4

X/
*

Scientific
Research
Publishing

()

<
X8

%

Engineering, 2024, 16, 188-203
https://www.scirp.org/journal/eng
ISSN Online: 1947-394X

ISSN Print: 1947-3931

Multi Parameter Adaptive Estimation of
Reaction-Diffusion Equation

Shujing Wang

School of Mathematics and Statistics, Shandong Normal University, Jinan, China

Email: 2022020512@stu.sdnu.edu.cn

How to cite this paper: Wang, S.J. (2024)
Multi Parameter Adaptive Estimation of
Reaction-Diffusion Equation. Engineering,
16, 188-203.
https://doi.org/10.4236/eng.2024.167015

Received: June 19, 2024
Accepted: July 22, 2024
Published: July 25, 2024

Copyright © 2024 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution-NonCommercial
International License (CC BY-NC 4.0).
http://creativecommons.org/licenses/by-nc/4.0/

&0

Abstract

This study addresses the problem of parameter estimation for a one-dimensional
reaction-diffusion equation, involving both unknown domain parameters and
unknown boundary parameters. The proposed approach utilizes the least-squares
method to design an adaptive law for parameter estimation. The convergence
analysis demonstrates that under persistent excitation conditions, the adap-
tive law converges exponentially to zero, indicating that the estimated para-
meters converge exponentially to their true values. Numerical simulations
confirm the effectiveness. Furthermore, it is shown that within a certain range
of the reaction coefficient, the auxiliary system acts as a state observer, pro-
viding an accurate estimate of the system state at an exponential rate.
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1. Introduction

Reaction-diffusion equations, as an important representative of parabolic equa-
tions, describe substance diffusion and reaction processes in partial differential
equations (PDEs). In practical applications, reaction-diffusion equations are ex-
tensively used and play a vital role in multiple fields ([1]-[8]). For example, in
the field of biomedical science, a reaction-diffusion model with PDE constraints
was proposed for low-grade glioma growth in [9]. Gholami et al used a simpli-
fied spatial discretization of the Gauss-Newton method to estimate the spatial
distribution and diffusion extent of tumor concentration at different locations
through parameter estimation. In the field of chemical engineering, a reac-
tion-diffusion PDE system was developed to model chemical composition and
morphological changes in electrodeposition by Sgura et al in [10]. Using singu-
lar value decomposition (SVD) and gradient descent algorithm, parameter esti-
mation was performed. The research findings can guide experimental design in
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various fields, including electrodeposition and electrochemical modification of
alloys under different conditions.

In the past decade, there have been developments in the research of parameter
estimation problems for parabolic equations, particularly in the field of adaptive
online estimation ([11]-[15]). For example, in [12], Ji and Zhang applied fi-
nite-dimensional and infinite-dimensional backstepping transformations to
reaction-diffusion PDEs with unknown parameters which were fully coupled.
They designed a least-squares adaptive parameter estimator and an adaptive ob-
server, achieving exponential convergence of the parameter estimator and state
observer under persistent excitation conditions. In [15], the distributed state and
unknown parameters in infinite-dimensional systems were estimated by em-
ploying an adaptive observer and sampled data. Ahmed-Ali ef al provided a
persistent excitation condition for the exponential convergence of the observer
and gave guidelines for selecting the observer gain based on the space sampling
interval. Different parameters in these equations reflect various physical and
chemical processes. For example, the diffusion coefficient indicates substance
propagation speed and extent in space. Thus, studying parameter estimation
problems in reaction-diffusion equations is of great significance ([16]-[18]).
Adaptive methods can adjust parameter estimates in real-time when parameters
are unknown or time-varying, allowing them to better adapt to system changes.
This is useful for complex PDE systems. This paper will employ an adaptive
least-squares method for parameter estimation. Compared to traditional
least-squares, it has higher adaptability, better robustness, and stronger an-
ti-interference capability.

In the design and analysis process of the parameter estimator in this paper,
the backstepping transformation is of great importance. It is a highly significant
method that plays a crucial role in addressing a variety of challenges related to
PDEs such as state observation, parameter estimation, output regulation, and
more ([13] [19]-[24]). Specifically, in [13], to address the state observation and
online parameter estimation problems of an ODE-PDE coupled system, Ahmed-Ali
et al. combined the backstepping method and Kalman design method to design
an observer and parameter estimator. They successfully overcame the challenge
of unmeasurable connection points between the ODE and PDE components. In
[24], the SOC and SOH estimation problem of batteries was modeled as a PDE
model. Krstic et al combined the backstepping method and Padé-based para-
meter identification to propose an adaptive observer. By utilizing real-time state
and parameter information, they achieved an accurate estimation of the battery
state and parameters.

In this paper, we consider the following reaction-diffusion equation
& (1)=&, (91)+aE (1) + (%) ky, Fe(0,1),t>0,

& (0,t) =k &(0,t)+y (9,1) k,, t>0, "
£(Lt)=U (1), t=0,

y(t)=£(0,t), t>0.
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where &,,(9,t) represents the diffusion term, and a&(9,t) represents the
reaction term. f(S,t) is the unknown state of the system, where § and ¢de-
note space and time, respectively. The coefficient a is a known reaction coeffi-
cient, #(It)e ct ([0,1] x[0,+);R™ ) and y(4t)e C? ([O,l] x[0,+);R"™ )
known vector functions, U (t) the system control, and y(t) the system mea-
surement. k, e R™, k, eR, and k, eR™ are the unknown constant para-
meters that we want to estimate.

The objective of this paper is to utilize adaptive methods to find appropriate
online estimation functions for accurate estimation of unknown parameters
Ko, Ky, K, -

The contributions include the following two aspects:

e Compared to [15], where the number of sensors is required to be equal to the
number of unknown parameters, this paper achieves the online estimation of
multiple parameters by utilizing a unique observation at the zero point, with
the number of unknown parameters exceeding the number of sensors.

e Compared to the parabolic equation in [25], the reaction-diffusion equation
investigated in this paper has an additional linear term, that is the reaction
term. This introduces increased complexity to the parameter estimation task,
and at the same time, the number of unknown parameters has also increased.

Our study proceeds in the following order. Firstly, we define the error system
and filters, followed by the design of the parameter adaptive estimation law in
Section 2. Then, in Section 3, the convergence analysis of the parameter adaptive
estimation law is conducted. Additionally, the convergence condition for the
state observer is provided when the reaction coefficient is within a specific range.
In Section 4, we validate the effectiveness of parameter and state estimation
through numerical simulations. Finally, in Section 5, a summary and an outlook

for future research are given.

2. Parameter Adaptive Law Design

For convenience, we introduce the following (N, +n, +1) -dimensional column

vector

K=k | (2)
k

Define two functions

(Va+e)(9-5)(2-9-¢))

Il
g(%s)=—(a+c)(1-9)

Jar0 @ 99 )
«(9)=0.(5,0)
_(a+c)(1-9) (4)

52-9) 1, (J(a+c)9(2-9)),

where the constant C>0 and |, represents the modified Bessel function of

n
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order n, which can be expressed as a series

oy
I, (g)i%. 5)

Next, we design an auxiliary system as follows
E(9.0) =8, (9.0)+ad (9,1)+4(8.1) k; (1)~ (9)(£(0.1) -y (1)) + £ (8:1),
& (0.)=—k ()5(0.)+y (8.1) K (1),

E(Lt)=U(t),
(6)

where () is defined by (4) and serves as the auxiliary system gain term. In
addition, p(S,t) is an unknown additional gain term, and IZO (t) R |21 (t) , and
IZZ (t) are unknown estimation functions for the corresponding parameters,
which will be designed using the least-squares method in this section. For sim-

plicity, let

>

(t
(t
2 (t

The error functions are defined as follows

E(9t)=E(1)-&(91),

S

Hx>

#(t)=

>

)
)| (7)
)

ko(t): o(t)_ko’ lzl(t)zlzl(t)_kl’ z(t)zlzz(t)_kz' (8)
(1)
#() = #(0)-x =| k(1)
(1)

Then we obtain the following error system
E(9,1)=E,, (1) +al (1) + (1) K ()= (9)E(0,)+ p(S1),
£, (0,t) =k (1)&(0,t)+y (%1) K, (1), ©)
E(Lt)=0.

To better investigate the convergence property of the error system (9) and de-

sign parameter adaptive law, three filters are designed.

Lo (98) = g 55 (Sit) + Ay (1) = (9) 1, (0, 1) + " (1),

H,5(0,1) =0, (10)
o (1,t) =0.
tag (98) = t,g5 (9,8) +ap (9,1) ~a (9) 4, (0,),
ths(0.t)==£(0,t), (11)
m(Lt)=0
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Hor (9,1) = g5 (S 1) + a1, (1)~ (9) 1, (0,1),

t5(0,t)=w (9,1)", (12)
#,(1,t)=0
Then we set
O(xt)=[1(8t) w(91t) w(%1)]. (13)

Remark. Inspired by lemma 2 of [26], when ¢#(9,t) belongs to
Cl([O,l]XR+;R), U(t) and y/(l9,t) belong to C? ([0,1]><R+;R), for any
initial value &(-,0)eH*(0,1), system (1) has a unique strong solution. Similarly,
it can be shown that the filter (10) - (12) also have unique strong solutions re-
spectively.

The following finite-dimensional backstepping-like transformation is de-

signed as
o(41)= ‘:g(‘g't) iy (‘g't)lzo (t)- (S't)lzl(t) ~ 1 (90K, (1)
=E(4,1)-0(9,1)&(t).

Taking the derivative of the aforementioned transformation (14) with respect

(14)

to time t, we have
o (9,1) =& (41)-6,(9,t)&(t)-0(St
= (9.0)+al(8,0)+ (1)
~6,(3)F(1)-0(9 1)k (t)
=04 (9 t)+ac(4t)-a
+[,uw9 (3,t)+ as, (3 t)—
+[ 150 (91) + a2 (3, t)
+[ 1y 5 (9,1) + a1, (91) — 2 (I) 11, (O,t)—,uzyt (8.1)]
(15)
Furthermore, the boundary conditions satisfy
a(Lt)=E(L,t)-0(L )& (1)
=E(L,t)— s (L,)Ky ()= 2 (L 1)K, (1) = 2 (L, 1) K, (1)
o5 (0.)=5,(0.)-6, (0.)Z(1)
=155 (0,t)Ky (1) +[ =& (0,t) = 11y,5 (0,1) [k, (1) (17)
v (o) —uw(o,t)} 2<t>,
Define the additional feedback term p(4,t) as follows
p(&1)=0(8,t)&(t). (18)
As a result, system (9) is transformed into the following form of target system,
o () =04 (dt)+ac(4t)-a()o(0,t),
0,(0,t)=0, (19)
G(l,t) =0.

(16)
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According to lemma 1 in Section 3, ¢(0,t) decays exponentially. Therefore,
by the transformation (14), when ¢ is sufficiently large, we have the following

approximation,
£(0.)=0(0.0)%(t) (20)
Applying the least-squares method with the forgetting factor described in Sec-
tion 4.3 of [27], we design the following parameter adaptive law,

N UL (A
“O="opne 0° OV

1)
v o A0)0T(0,1)8(0,1)A(1)
A=A 0-—Fone0n)
where A(0)=4,4 =4 >0.
During this process, we also obtain the following
()= (1) ¢ 20000 22)

1+6(0,t)0" (0,t)
We can summarize the parameter estimator in Table 1.

Table 1. The structure of parameter estimator.

Auxiliary system:

E(9.)=E,, (9.0) + a (8.) +4(9.0) Ky (1)~ a(9)((0.) -y (1)) + O(9.1) £ (1),
& (0= (1)&(0) +p (9.1) K (1),

a(3)=wlz( (a+c)9(2-9)).

with y(t)=&(0,t),0(%t)=[ 1 (9t) w(St) w(91)].

Filters:

Uy (1) = 1ty 55 (1) + a1, (9,1) = (9) 11, (0,1) + ¢" (K1),

t5(0,t)=0, ,uo(l,t)zo.

/4“(19,t):/11‘99(;9,t)+a,ul(19,t)—a’(zg),ul(o,t),

1 (0,t)==£(0,t), £ (Lt)=0.

ﬂz,t(‘9|t):ﬂz,s.9(‘9't)+aﬂ2(‘9't)_a(‘9)ﬂ2(O't)'

h,(0) =y (91)", u(Lt)=0.

Parameter estimator:
A(t)0"(0,t)

_l+0(0,t)9T(0,t)§(O't)'

o ADET(0.0)0(0,0)A(1)
A(t)=A(t)- 1+6(0,t)6" (0,t)

A(0)= 444 =4, >0.

£(t)=
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Remark. By the existence and uniqueness theorem for ODEs, we can con-
clude that £(t) and A(t) in the parameter adaptive law (21) both exist and

are unique.

3. Parameter Adaptive Law Analysis

To justify the application of the least-squares method in designing the parameter
adaptive law, we first prove the exponential convergence property of the system
(19).

Lemma 1. For any initial value o (-,0)eL*(0,1), the system defined by Equ-
ation (19) has a unique solution o (-,t)eC ([0,00); L2 (O,l)) , and this solution is
exponentially stable.

Proof Introduce the following backstepping transformation which is bounded

and invertible,

o (8.0)=n(91)- [, a(8.5)n(c.t)de, (23)
where the kernel function ¢(9,¢) satisfies the following PDE,

995 (96) -0, (9.5) =—(a+c)g(d),

g(9,9):%
g(L¢)=0.

By [28], the aforementioned function (3) is the unique solution of the system

(9-1), (24)

(24). Thus, we can obtain the following target system,
7 (8:) =15 (9,1) —cn (1),
17,(0,t)=0, (25)
n (1, t)=0.
By computation, the bounded inverse backstepping transformation of (23) is

as follows
n(9.t)=a(9.1)-[ h(9.5)o(s.t)ds, (26)

where h (9,g) , as the kernel function of the inverse transformation, satisfies the
following PDE,

hes ($,¢)—h. (¢)=(a+c)h(dg),
h(4,9) :%(9—1), (27)
h(L¢)=0.
The system (27) has a unique solution, which can be explicitly expressed as
% (a+e)(9-¢)(2-9-9))
Jare)(9-c)(2-9-¢)

h(%¢)=-(a+c)(1-9) : (28)

where J, satisfies

Ms):iﬂ. (29)
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Inspired by [29], regardless of the initial values 7(-0)e L*(0,1), the system
C ([O,oo); L2 (0,1)) that exhibits exponential

convergence. Moreover, the convergence speed is dependent on the magnitude

(25) has a unique solution 7(-t)e

of the constant parameter ¢, with larger values of ¢ resulting in faster conver-
gence.

Therefore, due to the bounded and invertible transformation (23) and (26),
system (19) also has a unique solution that exhibits exponential convergence.
Moreover, the convergence speed also increases as ¢ becomes larger. Hence, it is
reasonable to use the least-squares method to design the parameter adaptive law
(21). O

Now, we give the definition of persistent excitation assumption (PE assump-
tion) motivated by [27] as follows.

PE assumption. 6(0,t) is referred to persistently exciting, if and only if
us 0'(0,6)6(0,¢)

1+6(0,5)60" (0,5)

35,6>0,Vt>0: j de > el. (30)

where 7is the identity matrix.
The PE assumption ensures that A7 (t) is a positive definite matrix, and
there exist two positive constants m,, m, that satisfy the following equation,

m, <A (t)<m, t=0. (31)

Remark. Satisfying the PE condition is very important for the stability and

parameter convergence of adaptive control systems. It ensures that adaptive al-
gorithms can correctly identify and track changes in system parameters.

Choose the following Lyapunov function
Y()=&" ()2 ()& (). (32)
Differentiating Y (t) , we obtain the following,

Y(t)=&"(t) AT (t)&(t)+2&T ()27 (t)&(t)
e o 6" (0,t)6(0,t)
= O O G000

() R ()
0" (0,t)

1+6(0,t)6" (0,t)

() -2 (1) 0=

0,t)6(0, t) -

[(0,t)+0(0,t)&(t)]
ST (o) 31 (1) 2 r T(0,t)6(0t) £ (t)0" (0,t)o(0,t)
=R (AT (R -# (t)1+9( )67 (0t )K(t) 2 1+0(0,1)0" (0.1)

" (t)0" (0,1)0(0,t)&(t )+62(0,t)

1+6(0,t)6" (0,t)

277 (1)

s-;zT(t);rl(t);z(t)—
JEweey |
||1+9 0,t) eT Ot )l

<-T(t)+o?(0,t).

2

(33)

The first inequality is derived from Young’s inequality here. By lemma 3.1,
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G(O,t) converges to zero at an exponential rate, so as o? (O,t). So based on
the above inequality, Y(t) exhibits exponential stability by comparison lemma
([30]). Therefore, under the assumption of persistent excitation, due to the posi-
tive definite and bounded nature of 17" (t), it can be concluded that £(t) also
converges to zero at an exponential rate. This is equivalent to the estimation
function K(t) converging exponentially to the parameter «x itself. By em-
ploying the Lyapunov function method, we have demonstrated the effectiveness
of our parameter adaptive estimation law (21).

Let o = gr(lglgga(&). The following lemma is provided and its proof will be

presented in the appendix.
2
. . .. .
Lemma 2. When the reaction coefficient a <T , it is possible to choose a

constant parameter ¢ to ensure that the filter has the property of bounded
1 2 .
JO "6’(8,t)” dx. Spec1f;1cally,

1) When 0<a< % , by choosing a positive constant ¢ such that

O<ay < n? —4a, we can obtain the boundedness of I:"@(Q,t)”z dx.

2) When a<0, by choosing any 0<cC<-a, or selecting a positive constant
csuch that 0<a, <n°—4a and c>-a, we can achieve the boundedness of

[Je(a.t) ax.

Furthermore, from (14), the following inequality can be obtained,

&< o (stas+fe]|[Joafds. G

2
b . :
From the lemma 2, when a< ik by selecting an appropriate constant ¢, we

can obtain that I:Ez (9,t)d3 exponentially approaches zero, and the conver-
gence speed increases with the increase of c. In this case, the designed auxiliary
system (6) becomes an observer for the original system (1), enabling accurate es-
timation of the unknown states of system (1). The state observer can provide
real-time information, providing accurate state feedback for subsequent control
design. The combination of adaptive parameter estimation and state observation
can enable further research, such as in the area of fault detection. This is benefi-
cial for fault diagnosis, as it can better identify abnormal changes in system pa-

rameters, and thus quickly locate the fault.

4. Numerical Simulation

To demonstrate the effectiveness of parameter estimation and state observation,

2
numerical simulations are conducted. Set a :%, ¢" (9,t)=2e"*°£(0,t) and

y'(91)= —gsin (nt) in (1). Thus we consider the system as follows,

E(98) =&, (9,t)+”—2§(9,t)+ 2k,e"’£(0,t), 9e(0,1),t>0,
% (35)
£(0:t) =~k £(0.1)~Skysin(at), 20,
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where k, ki and & are set to 0.96, 1.11 and 1.32 respectively, assuming them as
unknown parameters. With ¢=6, A, =1, and utilizing the parameter estima-
tion law provided in Table 1, we obtained the parameter estimation functions
IZO (t), |21 (t) and IZZ (t). The three graphs in Figure 1 depict the evolution of
the three-parameter estimation functions over time. The images demonstrate
that after 8 seconds, the parameter estimation functions converge well to their
respective parameter values. Additionally, by using the state observer (6), we
plot the evolution of the error system over time in Figure 2. From the graph, it
can be observed that after 7 seconds, the error system tends to zero, indicating

that the state observer accurately infers the true state of the system.

1 =
0.9 a7
0.8 o
07 //
~ 06
<FOSH
04
03} |
02} /
0.1},

4 6 810 12 1416 1820
t

(a)

12 e
—
08
Soe
04 |
02/ /

00 24 6 81012 1416 18 20
t

(b)

1.4 T

12
1 ]
<08
o6/
04} |
02!/

002 4 6 810 12 1416 18 20
t

(©

Figure 1. The evolution of the parameter estimation functions over time. In the graph,
the three parts labeled as (a), (b), and (c) correspond to the evolution of the estimation

functions for k, ki and & respectively.
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&6, 0

Figure 2. The evolution of the error system state over time.

5. Conclusions

The paper has addressed the problem of estimating multiple parameters in reac-
tion-diffusion equations using only a single measurement. We employed a com-
bination of backstepping transformation, forgetting factor least-squares, Lyapu-
nov function, and other methods. The exponential convergence of the parameter
adaptive law was demonstrated. Additionally, after establishing the boundedness
of the filters, we also confirmed the exponential convergence of the state observ-
er when the reaction coefficient was within a specific range. Finally, the conver-
gence properties of both the parameter adaptive law and the state observer were
validated through MATLAB simulations using the differential method. This
confirmed the accuracy of our estimation.

Of course, this paper also has certain limitations, such as the fact that the state
measurement does not cover all situations, and the reaction coefficient needs to
be confined within a specified range. Based on this, we can explore the future
research possibilities of utilizing the backstepping method and least-squares
method for the estimation of reaction coefficients or diffusion coefficients in
reaction-diffusion equations. Furthermore, we can attempt to overcome the li-
mitations on the range of reaction coefficients in the state observation problem

of Equation (1).
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Appendix: Proof of Lemma 2

First, let us consider the boundedness of .[:"'”0 (19,t)||2 d 4. The following Lya-

punov function is defined as
1.t
Y, (1) =Ej0 o (9,1) g (,1)d 8. (A1)

Taking the derivative of the function (A1), we have

T (k) = [, 10 (9:) 5 (9:) 08
= [ 1o (9.) 13 5 (9,1) A9 + [ 115 (9.8) 13 (9,1)d9
L (8) o (9.1) 113 (0.)d I+ [ 11y (9t) (9, 1)d 9
= [ bt (3.8 1135 (9,1)d 9+ 11y (9,1) 115 (9,1)d 9
~ [, (8)a (9,) [ 48 (0,) =415 (1) ]9

—j 9) o (8,1) p1g (1) d,9+j o (9,1)p(41)d 8

(A2)

The last equation above is derived using the method of integration by parts.

By the Young’s inequality, forany m>0 and n>0, we have

Yo (o) <=, Jtto.s (S0 d&+af |ty (8.1)] A9~ [ cx(9) s (8.1)] 0
bl o (9)] o (0.0) - o (8. 49+ L (9)] s (.0)f 09

1 1
=[O a9+ 2 [l (a.0)f a9
(A3)
<~Jo o (8.0)] d9+af o (3] 08— [Jar(9)]ary (9] o9

+ =2y oo, (00 884 2 [ (9)] o (8.)] 09

1 2
Lol a5+ 22 P, (.0 05,

where the last inequality is derived from the Wirtinger’s inequality presented in
[31]. Thus,

¥, (o) <~ {1- 2220, 90 a9l (0. 09

(A4)
(D)o e0r 40 & Llotof o9

. a
Let m=2.From lemma 2, the choice of parameter c ensures that 0<1-—%

T
2n 4
and 0<1_a_M_4_a Choose n such that 0<—-< mln{l—— 1—a—"2"— ?}
o’ n T T oom
Then, we obtain 1_a_2_2_n>0 and 1_a_,\£|_2_r21_4a>0‘
A | S+

Therefore, by the Wirtinger’s inequality,
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T () <~ 1- =22 | (0 a9

4
cafif (9.0 40+ [lo(o.0)] a9 (45)
2 2
- (-G 220, 0 g0+ L oo 09

This is equivalent to

2 2
O e P AR N D LR

2 T o

Based on the assumption that ¢(9,t) is bounded, we can conclude that

I ",u0 (9.1) " d$ is also bounded.
Next, we consider the boundedness of I 1 (3t)d@. Let us choose the fol-
lowing Lyapunov function

Y, () =5 [142 (3:6)d5. (A7)

Taking the derivative and using the method of integration by parts, we obtain
. 1
Y, ()= joﬂl (91) 14, ($1)d G

= [ (9.0 10 (9.0) + 24 (9,1) ~a(9) 11, (0,1) ]9

(A8)
1 1
=£(0,t) 44 (0,) [ 475 (9, t)dI+a[ 4 (9,t)dd
1 1
—[ @ (9) i (9, 1 (0,t)— s (8,1) [d9— [ @ (9) 44 (9,1)d 8.
By the Young’s inequality, forany p>0 and ¢>0, we have
Y () <[ s (9.0)d9+af u? 3,t)d9—jla 9) 2 (8,t)d 9
P > 1 9
— (0.t (0,t)+ g,t)dg
#g b (045 £8(0)+ 5 [a(9) i (91)
1
+E'[:a(3)[yl(0,t)—yi(0,t)}2dS (A9)
1 1 q 1
S—IO,LLES(S,I)d19+aJ.O,uf(3,t)d9—(1—§).{0a(9);ff(3,t)d8
+21p§ (0,t)+ pjm .9t)d9+q oy [o[ -1, (91)] 08,
where the last inequality is obtained by the Wirtinger’s inequality. Then,
T, ( <aj#l (9,t)d9- (1——)[ a(9) it (9, t)d3+—§ (0,1)
) (A10)
p Q,
[1-B-22 )it 9900
Choose =2 and p satisfies 0<£< mln{l 2 , _a_,;]_4_621}. Then, we
2 T n°om
obtain 1— B——>0 and 1—£—a—“£'—4—?>0.
2 2 =
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Therefore, by the Wirtinger’s inequality,

L2 1 . ’ M|t 2
Y, () <af i (9:)d9+7¢ (O,t)—%(l—g—“—zjjoul (9.t)d9

T

) ) . (A11)
T p a )l
__T( —5——“?——zjjo“lz(9’t)d‘9+552(O't)
That is
: 2 p a, 4a 1
Y () <-Zf1-2_Zw 22y —£2(0,t Al2
e e LU PALE T COR V)

By assumption, we know that l//(9,t) is bounded, so as §(O,t). Thus we
can deduce that I: ,uf (8,t)d3 is also bounded.

Finally, to prove the boundedness of I:"l@ (9,'[)"2 d&3, we define the follow-
ing Lyapunov function

1 T
Yz(y2)=§j0y2(3,t)u2 ($,1)d. (A13)

Similar to the proof for the boundedness of _f: @ ($,1)d9, we can establish
the boundedness of J:" i, (19,t)||2 d 9. The details are omitted here.
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