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Abstract

For a given therapy, patients, health technology assessment agencies and reg-
ulatory agencies are interested in evaluating whether the benefit outweighs the
associated risks. Existing work [1] uses prioritized composite outcomes to as-
sess benefit and risk; this manuscript extends this work. The assessment of risk
is based on a derived score obtained from predefined adverse events of inter-
est. This derived safety score incorporates full aspects of adverse events of in-
terest. After prioritizing the components of the composite outcomes consist-
ing of benefit and risk outcomes, the net benefit or the Wilcoxon-Mann-Whit-
ney statistic is used to assess the composite benefit-risk outcomes. If there is
no prioritization, average net benefit (also called the O’Brien method) can be
used to assess the treatment differences in the composite outcomes. Via sim-
ulation, we evaluate the characteristics of these measures of benefit-risk. An
existing sample size derivation is extended to the case where there is no prior-
itization (average net benefit). Finally, an example motivated by a plaque pso-
riasis study is presented.

Keywords

Benefit-Risk Assessment, Treatment-and-Disease-Burden, Prioritized Net
Benefit, Non-Prioritized Net Benefit

1. Introduction

Patients, health technology assessment agencies, and health authorities all have an
interest in evaluating the benefit-risk (BR) of a therapy for the proposed condition
of use. Frequently, this is evaluated by assessing efficacy (benefit) and safety (risk)
separately. Various authors [1]-[6] have proposed evaluating BR at a patient level
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utilizing prioritized composite outcomes consisting of efficacy and safety endpoints;
detailed reviews of these discussions exist [7].

Risk assessment using binary safety endpoints, which indicate the presence or
absence of an event has been evaluated in [4] and [5], as has been the assessment
of risk through an ordinal endpoint based on the severity grade of adverse events
(AEs) in [8] and [3]. Binary endpoints and time-to-event endpoints were used to
measure risk in [6]. In contrast, measurement of risk with a composite score for
adverse events of interest (AEI), considering both the severity and duration of the
AE, was used in [1].

Composite endpoints have been used as a primary analysis in several therapeu-
tic areas. Progression-free survival, the composite endpoint of progression or death,
assessed in oncology studies, is such an example. Another group of approaches
assumes some ordering of importance among efficacy and safety endpoints of in-
terest. For example, in oncology, for the progression-free survival composite end-
point, the order of importance would be death and then progression of disease.
The preference-ordered outcomes are referred to as prioritized outcomes. In con-
trast with composite endpoints such as progression-free survival, prioritized out-
comes preserve the multivariate nature of the outcomes. After the priority of im-
portance is defined, treatment interventions can be compared using generalized
pairwise comparisons (GPCs). In applying this method, one performs a comparison
of every patient in the treatment arm with every patient in the control arm. Within
each comparison, one evaluates the different components of the composite outcome
in descending order of importance until the patient in the treatment arm is evaluated
to have a better or worse outcome compared with the patient in the control arm. If
the patient in the treatment arm has a better outcome compared to the control pa-
tient, it is called a “win”; if, on the other hand, the control patient has a better out-
come, it is called a “loss”™. If a “win” or a “loss” cannot be established, it is called a
“tie”. Based on such prioritized outcomes and pairwise comparisons, the net ben-
efit statistics [9] measure the difference between treatment arms. This win statistic
[10] is defined as the difference in the proportion of wins between the two arms.
The denominator of these proportions is the number of pairwise comparisons, thus
accounting for ties. At times, there may not be an obvious prioritization of the out-
comes. In such cases, a pairwise comparison and associated win difference is eval-
uated for each element of the composite outcomes and then an average or total win
difference is derived [11]. This statistic is referred to as the adapted O’Brien statistic
[12]. See a relevant discussion [13]. We call this averaged win difference statistic
the non-prioritized net benefit.

In this paper, we compare the prioritized and non-prioritized net benefit statis-
tics for a study design that utilizes a benefit-risk outcome as the primary outcome
and where the risk assessment is via an AEI composite score. We further explore
these two types of pairwise comparison methods through an example motivated
by plaque psoriasis studies. In Section 2, we review the definition of the AEI com-

posite score and the Wilcoxon-Mann-Whitney parameter. In Section 3, via simu-

DOI: 10.4236/apm.2026.162007

92 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.162007

Y. Seifu et al.

lation, we evaluate the sample size requirement for the benefit-risk study designs
to be assessed utilizing prioritized and non-prioritized net benefit statistics. In Sec-
tion 4, a mathematical method for deriving sample size is presented, in the specific
context of a dichotomous efficacy score and a continuous measure of safety, and
details are presented in Appendix. In Section 5, an example based on a plaque

psoriasis trial is discussed. Finally, in Section 6, conclusions are drawn.

2. The AEI Composite Score, the Wilcoxon-Mann-Whitney
Test, and Non-Prioritized Net-Benefit

In assessing adverse events of interest (AEI), one might derive a safety score that
incorporates the multidimensional aspects of AEI, called the AEI composite score
[1]. For each AEI, including multiple recurrences of the event, the duration of the
event is multiplied by the severity grade, and this value is summed up across the
AFI of each patient to derive the safety score. The unit for duration can be days,
weeks, or months, depending on the nature of the AEs and the study. See Figure
1. Although the choice of unit for AEI duration can influence the AEI score, its
impact is limited when the assessment is based on prioritized or non-prioritized
outcomes. Because the methodology relies on pairwise comparisons, it is the rank-
ing of values, not their absolute magnitude, that ultimately drives the assessment.
For patients with no events, the AEI composite score is zero. If there is no Com-
mon Terminology Criteria for Adverse Events (CTCAE) grading of severity, a
grade of one, two and three can be used for mild, moderate, and severe AEs, re-
spectively. The derivation of an AEI composite score assumes that the event is
treatable, Ze., it is not a permanent condition such as losing sight or death. If an
AEFEIis a permanent condition, this can be added as a separate binary or ordinal
endpoint to be compared via pairwise comparisons assessed via win-statistics such
as net benefit.

Following other authors [1], our underlying assumption is that the adverse events
(AEs) included in the AEI composite score are adverse reactions, and thus, causality
has been established. The rationale for proposing the AE composite score, which
sums events while accounting for severity and duration, is to provide a more com-
prehensive assessment of risk for better benefit-risk evaluation. This approach is
similar in spirit to how adverse reactions are used in exposure-response models,
where collections of adverse reactions are modeled (see, for example, [14]). It is
important to note that the AEI composite score may not be applicable to all ther-
apeutic areas. Furthermore, the AEI composite score implicitly assumes a linear
trade-off between duration and severity (e.g., a grade 1 event for 30 days is equiv-
alent to a grade 3 event for 10 days). Hence, it should be applied in therapeutic
areas and development phases where accounting for the severity and duration of
adverse reactions is relevant to the risk assessment. Furthermore, if certain AEI
are considered to have differing impact and need to be analyzed separately, then
for each category of AEI, a separate AEI composite score can be derived and included

in the prioritized outcome.
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Figure 1. Adverse events of interest composite score.

Schemes for integrating benefit-risk assessment (efficacy and safety) can assess
treatment benefit (efficacy) separately and risk (safety) separately and then inte-
grate this information for the overall assessment of benefit-risk. In contrast, ben-
efit-risk assessment can be made at a patient level and further summarized; for
example, consider a prioritized outcome consisting of ordinal efficacy and safety
outcomes. Furthermore, assume the ordinal efficacy outcome has the highest pri-
ority. In deriving the prioritized net benefit, when patients in a pair are being com-
pared, they are first compared according to the efficacy outcome, and if they have
the same efficacy value, they get compared over the safety outcome. In the follow-
ing two subsections, these two approaches are discussed in the context of the com-
posite outcomes consisting of a binary efficacy endpoint and AEI composite score.
The associated statistical measures are the prioritized and non-prioritized net ben-
efit scores. In Sections 3 and 4, we compare the prioritized and non-prioritized
net benefit via simulation, and discuss new mathematical techniques for approxi-

mating power, and solving a power equation for sample size.
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2.1. Prioritized Outcomes and the WMW Test

In the case of prioritized pairwise comparisons, the multivariate variables that de-
fine the prioritized outcomes can, under certain conditions, be transformed into
a univariate rank-based ordering. For example, for a composite outcome consist-
ing of a binary efficacy endpoint and the AEI composite score, a ranking can be
achieved (see Section 3 for details). Ranking is an alternative to prioritization.
Once ranking is achieved, the Wilcoxon-Mann-Whitney (WMW) test can be per-
formed. Other authors discuss such rankings of prioritized outcomes [15]. The
associated WMW parameter is defined as the probability that a randomly picked
person in the treatment arm is ranked better than a randomly picked person in
the control arm, plus half the probability that they are tied [16]. Hence, the null
hypothesis of interest is whether this WMW parameter equals one-half. The p-
values based on this test should be very similar to those obtained using net benefit

or any win statistics (see Section 3 and [17]).

2.2. Non-Prioritized Outcomes and Net-Benefit

For study designs where the primary outcomes are benefit-risk composite out-
comes and where risk is measured using an AEI composite score, it may not al-
ways be possible to find a definitive prioritization of the outcomes. Furthermore,
depending on the severity of the illness and the treatment options that are availa-
ble, one patient’s prioritization of the benefit-risk outcomes may differ from an-
other patient’s prioritization. In such cases, it might be important to assess the
prioritized net benefit under different types of prioritizations and without any pri-
oritization. If the preference is not to prioritize the outcomes, a pairwise compar-
ison and associated win difference are evaluated for each element of the composite
outcomes and then an average or total win difference is derived [12]. One disad-
vantage of this method is that it evaluates separately benefit (efficacy) and risk
(safety) and integrates the two measures via an average or total net benefit. In
contrast, in the prioritized case, each treatment patient is compared with every
control patient over the set of benefit-risk outcomes to see which patient in a pair-
wise comparison has a better prioritized benefit-risk outcome. The null hypothe-
sis associated with the non-prioritized net benefit test is that there is no difference
in the average or total win probabilities between the treatment and the control arms,
while the alternate hypothesis is that there is a difference in this average or total

win probabilities.

3. Assessment of Prioritized and Non-Prioritized Pairwise
Comparison via Simulation

In this section, we compare the sample size requirements for a study where the pri-
mary outcomes are based on composite outcomes consisting of efficacy and treat-
ment-and-disease-burden endpoints (AE composite score).

Following other authors [1], we assume the safety profile of the drug is estab-

lished, i.e., the AEI are well known and documented. Since these are adverse re-
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actions, they are assumed to be caused by the drug. On the other hand, the drug
is also expected to provide efficacy response. Furthermore, generally both efficacy
and safety are associated with exposure levels; thus, some association between ef-
ficacy and AEI should be considered. Hence, efficacy outcomes and adverse events
(ie, incidence, duration, and grade) will be simulated with positive dependence.
This positive dependence can be achieved via a latent variable [1].

This manuscript considers the same simulation examples as presented earlier
[1]. In brief, the sum of two exponential distributions is used to generate the bi-
nary efficacy outcomes, the duration of AEI and the grade of AEI The latent var-
iable that is used to create the correlation between these three variables has an
exponential distribution that is part of the sum of the two exponentials that is used
in generating all three variables. More precisely, let X be the efficacy compo-
nentand Y be the latent variable used to construct the positive dependence be-
tween the efficacy and safety endpoints. We assume that X and Y are expo-
nentially distributed with E[X]=4, and E[Y]=4,; refer to the exponential
distribution as with expectation A as exp(4).To generate n samples with the
expected efficacy response rate of £, n samples are generated from exp(ﬂ.l)
and exp(ﬂz) ; define the value G, from S = P[X +Y > Gﬁ] ; then subject i
in the sample is a responder when X, +Y;>G, for ie{l,---,n}.To simulate the
AEI duration,let Z bedistributedas exp(4,),and n samples are generated
from this distribution. For subject i, the resulting duration of the AElis Y, +Z,
where Y, is the previously defined exponentially distributed component com-
mon to both efficacy and safety for subject i . Similarly, for the simulation of the
severity grades, a sum of two exponential V;+Y, is used to generate the severity
grades, where the Y, is the same exponential distribution used to generate effi-
cacy and duration samples. The severity grades are then assigned by first parti-
tioning the unit interval into 5 intervals, corresponding to grades 0 (no-event), 1,
2,3 and 4, and assigning the grades based upon which interval the sample Y, +7V,
falls. See Table 1 for these parameterizations.

For this simplest case, where the efficacy outcome is binary, following an earlier
example [1], we will assume that there are four AEI that make up the AE compo-
site score and that will be included as part of the primary composite prioritized
outcomes. The study consists of two arms, control, and treatment arms, with a 1-
to-1 randomization (see Table 2 and Table 3).

When outcomes can be prioritized, win-based statistics, such as the prioritized
net benefit, allow assessing treatment effects. However, when the prioritized out-
come structure allows for a ranking that mirrors the generalized pairwise statistic
(GPS) framework, a Wilcoxon-Mann-Whitney (WMW) test can yield results com-
parable to GPS. This equivalence holds when the prioritization is such that the pri-
mary outcome is a binary endpoint and the secondary is a continuous measure.
For the prioritized outcomes under discussion, a “win” for the treatment arm oc-
curs if the treatment patient is a responder while the control is not, or if both are

either responders or non-responders but the AEI composite score favors the treat-
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ment arm patient. To operationalize this, one can rank all AEI composite outcomes
within the responder and non-responder groups, ensuring that all the responders
are ranked higher than the non-responders. Performing pairwise comparisons on
these ranked values using the Mann-Whitney U-statistic is effectively equivalent
to comparing the prioritized outcome via pairwise comparisons where the binary
endpoint holds the highest priority. Consequently, the prioritized net benefit and
the WMW test should yield similar if not identical p-values. It is important to note
that if the prioritization is altered, such as making the AEI composite score the
highest prioritized outcome, this ranking approach becomes significantly more
complex. Such a ranking of composite outcomes is in line with the desirability of
outcome rankings (DOOR) [15] and has been discussed by others [18]. For the
WMW test, the null hypothesis is that the distribution of the derived variable of
benefit-risk is the same between the two groups. Furthermore, the effect parame-
ter associated with this test measures the probability that a randomly picked pa-
tient in the treatment arm has a better outcome compared to a randomly picked
patient in the control arm, plus half the probability that they are tied [16]. For the
non-prioritized outcome, we will use the non-prioritized net benefit. Furthermore,
the null hypothesis associated with this test is that there is no difference in the av-
erage or total win probabilities between the treatment and the control arms, while
the alternate hypothesis is that there is a difference in this average or total win prob-
abilities between the two arms.

Table 1 and Table 2 present the distributional assumptions for the simulations
[1]. For all four AEI, the same exponential distributions were used to generate the
duration and severity of the AEL

For the binary efficacy endpoint and AEI composite endpoint described in Ta-
ble 1 and Table 2, the sample size requirements using prioritized net benefit have
been presented earlier through simulation [1]. To demonstrate the equivalence be-
tween the prioritized net benefit and the Wilcoxon-Mann-Whitney (WMW) test,
we will again derive the sample size requirements via simulation, this time using
the WMW test. We will then compare these sample size requirements with the sam-
ple size requirements when the outcomes are not prioritized. The associated statis-

tics is the non-prioritized net benefit.

Table 1. Efficacy and exponential distribution assumptions.

Efficacy response rate under
the alternate hypothesis (0.45, 0.20)
(Treatment, Control)
A, =1 (used to generate samples of efficacy outcomes)
Exponential distribution A, =7 days (common exponential distribution)’
parameters A, =1 day (used to generate samples of duration)”

A, =1 (used to generate samples of severity)

“The duration of AEI is generated using the sum of two exponentials with parameters A,

and A, ; hence, the mean duration for each AEI is 8 days.
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Table 2. Assumed AE event rates for adverse events of interest.

AEI Same AE rates for Different AE rates for treatment and
( 1 ) treatment and control control arms
overall even
te) arms (no event, Gr 1, Treatment: (no event, Gr 1, Gr 2, Gr 3, Gr 4)
rate
Gr 2, Gr 3, Gr 4) Control: (no event, Gr 1, Gr 2, Gr 3, Gr 4)
AEI 1 (20%) (0.80, 0_05’ 0_05’ 0.05’ Treatment: (0.80, 0.05, 0.05, 0.05, 005)
10%) 0.05) Control: (0.90, 0.025, 0.025, 0.025, 0.025)
AFI2 (15%) (0.85, 0_05, 0_05’ 0.03’ Treatment: (0.85, 0.05, 0.05, 0.03, 002)
7.5%) 0.02) Control: (0.925, 0.025, 0.025, 0.015, 0.01)
AEI 3 (10% Treatment: (090, 005, 003, 002, 0)
o (0.90,0.05,0.03,0.02,0)
5.5%) Control: (0.945, 0.025, 0.015, 0.01, 0.005)
AEI 4 (5%, (0.95, 0.02, 0.01, 0.01, Treatment: (0.95, 0.02, 0.01, 0.01, 0.01)
2.5%) 0.01) Control: (0.975, 0.01, 0.005, 0.005, 0.005)

AEI: Adverse Event of Interest. Gr: Grade. "Overall event rate for the treatment and control
arms (e.g., for AEI 1 treatment arm 0.05 + 0.05 + 0.05 + 0.05 = 0.20, and control arm 0.025 +
0.025 + 0.025 + 0.025 = 0.1).

The sample size was derived under three assumptions. In the first case, for both
the treatment and the control arms, the efficacy events are assumed to be posi-
tively correlated with the AEI events, duration, and severity. This would be the
case if both the treatment and the control arms have the same mechanism of ac-
tion. For the second case, for the treatment arm, a positive association is assumed
between efficacy and the AEI events, duration, and severity, while for the control
arm, there is no such association. This would be the case if the control arm is for
example a placebo. Finally, for the third case, no association between efficacy and
AFI events, duration, and severity is assumed for both the treatment and control
arms. Since AEI are defined to be adverse reactions, this third case is not expected
to happen in clinical studies. It is added here only for comparison purposes.

For the prioritized comparison, Ze., for the WMW test and statistics, the R pack-
age asht [16] was used. For the non-prioritized net benefit, the R package BuyseTest
[19] was used. For the simulation-based sample size derivation, the sample size
associated with 90% power and with a two-sided type 1 error rate of 5% was iter-
atively searched. After this initial search, the final sample size derivation is based
on 100,000 simulated studies.

In these simulation examples, for the case of prioritized pairwise comparisons,
the prioritization of the composite outcomes is that the binary efficacy endpoint
has higher priority than the AEI-derived score endpoint. Table 3 presents the re-
sults of the sample size derivations. In the cases where both the treatment and the
control arm have the same AFEI rates, the non-prioritized net benefit statistics has
a lower or similar sample size requirement compared to the prioritized case. In
contrast, when the control arm has lower AEI rates compared to the treatment

arm, the sample size requirement for the non-prioritized net benefit statistics is
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larger. This is to be expected since the non-prioritized net benefit gives an equal
weight to both endpoints and the treatment effect for efficacy and safety are in
opposite directions. In the case of the prioritized outcome (WMW test), the safety
comparison is only made after the comparison with efficacy is made, reducing the
impact of the safety endpoint in the derivation of the WMW statistics. On the
other hand, if the prioritization is reversed (AEI composite score highest priority
and binary endpoint lower priority), the sample size requirements for the priori-
tized case will be higher than or equal to the non-prioritized case.

Prioritized and non-prioritized net benefits have been compared through sim-
ulation. Simulation examples that are based on mucopolysaccharidosis type IIIA
(MPS IITA) disease had finding that prioritized net benefit generally had more power
than the non-prioritized net benefit due to the largest treatment effects being cap-
tured by the highest priority outcome [13]. Simulations of prioritized and non-pri-
oritized net benefits through involving two time-to-event endpoints with varying
correlations and treatment effects, as well as a time-to-event and continuous end-
point with varying correlations and treatment effects, found that the non-prioritized
net benefit tended to have greater power when the treatment effect was dominated
by the second prioritized outcome [12]. When both outcomes had similar treat-
ment effects, the prioritized and non-prioritized net benefits had similar power.

These results are similar to the results presented in Table 3.

Table 3. Simulation-based sample size derivation.

Non-prioritized net benefit WMW Test
Case Distributional assumption
N/arm Power N/arm Power
AEI rates: Same rates for Treatment and Control arms!
Trt: Efficacy is positively associated with AEI
1 . . .. . . 32 90.37% 50 90.28%
Cont: Efficacy is positively associated with AEI
Trt: Efficacy is positively associated with AEI
2 o 36 90.62% 32 90.36%
Cont: Efficacy is independent from AEI
Trt: Efficacy is independent from AEI
3 L. 161 90.23% 105 90.28%
Cont: Efficacy is independent from AEI
AEI rates: Different rates for Treatment and Control arms?
Trt: Efficacy is positively associated with AEI
4 P } ) 128 90.52% 70 90.07%
Cont: Efficacy is positively associated with AEI
Trt: Efficacy is positively associated with AEI
5 87 90.83% 50 90.36%

Cont: Efficacy is independent from AEI

AEI: Adverse Events of Interest; Cont: Control; Trt: Treatment. Each sample size derivation and power calculation is based on 100,000

sample studies. 'AEI rates for treatment and control arms are as in Column 2 in Table 2. 2AEI rates for treatment and control arms

are as in Column 3 in Table 2.

As expected, for this example, the resulting sample size requirement presented
for the WMW (derived from the prioritized composite outcomes) is the same as

what was obtained when utilizing the prioritized net benefit test statistics [1].
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For the WMW test, we have derived the sample size requirement using both the
WMW test and the WMW parameter 95% confidence interval (CI). The WMW
parameter CI derivation [16] is under the proportional odds assumption. In the
example under consideration, since the non-zero AEI events are low, there were
several patients that had tied ranks. Even in this case, we have found that the WMW
test and associated CI result in similar significance rates and hence, in similar sim-
ulation-based sample size requirements.

These examples demonstrate that if a study is to be designed using the prioritized
or non-prioritized net benefit statistics, the sample size requirement will be different
based on the prioritization we select. At the end of a study, there is also an interest
in evaluating the benefit-risk of the drug in preparation for submission to a health
authority or for further evaluating the therapy for further development. In such cases,
one needs to note the different sample size requirements when evaluating benefit-

risk using different types of prioritizations of the outcomes.

4. Mathematical Sample Size Derivation for BR Composite
Outcomes to Be Assessed via Prioritized and
Non-Prioritized Net Benefit Statistics

4.1. WMW Test/Prioritized Net Benefit

In this section, for the examples in Section 3, we present sample size estimates that

are based on a mathematical derivation.

Table 4. Sample size for ranked observations using the formula from [20] vs. simulation-
derived sample size.

. Sample size/arm under the
P[Yu> Yeu) +05 Sample size/arm

. . symmetric distribution
xP[Y, =Y., simulation-based

assumption

AEI rates: Same rates for Treatment and Control arms

Case 1 0.652 50 76
Case 2 0.710 32 40
Case 3 0.625 105 113

AEI rates: Different rates for Treatment and Control arms
Case 4 0.629 70 106
Case 5 0.663 50 66

Yue and Yeu are the ranked prioritized outcomes for the treatment and control arms
respectively.

For the prioritized pairwise comparison, due to one of the components being a
binary endpoint, the problem can be reduced to the univariate pairwise compari-
son, which can then be tested using the WMW test. Hence, the sample size deri-
vation can also be done utilizing the method developed for the analysis via WMW.
In this case, the null hypothesis would be that the probability that a randomly
picked patient in the treatment arm does better than a randomly picked control
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arm, plus half the probability that they are tied, is half. The sample size derivation
assumes that the underlying distribution for both arms is symmetric and requires
the value of the probabilities of win, loss, and tie, under the alternate hypothesis
[20]. See the discussion [21]. Table 4 shows the power calculation for the examples
in Section 3. In each case, this formula provides a sample size that is higher than
what is observed using simulation. The composite AEI variable is zero for most
values and the distribution of the non-zero values tends to be skewed. Hence, the
underlying distribution of the values that are ranked is not symmetrically distrib-
uted. The difference between the simulation-based method and the mathematical
derivation becomes larger as the probability of win minus the probability of loss

is close to the null value of zero.

4.2. Non-Prioritized Net Benefit

We extended the sample size derivation of [22] to the case where the statistic of
interest is the non-prioritized net benefit.

This non-prioritized test statistic is constructed by considering pairs of control
and treatment subjects;let i and j indexthe control and treatment subjects
respectively. Let V), be 1 if the efficacy response for treatment subject j islarger
than that of control subject i, —1 if the efficacy response for treatment subject
J is smaller than that of control subject i, and 0 if they are tied. Let W, be 1
if the adverse event response for treatment subject j is more severe than that of
control subject i, -1 if the adverse event response for treatment subject j is
less severe than that of control subject i, and 0 if they are tied. Then the non-
prioritized test statisticis 7 = Z’,J(V.j -w, ) For a large number of control and
treatment subjects, the distribution of T is approximately normal.

Under the null hypothesis of no difference between treatment and control sub-
jects, the distributions of V; and W, are symmetric about zero, and so the null
expectation of T is zero. The test has level o .Let V,[T], E,[T],and V,[T]
represent the null variance and alternative expectation and variance of 7T respec-
tively, and consider one-sided alternatives with E,[7]>0.Let ® represent
the standard normal distribution function, and let z, be the 1-a quantile of
the standard normal quantile; that is, ®(z,)=1-a, and zyg =1.96. The
standard formula for approximate power for a test statistic that is approximately

normal under both the null and alternative distributions is
Power = & (E, [T]/\/V, [T1-\Vo[7]z, /JV.[T]). (1)

If one approximates the alternative variance as equal to the null variance, then

the approximate power simplifies to

Power = ®(E,, [T]/yV, [T]-z, ). (2)

The standard approximate sample size for this test to obtain power 1-/4 is
determined by representing V,[T] as approximately linear in inverse sample

size per arm, and solving either (1) or (2) for this common sample size. Formulas
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for moments of 7 under either hypothesis are given in Appendix to this pa-
per.

Since AEI are relatively rare, the AEI composite score is expected to have a large
mass at zero. Hence, the above sample size derivation is for the composite end-
point where one is a binary endpoint and the second endpoint is a truncated con-
tinuous distribution, Ze., it has a positive mass at zero and has a positive mass for
values larger than zero. Cases without a positive mass at zero are accommodated
by setting the probability at zero to zero. Other cases, including time-to-event out-
comes, may be addressed similarly in future work. Table 5 shows sample sizes that

would provide approximately 90% power.

Table 5. Sample sizes for the five simulation design cases.

Probability of AEI > 0, conditional on

Mean of non-zero derived safety score (no
eff event!, eff event?)

C N per
€ arm No efficacy event Efficacy event
Treatment arm Control arm
Treatment arm Control arm Treatment arm Control arm
1 32 0.9998 0.9787 0.5513 0.07487 (0.03330, 30.00) (5.7565, 30.00)
2 36 0.9997 0.5816 0.5501 0.58150 (0.03735, 30.00) (21.0590, 19.92)
3 161 0.5819 0.5810 0.5815 0.58180 (21.01531, 21.04) (21.0049, 21.12)
4 128 0.9997 0.9998 0.5494 0.49495 (0.11932, 30.00) (0.2275, 30.00)
5 87 0.9998 0.7667 0.5514 0.76852 (0.08078, 30.00) (19.6403, 19.30)

'No eff event: Mean of the non-zero part of the AEI score when there is no efficacy event. ?Eff event: Mean of the non-zero part

of the AEI score when there is an efficacy event.

In all cases, efficacy for treatment and control groups is 0.45 and 0.20 respectively.

Case

gk W N

Original

sample size

32
36
161
128
87

Approximate power via Approximate power via Approximate sample size for
Formula (1) (%) Formula (2) (%) 90% power
99.99 98.39 18
82.95 87.61 39
92.99 92.00 150
97.72 97.39 88
86.19 90.77 85

Our sample size derivation requires assumptions on the efficacy probability and
the probability of the AEI score being positive in the presence and absence of an
efficacy event. To derive the sample size, we treat efficacy as a Bernoulli trial, and
hence one must specify the two probabilities of success for the control and treat-
ment arms. We treat the adverse event process as conditional on the efficacy pro-
cess, and treat this process as continuous, with an additional point mass at zero.
Hence, in order to specify the alternative, one must specify the four conditional
probabilities of a zero adverse event value, and the four densities of the non-zero
part of the adverse event. Our simulations take the positive part of the adverse

event score as exponential, with four expectations that the user must specify. An-
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alytic calculations are quite long, and are presented in Appendix to this paper.
Table 5 presents these probabilities estimated via simulations for the simulation
example cases presented in Tables 1-4.

The upper panel lists probability inputs for each of these simulations. The lower
panel gives the asymptotic approximation to the power for this model, and the ap-
proximate sample size for 90% power.

Compare these powers to the simulation approximation to the true power in
Table 3. In three of these cases, the second, third, and fifth cases, the asymptotic
approximation (2) to the target power is quite accurate. In the other two cases,
the approximation is less accurate, since the extreme adverse event duration rates
result in the exponential model failing to fit. In these cases with extreme differences
in adverse event duration means, our approximation as implemented performs
poorly. Work is in progress to fit a more sophisticated model than the exponential

model.

5. Plaque Psoriasis Therapy Example

The example in this section is motivated by the two plaque psoriasis pivotal stud-
ies comparing the immunotherapy Risankizumab with Ustekinumab and match-
ing placebo [23]. In both trials the randomization was 3:1:1 ratio in favor of Risanki-
zumab. GPC has been used for assessing treatment benefit via multiple prioritized
outcomes, including PRO (patient-reported outcome) endpoints [24] [25]. Simi-
larly, in our assessment of the treatment benefit of Risankizumab relative to Us-
tenkinumab, we will include multiple efficacy outcomes and PRO outcomes. In these
trials, in many of the efficacy and patient-reported outcome (PRO) measures, the
Risankizumab-treated patients had on average a numerically better outcome. In
this example, we will use the approximate average observed efficacy and PRO re-
sults for these two pivotal studies. Table 6 summarizes the response rates and mean
efficacy and PRO endpoint values from the two studies (UItIMMa-1 and UtIMMa-
2 [24]), as well as the resulting approximate average values applied in this illustra-

tive example.

Table 6. Summary statistics from the two pivotal studies (UltIMMa-1 and UltIMMa-2) comparing Risankizumab and Ustekinumb.

Average values used in the

UldMMa-1" UldMMa-2" simulation in Cases 1 & 2
Parameter at week 16 Risankizumab  Ustekinumb Risankizumab Ustekinumb  Treatment Control
N 304 100 294 99 NA NA
PSAI 90 75.3% 42.0% 74.8% 47.5% 75% 45%
sPGA (Oor1) 87.8% 63.0% 83.7% 61.6% 85% 62%
DLQIOor1 65.8% 43.0% 66.7 46.5 66% 45%
Change in PSS at week 16 (SE)  -5.6 (0.2) -4.4 (0.3) -6.4 (0.2) -5.6 (0.3) -6 -5

“Values reproduced from [23], SE = Standard Error.
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For safety, two of the highlighted categories of AEs are severe AEs and infec-
tions [23]. In our analysis, we will use these categories for our safety burden as-
sessment. However, the frequencies of these events have been altered from what
is presented in the label and in [23]. The severe AEs and the infections are assumed
to be not overlapping, i.e, severe AEs are severe AEs that are not infections. In the
simulations, a patient can only have one infection or severe AE. In our examples,
we have considered three cases: 1) efficacy and PRO effects similar to those observed
in the comparison between Risankizumab and Ustekinumab [23] and with AEI fa-
voring the control arm; 2) the same efficacy and PRO effects as in Case 1), but
with AEI favoring the treatment arm; and 3) reduced efficacy and PRO effects com-
pared to Case 1), while maintaining the same AEI effect as in Case 1).

Table 7 presents the assumptions for the efficacy, safety (severe AEs and infec-
tion), and PRO endpoints.

Table 7. Assumed efficacy, PRO, safety values (motivated by data in [23]).

Measure

Case 1 Case 2 Case 3

(Treatment, Control) (Treatment, Control) (Treatment, Control)

Number per group (N)
PASI 90 at week 16 (probability)
sPGA 0 or 1 at week 16 (probability)

DLQI 0 or 1 at week 16 (probability)

Change in PSS at week 6 (mean,
standard deviation”)

Infection (no event, Gr 1, Gr 2, Gr 3,

Gr 4)

Severe AEs (no event, Gr 1, Gr 2,
Gr3,Gr4)

(100, 100) (100, 100) (100, 100)
(0.75, 0.45) (0.75, 0.45) (0.75, 0.6)
(0.85, 0.62) (0.85, 0.62) (0.85, 0.735)
(0.66, 0.45) (0.66, 0.45) (0.66, 0.555)

[(=6, 3.46), (=5, 2.99)] [(=6, 3.46), (=5, 2.99)] [(—6, 3.46), (=5.5, 2.99)]

[(0.80, 0.05, 0.05, 0.05,
0.05), (0.90, 0.025, 0.025,
0.025, 0.025)]

[(0.90, 0.025, 0.025, 0.025,
0.025), (0.80, 0.05, 0.05, 0.05,
0.05)]

[(0.80, 0.05, 0.05, 0.05,
0.05), (0.90, 0.025, 0.025,
0.025, 0.025)]

[(0.95, 0.0, 0.0, 0.03, 0.02),
(0.99, 0.0, 0.0, 0.005, 0.005)]

[(0.99, 0.0, 0.0, 0.005, 0.005),
(0.95, 0.0, 0.0, 0.03, 0.02)]

[(0.95, 0.0, 0.0, 0.03, 0.02),
(0.99, 0.0, 0.0, 0.005, 0.005)]

"Standard deviation is derived using the mean-squared errors presented in [23]. DLQI = Dermatology Life Quality Index, PASI =
Psoriasis Area and Severity Index, PSS = Psoriasis Symptom Scale, sPGA = static Physician’s Global Assessment.

The assumed time-point of the analysis is Week 16. For efficacy, we considered
the binary efficacy endpoints of achieving Psoriasis Area and Severity Index
(PASI) reduction of 90% or more and achieving the static Physician’s Global As-
sessment (sSPGA) score of 0 or 1. For PRO endpoints, we considered the binary
endpoint of achieving the Dermatology Life Quality Index (DLQI) score of 0 or 1.
For the PRO Psoriasis Symptom Scale (PSS), the continuous value of change from
baseline of the PSS score was used. The efficacy and PRO endpoints were simu-
lated using a multivariate normal distribution where the PASI, sSPGA and DLIQI
corresponding variables are generated from the standard normal distribution,

while the mean change from baseline and associated standard deviation observed
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are used to generate the PSS endpoints. See Table 6 and Table 7 for the assumed
response rates for the binary endpoints and for the continuous PRO endpoint
(PSS). The correlation between PASI and sPGA is assumed to be 0.7, while the
correlation for all other endpoints is assumed to be 0.5. Once the multivariate data
are simulated, the quantiles are used to generate the binary endpoints from this
multivariate simulated data. For example, for the new treatment arm, to generate
binary PASI 90 data that has a response rate of 85%, all the corresponding Psori-
asis Area and Severity Index (PASI) values from the marginal standard normal
distribution are set to response if the simulated value is less than or equal to the
standard normal distribution quantile corresponding to a cumulative probability
of 85%, Ie., if the values are less than or equal to 1.0364. For the safety endpoint,
an AEI composite score is derived from infections, or severe AEs that are not in-

fections using exponential distributions as in the examples discussed in Section 3.

Table 8. Simulated study under Case 1 assumptions (100 patients per arm).

Winners and treatment effect according to prioritized scoring system (%)

. . Control Proportion Cumulative

Endpoint Trt win . Neutral
win of effect effect
PASI 90 36.85 14.85 48.30 22.00 22.00
sPGAOorl 10.56 4.50 33.24 6.06 28.06
DLQIOor1 11.60 3.58 18.06 8.02 36.08
Change from baseline PSS 10.26 7.80 0.00 2.46 38.54
AEI derived score 0.00 0.00 0.00 0.00 38.54

Winners and treatment effect according to non-prioritized scoring system (%)

Endpoint Trt win C(::i:()l Neutral Pl(‘)(;[:;;(:ic(zn Cur;zj::ive
AEI derived score 8.90 22.70 68.40 —-13.80 -2.76
PASI 90 36.85 14.85 48.30 22.00 1.64
sPGAOorl 35.20 11.20 53.60 24.00 6.44
DLQIOor1 41.48 12.48 46.04 29.00 12.24
Change from baseline PSS~ 61.64 38.36 0.00 23.28 16.90

The prioritization of the endpoints might be different from the perspective of
patients, payers, and health authorities. Even among patients, the prioritization of
the endpoints may be different depending on the severity of the patient’s illness.
For example, a patient with severe plaque psoriasis may be willing to tolerate more
serious adverse events in favor of a therapy with greater efficacy. In a prioritized
net-benefit analysis, efficacy outcomes would be given the highest priority for
such patients. Conversely, a patient with mild disease might prefer a therapy with
a better safety profile, even if it offers less efficacy, prioritizing safety outcomes
instead. In view of this, there is interest in assessing differences in benefit-risk

using efficacy, PRO, and safety endpoints by utilizing three different prioritiza-
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tions of these composite endpoints. For the three cases that were considered, ini-
tially we applied the following order of priority from highest to lowest: 1) PASI
90, 2) sPGA O or 1, 3) DLQI 0 or 1, 4) PSS change from baseline endpoint, and 5)
AEI composite score constructed from severe AEs and infection events. The pri-
oritized net benefit statistics was then used to assess the treatment difference in
win proportions. Second, we reversed the priority of the safety endpoint. The AEI
composite score, instead of being the last prioritized endpoint, became the highest
prioritized outcome. After the AEI composite score, the same prioritization is kept
for the efficacy and PRO endpoints. Lastly, equal weights were used for all the
endpoints. Table 8 presents the assessment of one simulated study under Case 1
assumptions, using both prioritized and non-prioritized net benefit. In both anal-
yses, the contribution of PASI 90 endpoint is considerably higher than that of

other variables. The impact is greater when it is the highest-prioritized endpoint.

Table 9. Simulation summary for Case 1.

. Average percent of
. Average cumulative treatment effect (2.5 o
Outcomes . . R neutral pairwise
and the 97.5 percentile of the simulation) .

comparisons

Prioritization: 1) PASI 90, 2) sPGA 0 or 1, 3) DLQI 0 or 1, 4) Change from base-
line PSS, 5) AEI derived score

PASI 90 29.97 (17.0, 43.0) 47.50
sPGAOor1l 34.54 (20.8, 47.8) 34.58
Overall 38.09 (23.22,52.4)

Prioritization: 1) AEI-derived score, 2) PASI 90, 3) sPGA Oor 1,4) DLQIOor 1,
5) Change from baseline PSS

AEI-derived score -11.41(-21.7,-1.2) 70.12
PASI 90 9.58 (—5.3, 24.8) 33.33
Overall 15.3 (-0.9, 31.4)
Non-prioritized net benefit"
AEI-derived score -2.27 (4.3, -0.03) 70.15
PASI 90 3.74 (0.4, 7.0) 47.47
Overall 16.03% (7.9, 24.1)

'Average cumulative effect presents the average of 10,000 simulation treatment effects for
the highest priority and the cumulative treatment effect of the two highest priorities. The
average percentage of neutrality presents the average of 10,000 percentage of pairwise com-
parison that results in neutral outcome for the highest priority and after the two highest
priority comparisons. "For non-prioritized net benefit, the cumulative treatment effect is
averaged over the number of outcomes, Z.e., scaled by 5. For neutral pairwise compari-
sons, the average percentage of neutral outcomes after comparison with the outcome is
presented.

Trials with a sample size of 100 patients per arm were generated 10,000 times
(see Table 7 for the distribution of the endpoints). For Case 1, Table 9 summarizes

the results of the three types of pairwise comparisons, by presenting the mean win
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proportion difference and the 2.5th and 97.5th percentiles of the win proportion
difference (for non-prioritized pairwise comparisons, it is the average win pro-
portion).

From the results of this analysis, depending on the prioritization of the compo-
site endpoints, an endpoint may not be relevant, i.e., not used at all. The change
from baseline PSS endpoint is a continuous endpoint; hence, ties are unlikely to
occur when a pair is compared using this endpoint. For such continuous variables,
a clinically meaningful difference is more relevant than a mere numerical differ-
ence. Therefore, pairs should be classified as whether the values differ by more than
the predefined clinical threshold. The use of such a threshold was proposed [9] and
has been studied for time-to-event endpoints [8].

The AEI-derived score is zero for most patients, but when it is non-zero, it also
is a continuous variable. Hence, if the AEI-derived score is given the highest pri-
ority, it may lead to the continuous PSS score not being used in any comparison.
In our simulation, this was not the case. For Case 1, when the PASI 90 endpoint has
the highest priority, on average more than 50% of the pairwise comparisons result
in a win or a loss; hence, the net-benefit is dominated by this endpoint. See Table
9. In contrast, when the AEI composite score has the highest priority, on average,
approximately 30% of the pairwise comparisons result in a win or a loss, while the
first and second highest priority together result on average in just 33% being neu-
tral after these two comparisons. This indicates the great impact the PASI 90 end-

point has on the prioritized net-benefit statistics.
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Figure 2. The average treatment effect measured by prioritized and non-prioritized net
benefit and associated 2.5th and 97.5th percentiles.

The simulation results for Cases 1 - 3 are presented graphically in Figure 2 and
Figure 3. In all three cases, when PASI 90 is the highest prioritized outcome, the

average and the 2.5th percentiles are consistently above “0” (see Figure 2). This is
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because, on average, more than 40% of the comparisons result in a “win” or “loss”
(see Figure 3), driving the net benefit by this outcome’s comparison. Changing
prioritization has a significant impact in Case 1 and Case 3 (see Figure 2), as the
AFI score favors the control while all efficacy and PRO outcomes favor the treat-
ment arm, reflecting the complex relationship between the outcomes and the pri-
oritization. The operating characteristics of prioritized net benefit for cases where
there are two prioritized outcomes have been assessed via simulation in [13]. For
these examples, the overall power of the prioritized net-benefit depends, in a com-
plex manner, on the entire variance-covariance structure of the set of outcomes.

Additionally, in all three cases, the non-prioritized net benefit showed the small-
est variability (see Figure 2). In all three cases, the non-prioritized net-benefit was
more sensitive than the prioritized net-benefit, when the AEI score had the highest
priority. Similar observations were made in comparisons of the prioritized and
non-prioritized net benefit, via simulation [12] and [25] (see Section 3). However,
as stated in Section 2.2, the prioritized net benefit assesses the benefit-risk varia-
bles at the patient level.
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Figure 3. For the prioritized net benefit, average percentage of neutral comparisons and the first prioritized treatment effect. For
non-prioritized net benefit, average percentage of neutral effects and the mean effect based on the AEI composite score.

The results of these three comparisons show that depending on the prioritiza-

tion of the benefit and risk endpoints, the treatment effects differ.

6. Conclusions

BR assessment is an important aspect of drug evaluation for pharmaceutical com-
panies, health authorities, payers and even patients. Furthermore, different pa-
tient groups may have different therapy needs. For example, a patient who has a

severe form of a disease might be willing to accept a higher chance of a safety risk
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associated with a therapy, while this may not be the case for a patient who has a
less severe form of the disease. BR assessment using GPC methodologies has been
discussed in [1] [4]-[6]. BR might be evaluated at a patient level utilizing prioritized
composite endpoints consisting of efficacy and safety endpoints, where safety is
assessed using the adverse events of interest (AEI) composite score [1]. In this pa-
per, we considered both the prioritized and non-prioritized forms of the proposed
BR endpoint.

Via the simulation example in [1], we have shown that the sample size require-
ment may differ depending on whether we use a prioritized or non-prioritized BR
endpoint. As expected, when the efficacy benefit favors the treatment arm and the
safety benefit favors the control arm, the sample size requirements for the non-pri-
oritized outcome increase substantially.

For the BR outcomes under consideration, we also have demonstrated how sam-
ple size can be derived using mathematical formula. For the prioritized case, we
can use a widely available sample size derivation for the WMW test. For the non-
prioritized net benefit, we have provided an approximation to the power, as in (2).
This sample size derivation is geared to the more complex AEI composite score
endpoint. The sample size derivation takes into consideration the various proba-
bilities of having a safety event and their association with the efficacy events. In
cases with moderate AEI probabilities and rates for duration, the more compli-
cated model allowing multiple multi-level AEI is well-approximated with the sim-
pler single-level model, and power is well approximated asymptotically. In more
extreme cases, the complicated model is poorly approximated by the single-event
single-level exponential model. More work needs to be done to fit this distribution
better. Thus, this reliance on the simple exponential model is a drawback of our
method, and an opportunity for extension. An area for extension is the use of
more general gamma distributions, or even heavier-tailed distributions such as the
Pareto.

Finally, via an example based on plaque psoriasis, we demonstrated how the
effect sizes and the direction of the effect could differ depending on the prioriti-
zation of the outcomes. Other researchers report consistent observations [12] [13]
[25]. It is important to note that when using pairwise comparisons for prioritized
composite endpoints, depending on the nature of the variables (e.g., normally dis-
tributed) and order of the prioritization, a variable may not be relevant. However,
such cases are expected to be rare. Generally, for continuous variables, clinically
relevant thresholds are defined [9], which may result in ties.

When assessing BR using pairwise comparisons of prioritized composite end-
points such as net benefit, it is important to consider diverse types of prioritizations,
especially when the order of the prioritization is not clear. In the case of prioritized
net benefit, the prioritization accounts for the relationship between risk (safety) and
benefit (efficacy) at the patient level. In contrast, for the average net benefit, mar-
ginal risks and benefits are assessed and hence can potentially provide a mislead-

ing benefit-risk assessment [4] [26]. Through the examples we considered, depend-

DOI: 10.4236/apm.2026.162007

109 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.162007

Y. Seifu et al.

ing on the prioritization of the composite endpoint, the sample size requirement
for demonstrating treatment difference may be different. The sample size require-
ments for the non-prioritized net benefit can be assessed using the formula we have
provided (available via the AESim R package).

One limitation of the AEI composite score used in assessing risk in our BR as-
sessment is that it is calculated by multiplying the duration of an event by its se-
verity grade and summing these products. This approach implicitly assumes a lin-
ear trade-off between duration and severity. For example, a grade 1 event lasting
30 days is treated as equivalent to a grade 3 event lasting 10 days, which may not
reflect clinical judgment. A prolonged grade 1 event may impose minimal burden
on the patient, whereas a short grade 4 event may require hospitalization. A poten-
tial solution for this issue would be partitioning AEI into two composite scores:
one based on lower-grade events (e.g., grades 1 - 2) and another based on higher-
grade events. In a prioritized net-benefit framework, the composite score based
on higher-grade events can be assigned a higher priority than the composite score
based on lower-grade events.

We provided useful tools for planning studies with non-prioritized endpoints with
multiple multi-level AEL; these tools approximate moments of the appropriate test
statistics and calculate sample size and power from a normal approximation. The
sample size derivation that is provided is for any non-prioritized composite endpoint
consisting of a binary and continuous (for example, exponentials with a point mass

at zero) endpoints.
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Appendix: Providing Moment Calculations for Benefit Risk
Win Statistics

Suppose that Y, represents an efficacy event for an experimental individual; ¥,
is binary, with probability of success P[Y, =1]=7,.Supposethat Y, and 7, are
analogous quantities for control individuals. Suppose that there are m control
observations and n experimental observations. Below, we describe various
experimental designs under which, if the initial efficacy consideration is a tie (that
is, if ¥, =Y ), then additional information is collected.

Additional non-negative variables Z, and Z_, with continuous distributions
except for perhaps a positive probability at zero. Heuristically treat these as
representing safety measurements. Let

F,,=P[Z,<z|Y,=i] forie{0,1},
F,,=P[Z <z|Y, =i] forie{0,1}.

Express F,,(z)=x,, +(1-x, Iﬂ, )dx for z>0,and

Fo(z)=r,+(1=x,) [ 1 (%)

dependent, and similarly allow Y, and Z, tobe dependent, butrequire (Y,,Z,)
to be independent of (Y,Z,). Let

dx for z20.Here,weallow Y, and Z, tobe

G, =P[U,>U,|Y, =iY, =]
= [ [ £ () £y (v)dudv
=[], (x+v) £, ()dudv
G, =P[U, >U01,UL,2>U Y, =i, = j,Y,, =k]
= [ 11 1 W) £y (9) s () duedv
—j j j Lo (w x+w)fe!k(y+w)dudxdy

cl> > %el

G2, =P[U, <U.,U, <Y, |Y, =i,Y, = j,Y, =k]

_I .[_w.[_wfcz foy V) Sy (u)dudvdw

=[; u Joi (W) Lo, (x+w) £ (y+w)dedy dw
G} =P[U, < c,,U62>U 1Y, =i,Y, = j,Y, =k]

= [ [ L) £y (v) s () dudvdw

=[] £ 0 foy () £ (34 w) dedy dw
Gy, =P[U,>U,U,>U,|Y, =iY,=jY, =k|

=11 L0 £ (9) £ () dudv

_.[mjfwffwfek X+W)fc,,-(y+W)dxdydw
G, =P[U,<U,.U, <U62|Y01:i,Y62:j’y;1:k]

= fa ),

(v) /., (u)dudvdw
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G’ =P[U, < <U62|Y =iY,=jY, =k]
=LAk 00 1 () £y (v) dudva
Under the null hypothesis, and assuming equal distributions regardless of values
of Y, and Y, then G;=1/2, G, =1/3, G}, =1/3, G, =1/6, G', =1/3,
Gy =1/3,and G, =1/6.
Let
1 if ¢ beats k 1 ifz,,>Z,,
Vie=Y,-Y ,=q-1 ifkbeatst , W, =<-1 ifZ, =27
0 if k and / tie 0 ifz,,<Z,
Let
I:]U:P[VVH:”Y _l’)/;l_]]:P[Ze,l>Zc,l| laYel_]:|
= (1 -k, )[Kw. +(1 — KN.)G,J
[:11]' :P[VVII :_1|Yc,l =iLY, :j]:P[Ze,l <Z, |Y, =iY, _J:|
= (I—KC,I.)I:KC"/. +(1—Ke,_i)(1—GU )J
Let
gil,] :P[Wll =1 le —”Y = 9Yel j’YEZ :k]
+P|:W11_ LW, =-11Y, =LY, =/, eZZk:|

_P[VVl,l:l’VVl,Zz_HY —leel—]s e :|
_P[VV]J:_LVVI,2:1|Y =LY, =/.Y,= :|
=P(2,>2,.2,>2,|Y,=iY, = ,ez_k]

cl> > el
+P|:Zel < ch’ZeZ <Zc1 |Y l’Yel - e,2 :k:l
_P|:Zel>Zc1’Z <Z-1|Y =Y, = j:n,zzk:l
_P[Z <Zy: 2o |Y :lﬂYe,lzjaYe,zzk]

) )|:K' +(1-x, )G,.l,/.kJ

(1-
[KK +K, 1 Kek)Gtk+Kek(l Ky )Gy+(1_Kek)( )GIZJJ
(1-

of Mok
)[K G, +(1-x, )G,f,/]
( )|:K'elek+(l K, )GjlkJ
=P[W, =LW,, =1|Y,, =i,Y, = j,Y., =k]
+P[ W, ==L Wy, =-1|Y,, =iY,, = j.Y., =k]|
_P[VVI,Izl’VVZ,lz_”Y _l’YeI Js 02=k:|
_P[Wllz_lstl:”Y,l I, el _k:|
=P[Z,>2,.2,>2,|Y, =Y, ],Y;2=k]

cl> > Te,l

=(1-
+(1-x,)

—(1-x)

—(1-x)

ci

H.

i,jk

+P|:Ze1<Z‘ Zy < 02|Y =57, j’KZZkJ

cl> 2 %e,l

-P[Z,>Z

cl>

Zy<Zy|Y,=iY, =jY,=k]
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-P[2,<Z,,

Z(I—K.)I:K”ch+l(' (I—ch)ij+K‘Lk( )G +(l K, )( )G;,‘”]

( ko) (1-x4) x, +(1-%,)G3, |
)

Z, >Zc2‘Yc,1=’Ye1 JY, = k:|

K )(1=
(1](‘

— K. )|:K Gy + l K, Gf’jk]
KU)(I KE])[K G, + (1-x, G,:’”J
Take ke{l,---,m},and (e{l,--,n}.First moments are given by

E [ ]=n(-7)-7.(1-7,)

B[W,, |=(1-7.)(1=7,)(Hoy = Hoo )+ 7. (1= 7, ) (Hyo —H,)
)

+(1—7rc)7ze(H01—H01)+7rc7r (H H

Here are second moments for same row and column:

E[sz,é:| :1_P[Ye,£‘ = Yc,k:| :l_ﬂeﬂc _(l_ﬂ.c)(l_ﬂ.e)

E[W,j[] =1-P[Z,,=2, ]
=1-r, ok, (1-7,)(1-7,)—K, Kk o7, (1-7,)
- Kﬂ’sOKC,l (1 - 7[8)72'0 - Ke,ch,lﬂ-eﬂ-c

A

E[Vk,éVVk,l:I =7, (1_”c)[:101 +7, (l_”e)ﬁlo 7. (l_ﬂe)lv{w -7, (1_”C)H01
=7, (1_”(;)(1:101 _1:101)+”c (1_”6)(1:110 - 1:110)

Take ¢ # m.Here are entries for the same row but different columns:

E[V, Vi, |=P[Y, =0.%, =LY, =0]+P[¥,, =1Y,, =0,%,, =1]

=z (1-z,) +(1-7z,)x
E[VVlc,énllc,nz]:P[VVlc,f :17VVk,m :1:|+P|:VVk,é :_I’VVk,m :_1]
—P[W,, =LW,, ==1|-P[W,, =-LW,, =1]
:I:Ié w(l-7, )2 (l—ﬂ'c)-i-[j]ll,ooﬂ'c(l—ﬂ'e)z
+H0107r (1-z,)(1-7.)+Hyom,(1-7,)(1-7,)
)7[ +H,0]7r7r (1_7[9)

c

+H, Hoﬂ' (1 s

+Hy, 7! (-7, )+ 1), 7wl 7,

and

E[V, W, ]=P[Y., =0y, =1W,, =-1]-P[Y,, =0Y,, =1LW,, =1]
+P[Y,, =1Y,, =0.W,, =1]-P[Y,, =LY, =0, =-1]
=P[¥,,=0Y,, =L, =-1Y,,=0]

+P[Y,, =0, =LW,, =- 1,};”1_1]
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>Te,m
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+P[Y,, =1Y,, =0.W,,=1Y,, =0]

+P|:Y —LYCk_O’VVIcm_l’YE’”_l]
-P[Y,, =1Y,, =0, =-1Y,,=0]

-P[Y,, =LY, =0, =-1Y,, =1]

> Te,m

=7, (1—7[8)2 I:[m + 7.7, (l—ﬂg)I:I“

)
=z (1-7,) (Hy— Hy )+ 7.7, (1-7,)(H, - H,)
~(1-7) 7, (1=7,)(Hoy = Hyg)~(1=7 )2 (Hyy — H,y )
Take j # k . Here are entries for the same column but different rows:
E[V, Vi, |=P[Y.,=0Y,, =07, =1]+P[¥, =1Y, =LY, =0]

=7re(1—7rc) +(1—72'L,)7zf

E[W,Wow |=P[W,, = LW, —1]+P[ =L, =]

:1’:15&0 (1—7{8)(1—7rc)2 +I:1120’07rc (1—7[6)(1—7[‘,)
+I—~I§l,07rc (1—7[ )(1—7[ )+I:I§017ze (1—7[6)2
+H ol (-7, )+ Hiy wom, (1-7,)
+1;(0211;1y7rg(1—7rc)+H“,l T T,

EI:VJWVVk :| [em > C]—IW :_IJ_P[ _O,YCJ_LVV,{’MZIJ
+P[Y,, =LY, =00, =1]-P[Y,, =LY =0, =-1]

ste,j

=P[7,, =0, =1W, =-1Y,=0]

ste,j

+P[Y,, =0y, =1W,, =-1Y,, =1]

>de,j
-P[Y,, =0,Y, =1W,, =LY, =0]
-P[Y,, =0,Y,, =1LW,, =LY, =1]
+P[Y,, =LY, =0, =1Y,, =0]
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DOI: 10.4236/apm.2026.162007 116 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2026.162007

Y. Seifu et al.

—(1—7[6)2 7, (I:I01 - H, )—(1—7rc)7r T (I;T“ - Hu)

Let T'= ZIZI(VII _Wij)'
E[TT]= ZZ,:;;E[(VU _VV(/)(VM _VVM):|

= ZZ(E[VUVI;‘]_2E[VUVKJ+E[%W#J)
IR AAE LA L)
+ L X[, [, £, Je e[, ]
+IZ;;;(E[VUV,‘[]—E[VI,W,M]—E[W,-,-VH,}E[W,-,-%])

= mn(E[V,1},]-2E [V, W, ]+ E[W, 1, ])
+mn(n—1)(B[V,V,,]-2E[V, W, ]+ E[W, W, ])
+m(m_l)n(E[Vanl]_zE[Vllel]"’E[Wllel])

+m(m=1)n(n-1)(E[V, ]-E[W,])

Appendix: Software Used for These Calculations

The following R software packages were used in these calculations:

 BuyseTest [19]: R package used for evaluating prioritized and non-prioritized

net benefit,

« asht [16]: R package used for evaluating the WMW test and associated confidence

interval,

o AESim: R package that provides sample size derivation for a binary efficacy

endpoint and AEI composite score to be analyzed via non-prioritized net benefit.

No other data were used or produced in this research.
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