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Abstract 
Precise positioning is available from global navigation satellite systems 
(GNSS). Unfortunately, satellite signals are weak and a strong interference sig-
nal can create a GNSS denial region. The solution requires spatially separating 
the valid signals from the interference signal. The traditional approach in-
volves constructing a beampattern that puts a sidelobe null in the direction of 
the interference signal while putting valid signals into the mainlobe or side-
lobes. This approach is seen as suboptimal because of array constraints on the 
beampattern. An alternative approach is presented here that uses linear alge-
bra methods. Physically, all the signals are mapped onto a receive antenna ar-
ray vector. The signal space approach inverts this mapping which results in a 
signal vector that completely decouples the valid signals from the interference 
signal. This allows only the valid signals to be used for positioning. Implemen-
tation of this alternative approach yields an adaptive set of antenna array 
weights calculated using linear algebra methods to decouple all the signals. 
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1. Introduction 

Beamforming attempts to spatially receive signals of interest and reject interfer-
ence signals. Traditionally, large arrays have good resolution and have many side-
lobe nulls which can be steered to reject interference signals. However, GNSS an-
tennas tend to be small which can be problematic for resolution and use of nulls. 
Nevertheless, commercial companies [1] [2] produce anti-jam products that claim 
a 40 dB reduction of an interference signal using a controlled radiation pattern 
antenna, CRPA [3].  

The approach used in this paper is based on a novel approach to exploit signal 
space for beamforming. The signal space viewpoint has been one of the founda-
tions of modern digital communication theory [4] [5]. Signal space approaches 
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have also been used for determining signal directions [6] [7].  
For beamforming a signal space vector is constructed to include both valid sig-

nals and interference signals. It should be mentioned that signal space can have a 
large number of dimensions which is very useful compared to the limitations of 
three dimensions used in traditional beamforming. Since the signals in this signal 
space vector are all in their own dimension, they are decoupled from all the other 
signals. This simple mathematical property is the key to this signal space ap-
proach. 

2. Beampattern Approach versus Signal Space Approach 

It is instructive to consider the performance of the two approaches in a simple 
array processing problem involving two antennas and two signal sources. In gen-
eral, it is not possible to separate two signals with two antennas using a beampat-
tern approach. The array geometry constrains the beampattern to have a wide 
mainlobe and one null. These are not independent. The mainlobe may be steered 
using a delay-and-sum method but this also moves the null. The mainlobe width 
and null locations are problematic even with more antennas.  

The signal space approach to array processing is purely based on the mathe-
matics of linear algebra [8]. For the two antennas and two signals case, this ap-
proach puts the two signals into a vector, s. Although this may appear to be a 
trivial step, it creates a vector space that has useful properties. The physical inter-
pretation can readily be seen where the signal vector, s, is mapped using delays, Δ, 
onto the antenna vector, a. This mapping is often called the delay or direction 
matrix, D. The mapping can be represented as: 
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Since a is measured and known, we need to invert the above equation to solve 
for s. This is easily done using the inverse of the delay matrix, D: 
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This signal space approach accurately yields the two source signals using a lin-
ear algebra approach. It does not have any beampattern constraints such as the 
width and location of mainlobes, sidelobes, or nulls.  

3. GNSS Interference Separation 

The above simple case can easily be extended to the GNSS case. Here there are N 
signals that correspond to a minimum of 4 valid GNSS signals and 1 or more un-
wanted interference signal. These arrive from N directions onto an antenna array 
with M elements. Each antenna element, ak(t), receives all of the N signals, sj(t), at 
various delays, Δjk. This can be represented mathematically as the N-signal vector, 
s, mapped onto an M-antenna vector, a: 
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where, 
sj(t) = jth valid signal or interference signal, 
ak(t) = kth antenna received signal, 
Δjk = mapping (delay) of jth signal onto kth antenna.  
Equation (3) yields the antenna outputs, a, given the delay or direction matrix, 

D, and the signal vector, s. Since the antenna outputs, a, are known, it is necessary 
to invert this matrix equation to solve for the unknown signal vector, s.  

The Moore-Penrose inverse is a linear algebra method that can be applied to 
this problem. It should be mentioned that the Moore-Penrose inverse is the least-
squares estimate for over-constrained matrices, such as when the number of an-
tenna elements, M, is larger than the number of signals, N. If M = N, then this is 
a square matrix which can be inverted by a number of methods including the 
Moore-Penrose inverse.  

It is informative to show how the Moore-Penrose inverse works and how it re-
lates to traditional beamforming. Equation (3) can be compactly represented as: 
 a Ds=   (4) 

Equation (4) is then left multiplied by D†, which is the transpose of D with its 
delays reversed. 

 † †D a D Ds=   (5) 

Equation (5) is then left multiplied by (D†D)−1. This result is the Moore-Penrose 
inverse that yields the signal vector from the measured antenna outputs.  

 ( ) 1† †s D D D a
−

=   (6) 

It is important to note that in this representation all of the signals are in their 
own dimensional space and are completely decoupled from other signals. This 
allows the valid GNSS signals to be separated from the interference signal(s). It is 
also important to note that for the one-signal case (D†D)−1 reduces to a normali-
zation scalar and the D†a term is simple beam steering. However, this is not the 
case for multiple signals where the (D†D)−1 term must be included. This matrix is 
only poorly conditioned when the signals are spatially very close. Resulting errors 
could allow some of the interference into the valid signal dimension. Of incidental 
importance is that the (D†D)−1 term is the metric of this signal vector space. The 
practical importance of the (D†D)−1D† term in equation (6) is that it can be con-
sidered the antenna weight matrix. These antenna weights allow a simple imple-
mentation of the signal space approach as a beamformer. 

4. Signal Separation Simulation 

The directions-of-arrival of the GNSS signals are very accurately known due to 
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the spacecraft broadcasting its almanac and ephemeris. The direction toward the 
interference signal needs to be accurately estimated to produce good results. This 
may be known a priori. The maximum likelihood method can produce a very good 
direction estimate of the interference signal, especially when that signal is strong.  

Some improvement to the direction estimate can be obtained by minimizing 
the leakage of the interference into valid signal dimensions. This is an ongoing 
research interest of the author and beyond the scope of this paper. However, it 
should be mentioned that even a fraction of a degree error in the interference di-
rection will map some of the interference into the valid signal dimensions. This 
will lead to less than complete separation,  

Once the directions to all the signals are known, the time delay, Δjk, associated 
with the jth signal onto the kth antenna is simply the dot product of the signal unit 
direction vector, dj, and the antenna geometry vector, xk, divided by the speed of 
light: 
 jk j kd x c∆ = ⋅   (10) 

In the case of narrowband signals, it is useful to convert these time delays into 
phase shifts:  
  2jk jkfreqΘ = π ⋅∆   (11) 

The delay matrix can then be expressed in terms of phase shifts: 
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A simulation of the GNSS denial problem is presented as proof-of-concept of 
this method. There are 4 simulated unit-amplitude 10-cycle signals used with az-
imuth/elevation coordinates of (60˚, 60˚), (110˚, 70˚), (210˚, 40˚), and (310˚, 50˚). 
An 80 dB interference signal is introduced with azimuth/elevation coordinates of 
(90˚, 10˚). A 7-element hexagonal antenna array with wavelength spacing was 
used to simulate reception of the 5 signals. Since this is a proof-of-concept paper, 
no noise was introduced. 

Figure 1 shows only the first 2 unit-amplitude signals and the 80 dB interfer-
ence signal in the top row. The middle row shows a simple delay-and-sum beam-
forming towards the signals (D†a). The 2 unit-amplitude signals are overwhelmed 
by the interference arriving through the simple beampattern sidelobes. The bot-
tom row shows the Moore-Penrose inverse results. The 2 unit-amplitude signals 
shown are completely separated or decoupled from the strong interference signal. 
Likewise, the other 2 unit-amplitude signals, which are not shown, are also com-
pletely separated or decoupled from the strong interference signal. 

It should be noted that this method operates purely in the spatial domain and 
does not depend on the time domain structure of the signals. It should also be 
noted that noise and direction errors are not included in this example. It is purely 
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the intent of this simulation example to demonstrate the concept and method and 
separation capability of the signal space approach. 

 

 
Figure 1. Two weak signals and one strong interference signal. 

5. Comments 

Denial of GNSS signals is a serious problem. Current beamforming methods can 
at best only mitigate interference. The seriousness of the problem can be seen in 
daily online GPS jamming maps [9] where very strong jamming exists around 
conflict areas. These jammers can defeat even military CRPA units. There is a clear 
need for a fundamentally better approach to prevent GNSS denial [10]. 

This signal space approach uses the concepts and methods of linear algebra to 
completely separate valid GNSS signals from strong interference signals [11]. Ad-
ditionally, this signal space approach can be used in other spatial signal separation 
problems due to its simplicity and effectiveness and mathematical correctness. 

The computational complexity of this GNSS example is seen as small. For M 
antenna and N signals, calculation of the Moore-Penrose inverse involves invert-
ing an N × N matrix and a couple of matrix multiplications. 
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