, )- (14)

In (14) and (13)(b), taking the summation of y, =& ¢, =6, yields
P0S (6,.6,)+ 1(6,,6,)+(b(x)&,.€)

(15)
:_(b(x)nt’ )_pOS(pll’ 1) ,u(p,, 1)
The left end of (15) satisfies
oS (0,:6,)+1(8,.6,)+(b(x)&,.¢)
pOS d (16)

S oL v ulof+ 1 L))

The following estimates in turn are the right end of (15).

Using the Cauchy-Schwarz inequality and Young’s inequality with ¢, we have

~(o(x)n- )=l +1el:). (17)
- (p0)<Cleul+ Sl (18)
8= Clol+ -

Substituting the estimate of the right end of (15) and (16) into (15), we have

,S d
22 Lol +3 (b=l +lol Il +lf) o

Integrating the left and rlght ends of inequality (20) from 0 to ¢, and with
£(0)=6,(0)=0, it can be obtained that

I +1els <<y leuli +louli e )as + el s (21)

Noting that 6(0)=0,

(2) < TJ; "‘9; ||§ ds , then from (21), we have

lo.1; + 101 el < oIl +lodl +1n e )as + € (105 + el )as. - 22)

Using Gronwall’s inequality and Lemma 1, then we have
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ol + 115 + el < ™. (23)

Using Lemma 1, (23) and the Triangle inequality, (11) holds true.
The following estimate |ju —u, ||1 and [jv-v, ||1 .

Using (23) and the inverse Holder inequality, we have

0,

,<Ch'|e|, <cn’, (24)

&, scn|é], < cnt. (25)

Noting that 6 e H,(Q), &eH, (Q), using Lemma 1, the Triangle inequality

and Poncaré inequality, we have

e =, <[l €], <lel, +€
[v=vill, <leal, 11, <[l + €

0,
S

k
| <CH,

k
, <Ch".

Theorem 3. Let {u,v} and {u,,v,} bethesolutionstoweak form (3) and semi-
discrete mixed finite element format (6), respectively. When {u,v} is smooth

enough, there are
IR, —uh””(z) +|| Ry, —u, ||§ +[|R,v, v, ||§ <CR*. (26)

Proof. The derivative of error Equation (12) with respect to ¢ yields

{(a) (b(x)ét’l//h)_(gxt’v/hx) = —(b(x)’],al//h),
(27)
(5) PS (01> 0)+ (6,5 0) + (&> Pi ) = =PoS (P> 1) — 1 (P> 21)-
The derivative of (27)(a) with respectto ¢ yields
(b(x)gtﬂl//h)_(exttﬁl//hx):_(b(x)nttﬂy/h)' (28)
In (27)(b) and (28), taking the summation of y, =&,¢, =6, yields
pOS(Hm,H”)—i-y(@,,,@”)-i-(b(x)fﬁ,cj) (29)

= _(b(x)ntt’é:t)_pOS(pm’gtt)_/u(pwett)'
Using the same method as in Theorem 2, it is obtained that

2 2 2 2k+2
||Rhun —u,, ||0 +||Rhut —u,, ||0 +||Rth —vh,"O <Ch™"".

3. Fully-Discrete Mixed Finite Element Scheme

In this section, the fully-discrete mixed finite element scheme is created by discre-
tizing the time terms, and its stability is proven. The error estimation of the un-
known variable # and the intermediate variable v isthen performed.

Let 0=¢,<t <---<t, <ty =T beapartition of the time interval [0,7] with

T
step size 7 =N ,where ¢ =nr, n=0,1,2,---,N. U" and V" represents the

approximation of u and v at time ¢=¢ . For the sake of simplicity, let

z" =z(t,), other notations are as follows:
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et Zn+l + Zn n,% Zn+1 + anl = Zn+l _ anl
z - B = £ atZ = B
2 2 27
1 n+l n n+l n n—1
= my Z = ., " =22"+z
0,z 2= , 0,2" = >
T T

The following relations can be obtained through the use of notation.

o] —
o] —
o=

—  n+ — n — nt — n
0,z 2+0,;z 3. 0z -0,z
> Yt T

g =02 140z 7
2 T

We obtain the fully-discrete mixed finite element scheme of (3), which is to find
{U",V"} €S} xS}, such that

(a) (b(x)V"“,l//h)—(Uf“,(//,u)zo, Vy, S,
1 al
(b) poS(a,U”,coh)+ﬂ(5,U”,¢h)+(VX’zacohxj{f 2,%} Vo, €8,
U’ =Ryu,, V' =R, (—E(x)Iu,,), (30)

2
U'=R, [uo +1u, +%u” (0)}

B0, (-0

where u,(0)=

SO ~(E @) ).).

Theorem 4. The fully-discrete mixed finite element scheme (30) is stable and
for 1<J <N, satisfy

, ol
f"||0+ U2

0<n<N

Lo =] g

2
WL e
o
Proof. According to (30)(a), when ¢=¢,,, we have
(b(x)V'Hal//h)_(Ufilal//lm):()' (32)
From (30) and (32), we have
(a) (b(x)é,V" W, ) - (étUVf,l//hx) =0,

_ _ ! WL (33)
(b) pOS(attUna(ph)+:u(atUn:¢h)+[Vx z,gﬁthZ(f z’q)hJ'

where (33)(a) is obtained by subtracting the left and right ends of (30)(a) and (32)
and dividing by 27, respectively.
1
In (33),let ¢, = aU”,y/h -y , Equation (33)(a) is to be added to (33)(b) and
we have

peS(3,U".8U" )+ u(3U",,U")+ [b(x)é,V",V”’;J = ( f"’%,aU” ] (34)

The left end of (34) satisfies
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1 1 1 1
_ _ n+E 5 n—E — n+5 — n—E
pOS(a"U" 0U" ) =PS o v ) U *+oU

PoS

2T

0

u(aU",8U") = ulu (35)

2

0’
— nl VH-H _Vn—l Vn+| +Vn_]

b(x)oyV",v 2 |=|b ,

[ (x) ' J [ (x) P 5 ]

1

_ I:(b(x)V"H,V"“)—(b(x)V'H,V'H)J.

4

Using the Cauchy-Schwarz inequality and Young’s inequality with ¢, we
have

2

1 1
( £ ,5,U”J <c|f| +ulour (36)

2
o

0

Substituting (35) and (36) into (34) yields

LR
pOS[ aU’ 2 }
2t 0
(37)
1

e | WO LN A R UCTEN G N

2

1
oU °

0

1
2

0

(37) is multiplied at each end by 7 ,summing » from1lto J-1 (ISJ<N)
yields

3| B
. 4 o 4 0

pOS atU

2

i o
el A ap

2
0

J-1
<C rz
n=1
thus have
J,l

oU 2

2
o
2
2 2
L+, |
o 0
o

When n=J-1,in (30)(a), let w, =U", and using Cauchy-Schwarz inequal-

2
2
-+l
0

(38)
1
0,U>

7+
0

0<n<N

SC(max

ity and Poncaré inequality, we have

o'l <<l 69

Combining (38) and (39), we get
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2 = L
fn||o+ ou?

I 7|2
U’ +|V’'|| £C| max
0 0 0<n<N

2
2 2
el -1l ]
0 0
0

Theorem 5. Let {u" , v"} and {U" , V"} be the solutions to weak form (3) and
fully-discrete mixed finite element format (30), respectively, then for 1<J <N,

we have
-] o] sl w
| 0’|+ 77|, <c (s +2). (41)
Proof Let u"-U" = (u" —Rhu")+(Rhu” —U")= P+,
u"-v" :(v" —th”)+(th" —V”)zn" +&". Easy to know, 0°=¢°=0. From

the weak form (3) and fully-discrete mixed finite element format (30), we can ob-
tain the error equation:

(a) (b(x)gmyl//h)_(‘g;“:'//hx) = —(b(x)ﬂ"“,l//h),
1
(b) pS (5,,49”,%)+#(5t6’”,<0h)+(§:'2,¢hx} (42)
=-p,S(8,0"0) - 1(8,0".0,)+ S (R0, )+ (R, ).

1
where R’ =0,u"—u,> =0(z’2), R} =0u" —u,? 20(12). From (42)(a), when

t=1,,wehave
(b(x)&" "y, )=(0" v ) == (b (x)n" " w,) (43)
From (42) and (43), we have
(a) (b(x)a&"w,)-(8.00.w.)=—(b(x)0m".p,),
(b) 2S(3,0".0,)+ ﬂ(é,e",(p,,){;f’;,(phx} (44)
=—pS(0.,0".0,) - 1(0,0".0, )+ PoS (R, )+ (RS 0,),

where (44)(a) is obtained by subtracting the left and right ends of (42)(a) and (43)
and dividing by 27, respectively.
1

In (44), let ¢, = éﬁ”,t//h = cfni , the equation (44)(a) is to be added to (44)(b)

and we have
peS(3,0".6,0")+u(6,6".5,6") +[b(x)5t§",§"’;J

1
- —(b(x)éﬁ“,cf"’zJ ~puS(8,p".0,0")~u(3,0".0,0") (45)
+pyS(R8,0" )+ u(R;.0,0") % iHi.

i=1

The left end of (45) satisfies
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PoS (5[[9" 7519n ) =pS

1
:pLS Hé 9n+5
27

0

u(20.86")=uloer] . (46)

(M@aﬂf“}{“ﬂf"‘?_ﬁnia_]

2t
1

__I:(b(x)énﬂ’gnﬂ)_(b(x)gn—l’é;n—l):l'

C4r
The following estimates H, (i =1,2,3,4,5) in turn:

Using Cauchy-Schwarz inequality and Young’s inequality with &, we have

that
! : ]
0

H, = —(b(x)é,n”,g"’;J < C["éﬁ”"z +e"

2 el 2
e )

=ps(ap 50 <l Afao ]

1 nt
sc(L ke

<SIofas+2ger,.
=-u(a 20 ) <clpp | 4o
<7 lakas A
By the definition of R’ (i =1,2), we have that
H,+H,=p,S(R.5,0")+u(R;.5,0")
<ot (fu [+l )+ 5157

Substituting the above estimate of H,(i=1,2,3,4,5) and (46) into (45)

yields
pS = "*l ’ = ”’1 ’ 1 n+ n+ n— n—
2—T[ 20| -Jpe 20]+4—T[(b(x)f Le)-(b(x)em )] -
S| 21 (1o 1ok il (i )l e |

Multiplying both ends of (47) by 7, and summing over n from1to J-I
(1< J <N ), we obtain
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12
— J— 2 2
> J J-1
R R
0

e e 4 T T
2
L

Noting that £°=0"=0, &'=Ry' -V'=0(7*), 6'=Ru'-U'=0(7"),

_ 1
3,0

+ch||§n||§+c£

Héﬂi = 6 —¢" = O(z‘z). Usingl for (48) gives
0 v 0
Je'f < +e)ree3fer].
that is
(1-co)e’[f <c(r2+c*)+ Cr§||§||z . (49)
n=1

Using Gronwall inequality for (49), we obtain
|’ ||0 <c(i+rt). (50)
When n=J-1,in (42)(a) let y, =6’, using Poncaré and Cauchy-Schwarz
inequality, there is
Je: ], = c(le’], +ll,) < (' +22). (51)
Using Theorem 1, Poncaré inequality and the Triangle inequality, we have that
[ =v =l | el <le] +clerl s el +et). e

In (42)(b), let ¢, :5,5” , there is

1

{5"’2’515)::} = _pos(alg",élg")_ﬂ(élgn,él(g" ) _p()S (éttpnsézé:n)

(53)

—u(8,0".8,8" )+ pS(R.0,6")+ u(Ry,0,6") % iDZ’-

i=1
The left end of (53) satisfies
n,l - §n+1 +§n71 ér.Hl _5}171
¢ %@@J=[x T 2 j
{ 2 27 (54)
1 el |? -1
:E( ox 1 0_"5" 1"0)'

Using Cauchy-Schwarz inequality and Young’s inequality with ¢, we have that
D, +D,=-p,5(8,0",6,¢")-u(8,6",0,¢")
5. )
<<

<=1 (I +le; +le ) as.

T

<c(fe.o+ e+
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D3 +D4 = _pos(gnpn’agn)_#(apn’agn)

— n 2 = 2 = en 2
< c( o I P X 0)
C n+
< ;I( pull+lol+lEl; s
Dy+Dy = p,S(R,0,6")+u(R;,8,8")
C n+
< CT4( u;tt (2)+ ut’;t z)+7 ;_Il é:t”(z) ds.
Substituting the above estimate of D) (i = 1,2,---,6) and (54) into (53) yields
1 |2 n-1][?
(e -l )

<c{ [ (106 16l +Ik +ledls +lolk jas o (e, + L) |

Multiplying both ends of the previous inequality by 7, and summing over n
fromlto J-1 (1<J<N), we obtain

n
ull!

2 J-1
e

&l

2
sl Ik ok lel ok o k)
J-1 2
+7 Z( ) )} +
n=1

Noting that £°=0, & =Ry, -V = O(TZ) , using Lemma 1 and Theorem 3,

2 2

2
n n 1 0
utttt 0 + uttt gx + gx

0 0’

we obtain

; <c(W4z?). (55)

&l

Using Lemma 1, Poncaré inequality and the Triangle inequality, we have that

[ =L sl e <l +clel, < e +22).

4. Numerical Simulation

Two examples are given in this section. The first one is a numerical solution of a
non-homogeneous damped beam vibration problem to verify the feasibility and
effectiveness of the mixed finite element method. The second example utilizes the
mixed finite element method to investigate the effect of different damping coeffi-

cients u on the beam vibration.

Example 1. Let p,S=1, u=1, E(x)lzl—%, uy(x)=0, w,(x)=sin(mx),
in (1). The exact solution is u(x,t)=1cos(¢)sin(mx).

Choosing piecewise linear functions to approximate the variables, the mixed
finite element method is used to solve problem (1). Let =7, and Table 1 re-
spectively describe errors and convergence orders of the solution of the fully dis-
crete mixed finite element format (30) in [* -norm. With % =172, Table 2 re-

spectively describes errors and convergence orders of the solution of the fully dis-

crete mixed finite element format (30) in ' -norm. Figure 1 and Figure 2 show the
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exact and numerical solutions of # and v at ¢t=0.5,and #=1.0, respectively.
The spatio-temporal images of the exact and numerical solutionsof ¥ and v are
shown in Figure 3 and Figure 4. In the following table, the order of spatial con-
vergence is abbreviated as order; , and the order of time convergence is abbrevi-
ated as order, .

According to Table 1 and Table 2, it can be inferred that the spatial conver-
gence order of u and v approximates 2 in the I’-norm and 1inthe H'-
norm. The temporal convergence order of u and v approximates 2 in the I*-
normand H'-norm. These results are consistent with theoretical derivations. As
can be seen in Figures 1-4, the numerical solution is very close to the exact solu-
tion.

. 2
Table 1. The errors and convergence ordersof u and v in L -norm.

T h Hu —u, H o order; order, Hv -V, H ) order order,
1
o o 2.2418e-03 - - 9.9347e-03 - -
1 1
5 > 5.7842e-04 1.9545 1.9545 2.5877e-03 1.9408 1.9408
1 1
5 Eg 1.4609e—-04 1.9852 1.9852 6.5680e—04 1.9781 1.9781
1 1
57 o 3.6618e—-05 1.9963 1.9963 1.6422e-04 1.9999 1.9999
1 1
o o 9.1613e-06 1.9989 1.9989 4.1148e-05 1.9967 1.9967
1 1
> > 2.2908e-06 1.9997 1.9997 1.0296e-05 1.9988 1.9988

. 1
Table 2. The errors and convergence ordersof u and v in H -norm.

T h Hu —-u, Hl order, order, ||v -V, ||l order, order,
1 1

> 5 1.7154e-02 - - 1.4383e-01 - -
1 1

o o 4.2854e-03 1.0005 2.0010 3.5904e-02 1.0011 2.0021
1 1

> 50 1.0684e-03 1.0020 2.0040 8.9536e-03 1.0018 2.0036
1 1

5 o 2.6691e—04 1.0005 2.0011 2.2370e-03 1.0004 2.0009
1 1

57 o 6.6712e—05 1.0002 2.0003 5.5916e-04 1.0001 2.0002
1 1

o > 1.6677e-05 1.0000 2.0001 1.3978e-04 1.0000 2.0001
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Figure 1. The numerical and exact solution plots of u at ¢=0.5,1.0.
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Figure 2. The numerical and exact solution plots of v at 7=0.5,1.0.
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Figure 4. Imageof v and v, for & =2—6,r =107,
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Example 2. Let Q=[0,1], T=1, p,S=1, E(x)/=n 1—% ,in (1). The in-

itial displacement is u(x,0)=sin(mnx). The effect of different damping coeffi-

cients u on the beam vibration is investigated when u 1is 5, 10, 15, 20 respec-

tively. With f =0, Figure 5 shows the image of the vibration at the midpoint of

the beam with different damping coefficients. It can be seen that, for the same

initial displacement, the larger the damping coefficient u is, the faster the beam

vibration decays.

081

0.6

0.2

0.4 0.6 0.8 1

Figure 5. Displacement of beam midpoint with time for different values of damping factor.

Example 3. For practical problems, in the case of constant coefficients, let
Q=[0,1], T=03, p,S=484, EI=23000, in (1). The initial displacement is
u(x,0)=sin (7). The effect of different damping coefficients on the beam vibra-
tion is investigated when p is 2000, 3000, 5000, 7000 respectively. When f =0,
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Figure 6 shows the vibration of the midpoint of the beam under different damping
coefficients. In practical situations, the larger the damping coefficient, the faster

the attenuation of beam vibration.

—— 41=2000
0.8 ~~~ p=3000 |
1=5000

...... 7000
06 £ .

041 A B

02 ‘ 1

02F ] > 1

-0.6 - \/ E

08 . I L I L
0 0.05 0.1 0.15 0.2 0.25 0.3

t

Figure 6. In practical situations, displacement of beam midpoint with time for different

values of damping factor.

5. Conclusion

This paper discusses the mixed finite element method for vibration problems of
non-homogeneous damped beams. The weak form of the mixed finite element is
obtained by introducing intermediate variables, and the semi-discrete and fully dis-
crete mixed finite element formats are established. The existence of a unique solu-
tion for the semi-discrete format and the stability of the fully discrete format are
proved, and error estimates are given. The feasibility and validity of the mixed ele-
ment method are substantiated by numerically solving a non-homogeneous damped
beam vibration problem, and the impact of different damping coefficients, denoted

by u,on the beam vibration is examined.
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