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Abstract

In this paper, a sufficient condition for a balanced bipartite graph to contain a
2-factor Fis given. We show that every balanced bipartite graph of order 2n
(n26) and e(G)>n’—-2n+4 contains a 2-factor with & components,
2d, -cycle, -+, 2d, -cycle, if one of the following is satisfied: (1) k=2,
5(G)22 and d,-22d,22;(2) k=3, 5(G)2d,+2 and

d, —22d, >2d, 24 . In particular, this extends one result of Moon and Moser
in 1963 under condition (1).
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1. Introduction

All graphs considered in this paper are simple undirected graphs. Let G =(V,E)
be a graph, where ¥ =V (G) and E=E(G) denote the vertex set and the edge
set of G, respectively. We call a graph G =(X,Y;E) is a bipartite graph if
V(G)=xUY, XNY = andeachedge ecE ifand onlyif ehas one vertex
in X and the other one in Y. If |X| = |Y| , G=(X,Y;E) is called a balanced bi-
partite graph. For a bipartite graph G =(X,Y;E),ifforany xe X, yeVY,there
is xy € E, then call Ga complete bipartite graph. In particular, denote a complete
bipartite graph by K, , when |X| =m, |Y| =n . For a vertex x of G, the degree
of xis the number of incidence edges of xin G, and it is denoted by d (x). A 2-
factor of a graph Gis a spanning subgraph of G'in which all vertices have a degree
exactly 2. Call |V(G)| , e(G)= |E(G)| , 8(G)=min{d,(x),xeV (G)} and
2e(G | , the order of G, the number of edges of G, the minimum degree

(6]

of Gand the average degree of G, respectively. When each vertex of Ghas degree

d(G)=

DOI: 10.4236/eng.2024.1611027 Nov. 15, 2024

361 Engineering


https://www.scirp.org/journal/eng
https://doi.org/10.4236/eng.2024.1611027
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/eng.2024.1611027
http://creativecommons.org/licenses/by/4.0/

H. X. Pei

k; call Gk-regular. The missing degree of ve X inabipartite graph G =(X,Y;E)
is |Y|-dg(v)-

An h-cycleisagraph C=(V,E) with V ={x,x,,---,x,},
E ={x,X,,X,X;,-,X,,X,,X,X, | . We often denote an A-cycle as xx,---x,x,. A
Hamilton cycle of Gis a cycle that visits every vertex of G exactly once. If Ghas a
Hamilton cycle, then it is called Hamiltonian. For U <V (G), G[U] denotes
the subgraph of Ginduced by U. A component of Gis a maximal connected in-
duced subgraph. For any graph G, Fis a 2-factor of Gif and only if Fis a 2-regular
subgraph of Gand V(G)=V(F). Clearly, a 2-factor Fof Gis a collection of ver-
tex disjoint cycles that cover all vertices of G.

In the next section, a statement of the problem is introduced. Afterwards, the

proof of the main results is established.

2. Statement of the Problem

The problem of the existence of 2-factors in a graph has been extensively studied.
The special case that a 2-factor has one component, that is, Hamilton cycle prob-
lem has received wide attention.

Many sufficient conditions for a graph to be Hamiltonian have been obtained.
In 1952, Dirac [1] gave a minimum degree condition for Hamiltonian graphs. The
following theorem is a classic result about sufficient conditions on Hamiltonian

graphs.
Theorem 1. (Dirac [1]) Let Gbe a graph of order n>3.1f §(G)= g ,then G

contains a Hamilton cycle.
In 1959, Erdés and Gallai [2] gave a condition on the number of edges to guar-

antee that a graph has a Hamilton cycle.

-1
Theorem 2. [2] Let Gbe a graph of order n>3.1f ¢(G)=2 [nz j+2 , that is,

- (n-1)(n-2)+4 _ _
d (G) > T , then G contains a Hamilton cycle.

In 1960, Ore [3] obtained a well-known result on Hamiltonian graphs, which is
stronger than Theorem 1.

Theorem 3. (Ore [3]) Let G'be a graph of order n>3.1If d;(u)+d,;(v)=n
for every pair of non-adjacent vertices zand vin ¥ (G), then G contains a Ham-
ilton cycle.

If a graph satisfies the condition of Theorem 2, then it also satisfies the one of
Theorem 3. So Theorem 3 is stronger than Theorem 2.

Both Theorem 1 and Theorem 3 imply that G has a 2-factor with exactly one
component. The research on the existence of 2-factors in a graph is mostly moti-

vated by results from Hamilton cycles. In 1997, Chen et al [4] proved that for
k S% , the condition of Theorem 3 for a graph to be Hamiltonian (k=1) im-

plies that the graph contains a 2-factor with exactly X components.

Theorem 4. [4] Let kbe a positive integer and let Gbe a graph of order 7 >4k .

DOI: 10.4236/eng.2024.1611027

362 Engineering


https://doi.org/10.4236/eng.2024.1611027

H. X. Pei

If d;(u)+d;(v)=n for every pair of non-adjacent vertices zand vin V(G),
then G contains a 2-factor with exactly & vertex disjoint cycles.
Chen et al. [4] also obtained a corollary of Theorem 4, which generalizes the

classic Hamiltonian result of Theorem 1.
Corollary 1. [4] Let kbe a positive integer and let Gbe a graph of order n >4k .

If §5(G)= %, then G contains a 2-factor with exactly k vertex disjoint cycles.

When Gis a complete bipartite graph K, , , we can see that the conclusions of

(SR
(SN

B

Theorem 4 and Corollary 1 are the best possible that any 2-factor can contain at

n
most {ZJ components.

Moon and Moser [5] considered a bipartite version of Theorem 3 and obtained
the following result for balanced bipartite graphs.

Theorem 5. [5] Let G=(X,Y;E) be a balanced bipartite graph of order 2n
(n=2), with dg(u)+d;(v)=n+1 for every pair of non-adjacent vertices
ue X and veY,then Gcontains a Hamilton cycle.

The problem of determining whether a given graph has vertex disjoint cycles or
not, is NP-complete. Many scholars have researched such a problem as the exist-
ence of a 2-factor with exactly kvertex disjoint cycles in balanced bipartite graphs.
They have investigated degree conditions for partitioning in terms of, for example,
minimum degree, average degree, degree sum of independent vertices and so on.

In 1999, Wang [6] gave a Dirac-Type degree condition for a balanced bipartite
graph to contain a 2-factor with exactly X components and obtained the following
result.

Theorem 6. [6] Let kbe a positive integer and let G = (X Y E ) be a bipartite

graph with |X| = |Y| =n>2k+1,if §(G)= [g—l+l, then G contains a 2-factor

with exactly & vertex disjoint cycles.
In 2000, Chen et al [7] obtained the following Ore-Type result, which general-
izes Theorem 5.

Theorem 7. [7] Let kbe a positive integer and let G = ( X, V;E ) be a balanced
2

bipartite graph of order 2n where n> max{S 1,%+ 1} Jf dg(u)+dg(v)zn+1

forevery ue X and veY,then Gcontains a 2-factor with exactly kvertex dis-
joint cycles.

Later, in 2001, Li ef al [8] improved Theorem 6 with Ore-Type degree condi-
tion. They also showed that the degree condition in Theorem 8 is sharp when
n=2k+1.

Theorem 8. [8] Let kbe a positive integer and let G = (X Y E ) be a bipartite
graph with |X|=|Y|=n22k+1.1f d,(u)+d;(v)=n+2 forevery pair of non-
adjacent vertices u,v €V (G), then Ghas a 2-factor with exactly k vertex disjoint
cycles.

In 2017, Chiba and Yamashita [9] proved that the degree condition in Theorem
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5 also guarantees the existence of a 2-factor with exactly & vertex disjoint cycles
when 7212k + 2. The following result generalizes Theorem 7 and Theorem 8.

Theorem 9. [9] Let kbe a positive integer and let G = (X Y E ) be a bipartite
graph with |X|=|Y|=n212k+2.If d(u)+d,(v)2n+1 for every pair of
non-adjacent vertices u€ X and veY, then G has a 2-factor with exactly &
vertex disjoint cycles.

As early as 1963, Moon and Moser [5] considered a bipartite version of Ore's
Theorem (Theorem 3) and they obtained Theorem 5. They also discussed the
problem of how many edges are necessary to ensure that a balanced bipartite
graph contains a Hamilton cycle. Moon and Moser [5] gave the conditions on the
minimum degree and the number of edges for the existence of a Hamilton cycle
in balanced bipartite graphs.

Theorem 10. [5] Let G be a balanced bipartite graph of order 22 (n>2) and

5(G)=r,where 1Sr£g.lf e(G)>n(n—-r)+r*, then Gcontains a Hamilton

cycle.

Theorem 10 implies that if there is no restriction on the minimum degree (Ze.
r=1), then the sufficient condition for a balanced bipartite graph to be Hamilto-
nianis e(G)>n’—n+1.

Let Hand G be two graphs. We call G H-free if G contains no subgraphs iso-
morphic to . For a graph Hand positive integers m, n, the bipartite Turan num-
ber of H, denoted by ex(m,n,H), is the maximum number of edges among H-
free bipartite graphs with two parts of sizes mand n, respectively. Recently, Zhang
et al. [10] determined that the bipartite Turdn number of Ffor any 2-factor Fin
K,,.
Theorem 11. [10] ex(n,n,F)=n*—n+1.

Theorem 11 implies the following corollary.
Corollary 2. [10] Let G be a balanced bipartite graph of order 2n (n>2).If

e(G)>n’ —n+1, then G contains all non-isomorphic 2-factors of K,,-

3. Main Results

In this paper, we consider conditions on the minimum degree and number of
edges for a balanced bipartite graph to contain some class of 2-factors and obtain
the following result. This result extends Theorem 10 under condition (1). Since
Theorem 10 implies that if Gis a balanced bipartite graph of order 2n, §(G)>2
and ¢(G)>n’—2n+4,then Geontains a Hamilton cycle. Theorem 10 show that
if Gis a balanced bipartite graph of order 2, 5(G)>2 and e(G)> n’-2n+4,
then G contains a 2-factor with 2 components.

Theorem 12. Let G be a balanced bipartite graph of order 2n (n>6) and
e(G)>n>—2n+4. Then G contains a 2-factor with & components, 2d, -cycle,

-+, 2d, -cycle, if one of the following is satisfied:
(1) k=2, §(G)22 and d,-22d,22;
(2) k=3, §(G)2d,+2 and d,-22d,>d,>4.
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4. The Proof of Theorem 12

Proof. Let K,, =(X,Y;E) be a balanced complete bipartite graph, where
X ={x.x%,x,}, Y={y.,»,,--,»,} . Let kbe a positive integer with 2<k<3.
Let F (k) be the collection of non-isomorphic 2-factors of K, , with k com-
ponents, 2d, -cycle, -+, 2d, -cycle, when k=2, d,—-22>d, 22 and when
k=3, d -22d,2d,24.

Let G be a spanning subgraph of K, with e(G)>n’-2n+4 . When
5(G)=2, by Theorem 10, G contains a Hamilton cycle.

(1) k=2, §(G)=2.

For any F e F(2), let two components of Fbe 2d, -cycle and 2d, -cycle.
Note that d,-2>d,>2. Let C=wv,---v,v, (arranged in clockwise) be a
Hamilton cycle of G. There are exactly 2n different ways to take a pair of vertices
v;,v; with distance 2d, -1 on the Hamilton cycle Cin the clockwise direction.

We know that the sequence of vertices v,v,

Vv isa 2d, -cycle and

V.

j+1v

2tV Vi ViV, isa 2d)-cyclein K, . Then these two vertex disjoint

cycles form a 2-factor isomorphic to F(when the subscript is greater than 2n, do

operation module 21). Noting that 2<d, < nT—l’ the number of two-edge sets

{vl.vj, MVH} in K,, isexactly 2nand such 211 two-edge sets are pairwise non-

intersecting. Compared with K, , G has at most 2n—5 missing edges. So G

contains at least five such two-edge sets. Taking such a two-edge set, we can obtain
vertex disjoint 2d, -cycle and 2d, -cycle in G, based on the Hamilton cycle C.
Le., G contains a 2-factor isomorphic to 7.

(2) k=3, §(G)zd,+2.

For any F e F(3), let three components of Fbe 2d, -cycle, 2d, -cycle, 2d,
-cycle. Note that d, —2>d, >d; >4 .Since §(G)>d;+2>2 and
e(G)>n*-2n+4, for any 2-factor F'e F(2), G contains a 2-factor isomor-
phicto F’'.Let F bea 2-factor with two components: a 2(d, +d,)-cycle and
a 2d,-cycle. Since d, +d,~2>d, >4, we can see that F € F(2). Then G con-
tains a 2-factor isomorphic to F with two components: a 2(d, +d,)-cycle C
anda 2d,-cycle C,.Let

X, :{xw""xn-d3}7Xz :{xn—d3+|""’xn}’

Y= {0 Vs o Yo = Vi s -

For the sake of convenience, we assume
V(C)=X, Y,
V(C,)=X,UY,.

Write G, =G[X,UY].

To the contrary, we assume that G contains no subgraphs isomorphic to F.
Then G, does not contain vertex disjoint 2d, -cycle and 2d, -cycle. (Other-
wise, combined with 2d; -cycle C,, Gcontains a 2-factor isomorphic to 7 a con-

tradiction.) Noting that G, is a spanning subgraph of K and

n—dy,n—ds
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5(G)2d, +2~d, =2, we know that e(G,)<(n—d,)’ ~2(n—d,)+4 by (1).
This means that G, has at least 2(n—d,)—4 missing edges compared with
K, 4 1a, » Which leads to the following claim.

Claim 1. G, =G[X, UY] has at least 2(n—d;)—4 missing edges between
X, and Y.

According to the number of edges between two vertex sets V' (C,) and
V(C,) in G, there are three cases to be discussed.

Case 1. Forany d,-set Ac X, G[AUY,] containsa 2d,-cycle.

By Claim 1, G has at least 2(n—d,)—4 missing edges between X, and Y
with respect to K, , . This means that there are at least two missing incidence
edges at each vertex in X, (except at most four vertices) on average. Since
n>3d,+2, n—d,—4>d,+2. We can take a d,-set A'c X, such that there
areatleast 2d, missingedgesbetween A4’ and Y. For the sake of convenience,
the partition of X is adjusted as follows: X =(.X\A')U 4’. By the assumption,
G[4'UY,] containsa 2d,-cycle. Then G, =G[(X\A)UY,]| contains no ver-
tex disjoint 2d, -cycle, 2d, -cycle. (Otherwise, G contains a 2-factor isomorphic to
F', a contradiction.) Noting that G, is a spanning subgraph of X, , ., and
5(G,)2d,+2~d, =2, we know that ¢(G,)<(n—d,)’-2(n—d,)+4 by (1).
So G, hasatleast 2(n—d;)—4 missing edges with respectto K, , . .Ac-
cording to above discussion, G has at least 2d, missing edges between A’ and
Y, and at least 2(n—d,)—4 missing edges between X\ A" and Y with re-
spectto K

n,n °

total. It follows that e(G)<n®—2n+4, a contradiction.

So there are at least 2d; +2(n—d,)—4=2n-4 missing edges in

Case 2. Forany d,-set BcY,, G[BUJX,]| containsa 2d,-cycle.

By symmetry, the proof in Case 2 is same as the one in Case 1.

Case 3. There exist two dy-sets Ac X,, BcY, such thatboth G[4UY,]
and G[BUJX,]| do not contain 2d;-cycle.

Let G,=G[AUY,], G,=G[BUX,]|.If 5(G)=0, i=3,4, G has at
least d, missing edges. If §(G,)=1, i=3,4, G, has at least d;—1 missing
edges. If §(G,)>2, i=3,4, G, hasatleast 2d,—4>d, missing edges by The-
orem 10.Ifboth G[X,UY,]| and G[X,UY,] haveatleast d, missingedges, by
Claim 1, G has at least 2(n—d;)—4+d;+d, =2n—4 missing edges, a contrac-
tion. So at least one of G[X,UY,] and G[X,UY,],say G[X, UY,]>G;, has
exactly d; —1 missing edges. According to the above discussion, the unique pos-
sibility is that G, has exactly d; —1 missing edges and &(G;)=1. This means
that the minimum degree vertex, say w; is uniquein G;,and G, —{w} isacom-
plete bipartite graph, where G, —{w} is the subgraph of G; by removed of w.
Next, we discuss two cases according to the minimum degree vertex belonging to
A (cX,) or Y,

Case 3.1. If the minimum degree vertex wof G, in A4, thenby &§(G)>d,+2,
whas atleast d; +1 neighborsin Y. So there are at most
n—d,—(dy+1)=n—2d, -1 missing edges between {w} and Y. Noting that
dy >4, there are at least 2(n—d;)—4—(n—2d;—1)=n-3>n—d,+1 missing
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edges between X, \{w} and Y,.By the pigeonhole principle, there exists at least
one vertex xe X, \{w} such that there are at least two missing edges between
{x} and Y.So we cantakea d,-set S X \{w} such that there are at least
d, +1 missing edges between S'and Y. (We can choose the first d, vertices

with missing degree as large as possible of X, \{w} in G, ) Noting that
G[(X1 \{w})u Yz] is a complete bipartite graph and S < X, \{w}, G[SUY,]
contains a 2d, -cycle. (See Figure 1)

incidence edge of w in Gs5.
————— missing edges between two sets.
#  the number of missing edges between two sets.

Figure 1. Choosing a d,-set S X,\{w} to replace X, in Case 3.1, where §(G,)=d, (w)=1

=dg,

and wed.

Case 3.2. If the minimum degree vertex wof G, in Y,, then w has exactly
d, —1 non-neighbors in X,. Let x, be a vertex of such d; —1 vertices and
x, has the smallest missing degree in G, . Recalling that both G[X; UY,]| and
G[X,UY,] haveatleast d,—1 missing edgesand e(G)>n’—-2n+4, G, has
atmost 2n—5—(dy—1)—(d, —1)=2n-2d, -3 missing edges. By the pigeonhole

1
principle, there are at most ﬁ(2n —2d,-3) missing edges between {x,}
-

and Y. Recalling that G, hasatleast 2(n—d,)—4 missing edges and
d,—22d,>d; >4, the number 4 of missing edges between X,\{x,} and ¥,
satisfies that

1

3

=[1—d 1 )(2n—2d3—3)—1

h>2(n—d;)~4-——(2n-2d; -3)
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=n—d, +ln—ld3 -3
3 3

>n-d, +3(2d +2)-3
>n—d,.

This means that there are at least n—d, +1 missing edges between X, \{x}

and Y. Therefore, we can picka d,-set S < X, \{x} such that the number of
missing edges between Sand Y, is atleast d,+1.(We can choose the first d,

vertices with missing degree as large as possible of X, \{x,} in G, .) Noting that
xw¢ E(G) and there are exactly d; —1 missing edges between X, and Y,
there are at most d; —2 missing edges between S and Y,. By Corollary 2,
G[SuY,] containsa 2d,-cycle. (See Figure 2)

1

' \

:
1 ’\\
Vo#Zds 1

1

#>2(n—dg)— 4

-‘

incidence edge of w in Gg.
----- missing edges between two sets.
# the number of missing edges between two sets.

Figure 2. Choosinga d;-set S X,\{x} toreplace X, in Case 3.2, where 5(G;)=d, (w)=1

and wel,.

Totally, in Case 3.1 or Case 3.2, we can always picka d;-set S X, suchthat
G[SuY,] containsa 2d,-cycle and there are at least d;+1 missing edges be-
tween Sand Y. Now, the partition of Xis adjusted as follows:

X=(X\S)u S . Noting that G[SUY,| containsa 2d;-cycle,

G = G[(X \S)u Yl] contains no vertex disjoint 2d, -cycle, 2d, -cycle. (Oth-
erwise, G contains a 2-factor isomorphic to % a contradiction.) Noting that G,
is a subgraphof K, , ., and 5(G;)>d, +2~d, =2, weknow that
e(G,)<(n—dy) =2(n—d,)+4 by(1).So0 G, hasatleast 2(n—d,)—4 miss-
ing edges with respectto K, ,  , . According to above discussion, Ghas at least
d; —1 missing edges between X and Y,, atleast d,+1 missing edges between
Sand Y, and at least 2(n—d,)—4 missing edges between X\S and Y
with respect to K, , . In total, there are at least

2(n—d,)—4+(d, —1)+(d; +1)=2n—4 missing edges with respect to K, . It

follows that e(G) <n*-2n+4, a contradiction.
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In conclusion, for any balanced bipartite graph G of order 2n (n>6) and
e(G)>n’-2n+4,if §(G)=2, then Gcontains a 2-factor isomorphic to F for
every FeF(2);if §(G)=d,+2, then G contains a 2-factor isomorphic to F
for every F e F(3).

]

5. Conclusions and Suggestions

Theorem 12 extends one result of Theorem 10 under condition (1). Furthermore,
it is possible to relax the condition d; >4 into d, >2,but there are more cases
to be discussed.

The condition §(G)>2 is necessary, because G contains no 2-factors when

5(G)<1.Figure 3 is a counterexample graph.

Figure 3. ¢(G)=29>6"-2x6+4 and &(G)<2, Gcontains no 2-factors.

It would be interesting to discuss whether the condition §(G)>d;+2 canbe
replaced with §(G)>2 when k=3.

There are some limitations to our results. Theorem 12 only considers condi-
tions on the minimum degree and number of edges for a balanced bipartite graph
to contain 2-factors with X components, where k <3. Actually, it is significant to

consider the more general problem for the cases k>4.
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