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Abstract

This paper establishes new parameterized Simpson Mercer-type inequalities
for functions of two variables within the framework of generalized fractional
integral operators. By deriving novel integral identities for twice partially dif-
ferentiable mappings, we provide several generalized forms for free parame-
ters. Our results extend and unify a wide range of existing fractional integral
inequalities, including those based on the Riemann-Liouville, k-Riemann-Li-
ouville, and other fractional operators. These findings enrich the theory of in-
tegral inequalities and offer new tools for applications in convex analysis, nu-
merical integration, and fractional calculus.
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1. Introduction

Body Math Simpson’s inequality is a classical result in real analysis and plays a
central role in approximation theory, numerical integration, and convex analysis.
It provides an explicit bound for the error of Simpson’s quadrature rule in terms
of the fourth derivative of the integrand and has motivated a large body of research
on quadrature-type inequalities and their refinements.

Body Math Over the last decades, many authors have obtained extensions and
improvements of Simpson’s inequality under various structural assumptions on
the underlying functions, including convexity, boundedness, bounded variation,
s-convexity, preinvexity, and co-ordinated convexity on rectangles. For functions
of two variables, Simpson-type inequalities on the co-ordinates have proved to be
a powerful tool in studying integral inequalities and in analyzing numerical

schemes on rectangular domains.
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Body Math In parallel with these developments, fractional calculus has pro-
vided an efficient framework for generalizing classical inequalities. Generalized
fractional integral operators, defined via suitable kernel functions, subsume as
special cases a number of well-known fractional integrals such as the Riemann-
Liouville and k-Riemann-Liouville fractional integrals, the Katugampola frac-
tional integral, conformable fractional integrals, and the Hadamard fractional in-
tegral. This unified viewpoint allows one to derive families of integral inequalities
that simultaneously cover many previously known results and yield sharper
bounds in several directions.

Body Math Another important refinement in convex analysis is due to Mercer,
who introduced in 2003 a sharpened version of Jensen’s inequality, now com-
monly referred to as the Jensen-Mercer inequality. This result provides improved
estimates for convex mappings and has been successfully applied to obtain refined
forms of various integral inequalities. Combining Simpson-type quadrature for-
mulas with Mercer-type refinements naturally leads to what we call Simpson-Mer-
cer-type inequalities, which retain the structure of Simpson’s rule while incorpo-
rating additional flexibility through Mercer-type weights.

Body Math Motivated by these ideas, and by recent contributions on Simpson-
type inequalities for generalized fractional integrals, we investigate parameterized
Simpson-Mercer-type inequalities for functions of two variables via generalized
fractional integral operators. We first establish new integral identities for twice
partially differentiable functions defined on rectangular domains, involving a pair
of free parameters and double generalized fractional integrals. Under appropriate
co-ordinated convexity assumptions on the mixed partial derivatives, these iden-
tities yield several families of Simpson-Mercer-type inequalities in both [’ and
L” forms. By choosing specific kernels and parameter values, our results reduce
to many known Simpson-type and fractional Simpson-type inequalities for co-
ordinated convex functions and, at the same time, provide new generalizations in
the planar setting.

Simpson’s inequality plays an important role in many areas of mathematics.
The classical Simpson’s inequality is expressed as follows:

Theorem 1.1

Suppose that f: [a,b] — R is a four-times continuously differentiable map-

pingon (a,b), and let “f(“)

= sup ‘ A (x)‘ <oo. Then one has the inequalitiy

xe(a,b)

l{f(a)+f(b)+2f(a+bﬂ 1 ij(x)dx

< Flgou @

- bh—a)t
3 2 2 )| b-a ,(b=a)

Many researchers have studied various Simpson’inequalities, such as convex
functions, bounded functions, functions of bounded variation, etc. Specifically,
since convexity theory’is an effective and powerful way to solve a large number of
problems from different branches of pure and applied mathematics, many papers
have been dedicatesto Simpson’ inequality for convex functions.

A formal definition for co-ordinated convex function may be stated as follows:
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Definition 1.2
A function f: [a,b] X [c, d ] — R s called co-ordinated convex on

[a,b]x[c,d] for all (x,u),(y,v) € [a,b]x[c,d] and t,s e [0,1] If it satisfies the
following inequality:
f(tx+(1—t)y,su+(1—s)v)
< tsf(x,u)+t(l—s)f(x,v)+s(l—t)f(y,u)+(l—t)(1—s)f(y,v).
In [1], Dragomir et al. proved the following some Simpson’s inequality for
which the remainder is expressed in terms of lower derivatives than the fourth.

Theorem 1.3
Suppose  f :[a,b]—> R is an absolutely continuous mapping on [a,b]

whose derivative belongs to L, [a,b] . Then, the following inequality holds:

29 4
3((] +1)

@S] e fw—a)énf'np

where l+l:1.
P q

In 2003, Mercer [2] introduced a refined version of the classical Jensen inequal-
ity, now known as the Jensen-Mercer inequality, stated as follows.

For a convex mapping f :[a,b] >R, the following inequality holds for each
X, € [a,b] :

n

f[a+b—§ujijgf(a)+f(b)—zujf(x,-),

J=1

where uje[O,l] and ijluizl.

2. Preliminaries

In this section, we present some definitions and results which will be used in our
main section.
Let’s define a function ¢: [0,00) - [0,00) satisfying the follow conditions:

.[1 ¢J(t)

——=df <oo.
ot

We define the following left-sided and right-side generalized fractional integral

operators, respectively, as follows:
x t—a
=] 702y,

()= [ ()2

~

>a,

dx, t<b,

)= (52D, e

f(s)w(d—__:)ds, s<d.
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The most important feature of generalized fractional integrals is that they
generalize some type of fractional integrals such as the Riemann-Liouville frac-
tional integral, k-Riemann-Liouville fractional integral, Katugampola frac-
tional integrals, conformable fractional, and Hadamard feractional integrals.
These important special cases of integral operator are mentioned below.

1) If we choose (/J(x) = x, the operators - ](/,f(X) and i wa(X) are reduce
to the Riemann integral.

r(a)

5 I 0 f (JC) are reduce to the Riemann-Liouville fractioal integrals 1; f (x) and

2) Considering ¢(x)= and a >0, the operators aJ‘/,f(x) and

I; f (X) , respectively. Here, I' is a gamma function.

1 o
3) For x)=———x* and a,k>0, the operators .I f(x) and
) For (1) perators 1,/ (1
¥ Lf (X) are reduce to the k-Riemann-Liouville fractional integrals I:i’k 7(x)
and 17 f (x), respectively. Here, I, isak-gamma function.

In [3], Sarikaya and Ertugral established the following Hermite-Hadamard in-
equality for the generalized fractional integral operator.

Theorem 2.1

Let f: [a,b] —> R be a convex function on [a,b] with a <b . Then we have
the following inequalities for fractional integral operators:

f(a;bjsf(l)[f]w (b)+,1,(a)] sw’

where the mapping A: [0, l] — R is defined by

A(r)= L;Mdu

In [4], Ali et al. established the following the Simpson’s-type inequality for the
generalized fractional integral operator.

Theorem 2.2

Assume f: [a,b] — R be a twice-differentiable mapping in (a,b) such that
f"eL ([a,b]) and the mapping |f”| is convex on [a,b]. Then we have the

following inequalities for fractional integral operators:

%P@%M@¥}f@}zﬁﬂmﬁ@ﬁm%@4
2

2 2
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where

and

T(s)= J‘:Mdu.

u

In [5], Budak ef al. established the following the parametered Simpson’s-type
inequality for the generalized fractional integral operator.

Theorem 2.3

Assume f :[a,b]—)R be a differentiable function on (a,b). If ' is con-
tinuous and | f '| is convex on [a,b] , then for p,o >0, we have the following
Iinequalities for fractional integral operators:

t-adstads (s ol (52 o0 (45 1 (57

(fA I @[T () + 113 (o) |7 (@115 (o) + 112 () ]

IA

where
7 () = [ (1=0)|a(0) - A1) lar, 117 (2) = [}(1+0)[A () A (1) e

In [6], Khan and Budak established the following the parametered Simpson’s-
type inequality for the generalized fractional integral operator.

Theorem 2.4

Assume f:A: [a,b]x[c,d ] — R be a twice partially differentiable function

2
(A) and of
Ot0os

on A’ (A’ is the interior of A). I

is convex on

A, then we have the following inequalities for fractional integral operators:

|f(a,c)+f(a,d)+f(b,c)+f(b,d)
36

A o)
+W{a+,v+l¢,wf[a;b,c;dj+Mwa(a;b,%j
+,,,C+I¢,wf(aT+b»%j+b ., Wf(a+b C;dﬂ
_#(I)L*I“’f(%rb’c}r f(a+b j+ f(a+b j
N L P C;dﬂ

1 c+d c+d c+d
- I — |+ . b— |+ I s
12V(1)L Wf(“ 2 j f Wf( 2 j ‘ Wf(“ 2 j
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A() =j0’¢(b+2aujdu, v(s) :L‘_@du.

We hope to incorporate parameter settings, in line with the spirit of Theorme
2.4, so that the Simpson-Mercer inequality can yield results different from the tra-

ditional Simpson inequality with the addition of different parameters.

3. Main Results

Throughout this study, for briefly, we define
The aim of this paper is to obtain some Simpson type inequalities for coordi-
nates involving generalized fractional integrals, we define the double generalized

fractional intergals as follows:

and

where go,l//:[O,OO)—>[0,OO) satisfying f;@dt<oo and J‘;@dt<oo, re-

spectively.
Lemma 3.1
Let f: [a,b]x[c,d ] — R be a absolutely continuous function such that the

2
partial derivative of order

f(t,s) is continuous and integrable on
S
[a,b]x[c,d] and a<m<n<b, c<k<I<d. Then for o,p=0, the follow-
ing equality holds:

J.(:J‘Olp(t,s)%;sf(a+b—[tm+(1—t)n],c+d—[Sk+(l—s)l})dtds
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1
(n=m)(1=k)
NN O e
+2p(c—-p)A 1 A 1

ple=p)A | S A 5
orogrcsafen =gtenss

es{avs-merd-E o (arbonera-t20)]

1 1
A=A =
g 1(2j 2(2)
x| f(a+b-nc+d-1)+f(a+b—n,c+d k)
+f (a+b-me+d=I)+f(a+b=mc+d—k)]
1
_G(U—p)/\l (Ej
m+n k+1 m+n k+1
X|:c+d—1+lylf(a+b_ 5 ,C+d— 2 j+c+d—k1’//f[a+b_ > ’C+d_7j
+C+dI+IWf(a+b_m’c+d_%j+0+dkwa(a+b—m,c+d——k;lji|

~o(o-p)A, Gj

X|:a+b—n*1¢f(a+b_m;nac"'d_k;_lj'i‘ a+b_n+1¢f(a+b—m;n,c+d—kj

+a+b_mI¢f(a+b—m;n,c+d—kT+lj+ I f[a+b—m;n,c+d—kﬂ

atb-m~ P
e

m+n k+1 m+n k+1
P R N AR

)

2

2 m+n k+1
e [“*b-nﬂm-ﬁlwf(a+b_ 2 ’c+d_TJ

f(a+b—m+”,c+d_k”j
2 2

+ 1
a+b—n" c+d-k~ " PV
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2

m+n k+1
+a+bm,c+dk1‘ﬂ#/f(a+b_ > ,c+d— 3 I|

m+n k+1
+ a+bm,c+d1+l¢al//f(a +b- ) ,C+ d- j

where

i (Yrrm() ootk
N ) YN R
e ({onioon (] ot

o (§en-omn (3] ook
and

n-[2=, rw«d;c)ﬂ)dﬂ_

proof:

By using integration by parts twice and changing variables by
x= a+b—[tm+(1—t)n] and y= c+d—[sk+(l—s)l} , we have

B enw-en (5] o r-n (5]

(a1 e d=[sk (1=5)1 o

:Wx{(o‘—pf A, GJAZ ij{a+b—m7+n,c+d—%j
+p(o-p)A, GJAZ [%jf(a+b—m;n,c+d—l]

X

l].[;f(cwb—m;n,c+d—[sk+(1—s)l]j—w((d_c)s)ds

| s
N

+p°A, [EJAZ (%]f(a+b—n,c+d—l)

N

—poA, (%j_[o;f(a+b—n,c+d—[sk+(1—s)l])Mds

+a(o-p)A, (%}J}f(a+b—[tm+(1—t)n],c+d—k;ljw((b_a)t)dt

t

+p0'A2(% J.;f(a+b—[tm+(1—t)n],c+d—l)Mdt

—O'ZJO%J.O%f(a+b—[tm+(l—t)n],c+d—[sk+(1—s)l])
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—
S
|
3
~
—
~
|
bl
~

N—
>
N~

VR
N | —

jf(a—i—b—m-'_n,cﬂ-d—uj
2 2
jf(a+b—m2+”,c+d—1j

jf(a+b—n,c+d—?j

f(a+b—n,c+d—l)

N | —

+

=

Q

[

>

>

N 77 N ——

N—

e

= N
| — N =

Ny

>

L]

TN TN

+
=
}
S
B

+
bI\)
>
/T~
N | —
~—
~>

. MI’_‘
N—

m+n k+1
c+d—l+1'/’f(a+b_T’c+d_Tj

—o(o-p)A,

a
!
>
>

o |
N

N | —

m+n k+1
ja+b—n+[‘/’f(a+b_ 5 ,C+d—7)

—opA, (%] c+d-z+]v1f(a +b-n,c+d —%]
—opA, Gj a+b_’1+1¢f(a+b—m;n ,c+d—lj

5 m+n k+1
+o u+b—n+,c+d—l+1§""/’f(a+b_ 5 ,c+d——j}.

2

By the same way, we get

oo (5] on-0-on 5

xat;Sf(a+b—[tm+(1—z)n],c+d—[sk+(1—s)z])dtds

(n=m)(1=k)
x{—(a—p)z 1(%]/\2 (%jf{a+b—m;n,c+d—k;lj

—_ NI'_‘
N—
~
—
Q
+
o>
|
=
o
+
,
|
bl
N—

co+d -

m+n k+lj
2

1 k+1
+O'pA1 [Ej c+dk_lwf(a +b—l’l,C+d —Tj
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1 m+n
+opA, (Ej a+bn+1¢f(a+b_T’c+d —kj

—c*? I f(a+b—m+n,c+d—k—+lj s
2 2

a+b-n"c+d—k PV

lin ]

a;Sf(a+b—[tm+(1—t)n],c+d—[sk+(1—s)z])cltds

X

1
2
ljf(a-kb—m,c+a’—ﬁ)
2 2
2 1 1
-p Al [EJAZ (EJ‘](‘(G‘Fb_m,C‘Fd_Z)

+O_(G_'0)A1 (lj c+d—1+I(//f(a+b_ m;—n9c+d_ﬂj

2

m+n}c+d_k;lj

+0'(0'—p)A2(2ja+bmwa(a+b—

1 k+1
+opA, [Ej C+d_l+lwf(a+b—m,c+d —Tj

m+n

1
+o-pA2(Eja+b_mI¢f[a+b— ,c+d—lj

o I¢’Wf(a+b—m;n,c+d—%)},

a+b—m~ c+d-I*

and

it on o 3]

xat;Sf(a+b—[tm+(1—t)n],c+d—[sk+(1—s)z])dtds

><{(o-—p)2 A, (%jA2 (%jf(a+b—m;n,c+d—%J

1 m+n
A, | = +b- +d -k
2[2jf(“ 2 ¢ )
1 k+1
Al — +b-mc+d ———
2@’(“ mereT j

+p°A, (%)Az [%jf(a+b—m,c+d—k)
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e8] o s

-o(o-p)A, (%me_m[wf[a-l-b—m;n ,c+d—k)

1 k+1
_GpAl(Ej”d - Wf(a+b m c+d—Tj

1 k+1
—JpAz(E)‘Hbm (ﬂf[ +b— 7 d—T)

) m+n k+1
+o a+bm,c+dklf/’:l//f(a + b - 2 d - 2 )}

Byadding 1, -1, -1, +1,, then we get

I;I;p(t,s)%f(a+b—[tm+(1—t)n:|,c+d—ESk+(1—S)[:|)d;ds

x{4(0'—p)2 A, (%JAZ(%)f(a+b—m;n,c+d—k;lj
e[}

{f[cwb—m+n,c+d—lj+f(a+b—m+n
+f(a+b m c+d-%)+f(a+b n c+d-%ﬂ

oy

x[f(a+b—n,c+d—l)+f(a+b—n,c+d—k)

,c+d—kj

+f(a+b-m,c+d-1)+f(a+b-m,c+d k)]
1
—G(O‘—p)Al(Ej
m+n k+1
x{ﬁd - l/,f(a+b— 3 ,c+d— > j

m+n k+1
+c+d—k1'//f(a+b_ 3 ,c+d— 2)

+ o ,/,f[a+b mc+d—%j+“d_k1 f(a+b mc+d—%ﬂ

1
—O'(()'—p)/\z(—j
2
+n k+1 m+n
><|:a+b . ¢,f[a+b— 2 ,c+d— 5 j+a+bn+1¢f(a+b— 3 ,c+d—kj

m+n d_k+l)
2

I¢,f(a+b— +a+b_mI¢f(a+b—m;n,c+d—kﬂ

a+b-m
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()

x{ﬁd o, f(a+b nc+d—%)+ﬁdk Iv/f(a+b nc+d—%j
m+n k+1
+C+d_l+1wf(a+b— d—TJ

m+n k+1
+c+d—k1'//f(a+b_ 3 ,c+d— 3 ﬂ
1
o [3)
I b m+n d_1 I b m+n d k+1
x| q,f a+b— 3 sevd =1+ . (ﬂf a+b— 2 ,c+d—
b d—1 I b m+n d k+1
F b 1,fla+b- ,c+ U R oJla+tb- > ,c+d—
k+1
+O-2|:a+b nte+d-I" ‘py’f(a b_ d_ 2 J
k+1
+a+bn Jc+d—k~ ‘/"/’f[a b_ 2 c+d- 2 j

m+n k+1
I(M,f(a+b— 5 ,c+d— J

a+b—-m~ ,c+d—I"* 2
m+n k+1
+a+b—m,c+d—k1‘/’a'//f(a+b_ 2 ,C+d— 2 j:|}
Remark 3.2
If we assume (/)(t) = t,l//(s) =s in Lemma 3.1, then we obtain the following
equality:
ij( (a+b [tm+ 1 t n] c+d-—- [sk+ 1 N l])dtds

(n—m)(l—k)
x{(a—p)z(b a)(d- c)f(a+b—
(b—a)(d—c)

2
{f{mb—m;”,c+d—zj+f(a+b—’"+”

m+n k+lj
,C+

+p(o-p)

,c+d—kj

+f[a+b m c+d—%j+f(a+b n c+d—%ﬂ

) (b—a)(d—c)

4
x[f(a+b-nc+d-1)+f(a+b-n,c+d k)

+p

+f(a+b-mc+d-1)+f(a+b-mc+d—k)]
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—a(o—p)(b_“){ﬁfff}kf (“*”‘m; M
ot Lo {resa A2

_o-pb_a ><Uc+d7kf(a+b—n,s)ds+J‘:::lkf(a+b—m,s)ds}

2 c+d-l

_Jp@xuﬁmmﬁd_,)d,ﬁ::jf(,,cm—k)dt}

a+b-n

aﬂj jj”dk t,s)deds

a+b—n

where

p(t,s) =

Corollory 3.3
In Remark 3.2,welet c=1,p= %,m =a,n=b,k =c,l =d , then the equality re-

duced to the original Simpson’ inequalities on the coordinated [7] as follows:

1 p(o5)-2oe g (ab=[m (1)) v~ sk + (1-s)1]) s
e

Al e O R O]
e5ox[f @)+ £ (@) £ (b.c) o f (b))

s ]

o
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t—l s—l s e 0,l X 0,l
| 6] 6] 2 | 2 |
t—l é—s s e 0,l x[l,l
| 6]l6 | 21 \2 |
p(t.s)=1_ - _
5 1 1 1
——t|ls——/|, —,1{x|0,—
L6 }_ 6] [2 [ 2]
é—t} é—s , (t S) [—1 x(l,l
| 6 16 | 2 2]

In this section, we establish some new generalized inequalities for differentiable
convex functions via generalized fractional integrals.
Theorem 3.4

2

Assume that the conditions of Lemma 3.1 hold. If the mapping 06 f| isthe
s

convex function on the coordinates on [a, b] X [c, d ] , then the following inequal-

ity holds for generalized fractional integrals:
H4(0'—p)2 f(a+b— ’”;” d—%)

+p(o-—p){f(a+b—m;n,c+d—lj+f(a+b—m;n,c+d—k)

+f[a+b n c+d—%j+f(a+b m c+d—%ﬂ

+p*[f(atb-nctd—I)+f(a+b—nc+d—k)
+f(a+b-mc+d-1)+f(a+b-mc+d—k)]

1 ) m+n k+1
_p(o-_p)—1|:2c+d[*1'l’f [a+b—T,C+d—Tj
~(3)

2

m+n k+1
+2c+d_klwf(a+b— > ,c+d— > ﬂ
k+1 k+1
1 {Hd s f(a c+d_7j+c+dz+lwf(“+b mc+d—Tj
2
k+1 k+1
+C+dklwf(a +d_Tj+c+dk1‘/’f(a+b mc+d—TH
If(a+b—m+n,c+d—k+lj
- 2 2

[y

—op
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m+n
+a+b_n+1¢f(a+b— ,c+d—k)
m+n m+n
a+b_m1¢f(a+b— ’c+d_lj+a+b—m[(/’f(a+b_ 5 ,c+d—kﬂ
) 1 m+n k+1
+o —|:a+bn+,c+dl*’[‘ﬂ91//f(a+b_ 2 ’C+d_ 2

M)

f[a+b—m+n,c+d—k+lj
2 2

+ I
at+b-n" c+d—k~" PV

m+n k+1
Iw,l//f(a-i-b——,c j

a+b-m~c+d-1*

m+n
+ _ A, fla+b- ,c+d—
a+b-m~ ,c+d—-k~ PV 2

2

—f(a+b—m,c+d—l)‘

tOs

+

An=m)(I=k) {' O fla+b-mc+d—F)

SoNalE
2 2

+ at;Sf(a+b—n,c—i—a’—k) + tzsf(a+b—n,c+d—l)‘}
{joz oA (1)-pA, Gj dz][joz oA, (s)-pA, (%)‘ds]
Proof:

2

0
asf

is the convex on

By taking Lemma 3.1, and the mapping

[a,b] x[c,d] , we have

4(0‘—,0)2f(a+b—m+n,c+d——k+lj

2 2

+p(o-p)
{f{mb—m;”,c+d—zj+f(a+b—m2+”,c+d—kj

+f(a+b—n,6+d—%j+f(a+b—m,c+d—%H
+p* [ f(atb-nc+d—I)+f(a+b—nc+d—k)
+f(a+b—m,c)+f(a+b—m,c+d—k)1
_M[z b f(a+b—m+n,c+d—k+lj
1 cd-1t"V ) 5
s (3)

m+n k+1
+2Hd_klu,f(a+b— > ,c+d— 5 ﬂ

op k+l k_;,_l
——{Hd,+1u,f[a+b—n,0+d——j+ C+d,+[u/f[“+b—mac+d—7

0 2
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F ok Iy,f(a+b n c+d—7+lj+ e Iv,f(a+b m c+d—k7+1ﬂ

_G(U—p) 1 1a arp I g kel
(1] a+bn 14 2 2
A=
2

+2 b ¢,f(a+b— 2” c+d—k+lﬂ

2

% L+M+I¢f(a+b—mT+n,c+d—lj
)

2

+a+b_n+1¢f(a+b—m;n,c+d—kj

,c+d— j o I(Pf(
407 k+1
1 1 |:a+hn Jc+d— l+ ( +d - 2 j

s(2)nl3)

) f(a+b—

o

a+b-m

+

2 2

m+n k+1
+a+bn+,c+dk1‘/7"//f(a+b_ > ,c+d— > J

m+n k+1
a+bfm7,c+dfl+1‘/7"/’ f(a +b- 2 ’C+d h J

+a+b—m,c+d—k1¢s’/’f(a +b-— m;n ,c+d— k;lﬂH

L (n=m)(i-Fk)

s()nl3)
xj;j;|p(t,s)|‘%f(a+b—[¢m+(1—t)n],c+d—[sk+(1—s)z})
<—i'f(;"j)ﬁ@{5 fon0-on (5] oto-on 5]

(a+b [tm—i— nJ c+d—- [sk+1 S)l])

deds

deds

X
Ot0s

il

; {“Al (1)-pA, Gm"“ o Gﬂ‘
i3

X

i f(a+b [tm—i— n} c+d—- [sk+1 S)l])

]

31 EXEEN 0] ENE
f(a+b—[tm+(1—t)n},c+d—[sk+(1_s)l])

deds

3]

2

X
Ot0s

deds
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)i

st o]

(a+b—[tm+(l—t)n:|,c+d—[sk+(l—s)l:|)

X
Ot0s

deds
(n=m)(I-k) {H }
)

| AT STy

2 2
x[ts a(jasf(a+b—m,c+d—k)+t(l—s)afasf(a+b—m,c+d—l)

2

+(1-1)s 0

88sf(a+b n c+d—k)

—1)(1- )

[ [for-a-onG]

2

[tsérasf(“b mc+d —k)+1(1- s)afasf(“b_m’”d—’)

(a+b n,c+d-— l)}dtds

2

aasf(a+b n,c+d—k)

(a+b n,c+d-— l)}dtds

[ SO

2

0
1-
t@sf(a+b m,c+d—k)+1( S)atas

fla+b-m,c+d—-1)

2

~t)s fasf(a+b—n,c+d—k)

2

+(1—t)(1—s)66

tOs

st 1]

2 2
x[ts afasf(0t+b—m,c+d—k)+t(1—s)aaa f(a+b—m,c+d—l)

tos

f(a+b—n,c+d—l)}dtds

2

P
-1
HI=0)s oo
2

+(1—t)(1—s)£as

fla+b—n,c+d—k)

f(a+b—n,c+d—l)}dtds}

82
Ef(a+b—m,c+d—l)

< (n=m)(I=) {' i fla+b—mc+d—k)+

(e
2 2
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2 2

+

+

f(a+b—n,c+d—l)‘}

1os

oA, ()= pA, @‘dsj

b—n,c+d—k
” Sf(a+ n,c+ )

1 1 1
x(J'Oz oA (1)-pA, (Ej dtJ[IOz
Remark 3.5

If we assume (p(t) =ty (s) =s in Theorem 3.4, then we obtain the following

inequality:

{4(0‘—p)2f(a+b—m;n,c+d—%j

+p*[f(a+b-ne+d-I)+ f(a+b-nc+d—Fk)

+f(a+b=—mc+d=1)+f(a+b—mc+d—k)]

m+n

+p(0'—p)|:f(a+b— ,c+d—lj

+n

+f a+b-"=

,c+d—kj

k+1

(
rforonesa-£2)
(

16 ? ct+d—k pa+b-m
e ]

——4p(6_p)U”d_kf(mb—mT”,sjds}

-k c+d—1
_40'((7—13) Dﬁbmf(t,cHZ—ﬂ]dt}
n—m a+b-n 2
20p [ perd-k d
_E[LM f("’s)d”J‘M,,f(“+b_m’s)ds}
20- a+b—m a+b—m
o]
o 2
S4(n—m)(l—k){ at&vf(a+b—m,c+a’—k) + atasf(0t+b—m,c+d—l)‘
2 2
+ atasf(a+b—n,c+a’—k) + tasf(a+b—n,c+d—l)‘}
1 1
XUZ ot-£ dtJ[jz as—ﬁ‘dsj.
0 2 0 2

Corollory 3.6
In Theorem 3.4, welet o=1,p= é,m =a,n=b,k=c,l =d, then the equality

reduced to the parametered Simpson’ inequalities in Theorem 2.4.
Remark 3.7
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t« sﬂ
If we assume ¢(1)=——,p/(s) :m

I(e)

following new equality for the Riemann-Liouville fractional integral inequality:

H4(0'—p)2f(a+b—m;n,c+d—%)

in Theorem 3.4, then we obtain the

m+n m+n

+p(o-—p){f(a+b—

+f[a+b—n,c+d—%j+f(a+b—m,c+d—%H

+p*[f(atb-nctd—I)+f(a+b—nc+d—k)

,c+d—lj+f(a+b— ,c+d—k)

+f(a+b-mc+d=1)+f(a+b-m,c+d—k)]

2°T(B+1) m+n k+1
— — —_— 2 +J +b_ [} +d__
p((T '0) (l_k)ﬂ c+d-1 ﬁf(a ¢ 2 j

m+n k+1
+2c+d—k‘]ﬂf(a+b_ 2 etd = 2 ﬂ
2’T(B+1
-0y Zrip=1) Suf a+b—n,C+d—ﬂ + oIS b,c+d—ﬂ
P B B A
(l —k) c+d-I 2 ctd-l 2

+c+d_kJﬂf(a+b_n’c+d_%J+ c+d—kJﬂf(a+b—m,c+d——k;l):|
2°T (a+1)
(n—m)”

+2bJaf(a+b—m;n,c+d—%ﬂ

_op? I'(a T{,ﬁb_w Jaf(a+b— m+n ’CJ
(n—=m) 2

+o Jaf(a +b—

m+n a+b
+a+bmJaf(a+b— 3 ,cj+a+bmjaf( 3 ,c+d—kﬂ

22“*ﬁl"(a+1)1“(ﬁ+1){ (
J b—
(n _ m)d (l _k)ﬁ’ a+b-n" c+d-I* a,ﬁf at

m+n k+1
kJaﬁf(a+b— 5 ,c+d— 5 j

otd-220

[2a+Jaf(a+b—m+n k;—lj

-o(o-p)

m+n

,c+d—kj

+4o

m+n’c+d_k;—lj

a+b—-n* ,c+d

a+b-m~ c+d-I*

Ja’ﬁf(a+b—m;n,c+d—k;lJ

m+n k+1
+a+bm’“koa,ﬁf[a+b— 2 ,c+d— 5 HH

2

2

Ot0s

+

f(a+b—m,c+d—k)

P f(a+b—m,c+d—l)

S(n—m)(l—k){ 0
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2 2

+ fla+b—n,c+d—k)+

‘|

If we assume ¢ (¢)=

f(a+b—n,c+d—l)‘}

ds}

B

1os

1 s 1ﬁ
os — —
p(zj

10s

{spe-ly

Remark 3.8

i

a
k

Hi(a)#%syzﬂi(ﬁ)

the following new equality for the & —Riemann-Liouville fractional integral ine-

in Theorem 3.4, then we obtain

quality:

{4(a—p)2f(a+b—

+d -2
2

m+n k+lj

+p(0'—p){f(a+b— ; ord— lj+f(a+b— Terd- kj

+f[a+b n c+d—%j+f(b +d—%ﬂ

+p*[ fatb-nct+d=1)+ f(a+b-nc+d k)
+f(a+b—m,c+d—l)+f(a+b—m,c+d—k)]

B
2T (L +k m+n k+1
_p(O'—p)(—ﬁ){zﬁdI+Jﬂ;kf(a+b— 5 ,C+d—7j
(l—k)f
m+n k+1

+2C+koﬁ;kf(a+b—T d—T]:|

B

2T k
—O'p(—ﬂ_;)|:ﬁd o ﬂkf(a+b n c+d—ﬂj

(1= k) ’
k+1
+ o ﬂkf[a+b m c+d—7)
k+1
+ o ﬂkf(a+b n c+d—Tj
F ok ﬂkf£a+b m c+d—kT+lH
2kT (a+k
—G(O‘—p)MP +Ja.kf(a+b—m+n d—ﬂj
a a+b—n B 2
(n—m)s
m+n k+1

+2a+b—m—‘]a;kf(a+b_ ) d_TJ:|

2;1“(0:+k) a+b
—op a a+b-n* akf a+b n* akf +d—k

(n—m)&
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a+b—m

Ja;kf(a+b_m;n ,CJ+ M,,,Ja;kf(a“Lb—mTM,Cer—kﬂ

+4o?

a b
k k
2 F(atk)r(ﬁ;k)[mf Hd1+Ja,ﬁ;kf(a+b_m+nac+d_k+lj
(n=m)e (1-k)s | ? ?

m+n k+1

a+bn+,c+ko‘1sﬂ;kf(a+b_ ,C+d— 2 j
m+n k+1
+a+b—m,c+d—l+Jaaﬂ;kf(a+b_ ,C+d— 2 j

m+n k+1
+a+bm,c+koa’ﬂ;kf(a + b - 2 ¢ + d - 2 j:|}‘

2 2

Ot0s

f(a+b—m,c+d—k) +

Ot0s

S(n—m)(l—k){ 0

f(a+b—m,c+d—l)‘

2 2

+

+

Ot0s

{spe-ty

Theorem 3.9

f(a+b—n,c+d—k) tasf(a+b—n,c+d—l)‘}
L %
dt}{joz os _'D(Ej dsj.

Assume that the conditions of Lemma 3.1 hold. If 8(?6
s

r

, r>1 Isa

f(t,s)

convex mapping on [a, b] X [c, d ] ,then we have the following inequality:

H4(0'—p)2f[a+b—m+n,c+d—ﬂj
2 2
+p(0'—p){f(a+b—m+n,c+d—lj+f(a+b—m+n,c+d—kj

+f(a+b—n,c+d—%j+f(a+b—m,c+d—k7+lﬂ

+p*[ fatb=nct+d=1)+ f(a+b-nc+d k)

+f(a+b=—mc+d=1)+f(a+b—mc+d—k)]

1 m+n k+1
_P(G—P)ﬂ{26+dl+lwf(a+b— 5 ,c+d— 5 j
A

2

+2 A f a+b—m+n,c+d—k+l
ctd—k™ "V 2 2
k+1
—op (1j{ﬁdl+1wf(a+b—n,c+d—Tj
A, =
2
k+1

+Hd_l+1v,f(a+b—m,c+d—%)+ M-k]wf[““Lb_"’cJ“d_Tj

—_
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k+1
+c+d_klwf(a+b m c+d—7ﬂ
—O'(O'—p); 2 A f a+b—m+n,c+d—k+l
(1) at+b—n" "¢ 2 2
A =
2
+n k+1
+2 +b-" ,c+d—
a+b—m— (pf(a 2 c 2 ):|
1 m+n
_o'p—|:a+bﬂ+1¢f(a+b— 5 ,c+d—lj

0

m+n n
+a+bn+l¢f(a+b— 5 ’C+d_kj+a+bml‘/7f( ,c+d—lj
m+n
+u+b_mlwf(a+b— > ,c+d—kﬂ
) 1 m+n k+1
4o ﬁ[m—bn"',c+d/+[(ﬂ,v/f(a+b_T:c+d_T
2 2

+n k+1
+a+bn jc+d—k~ ‘/’Wf(a+b_ 2 C+d— 2 j

m+n k+1
+a+b—m,c+d-l+]¢’wf(a+b_ ) ,c+d— 2 )
I f(a+b—m+”’c+d_k+lj

2 2

+
at+b—m~ ,c+d—k~ PV

<o om0 (1) omtor-on 1]
‘(2) 2(2j

X{J‘ J‘[ s fla+b—m,c+d—k)
+t(1-

2

(a+b—m,c+d—l)+(1—t)sa(jas

1

f(a+b—n,c+d—l)} dtds]r

fla+b—n,c+d—k)

2

+0—¢xl—skj

tOs

+[J§L§ [aw)—pm[%ﬂ[“ (1=5)=ph, ( ﬂ
XU I{ o fla+b-m,c+d—k)

(1=

1

1,,
dtds]

2

(a+b—m,c+d—l)+(1—t)sa(jas

1

f(a+b—n,c+d—l)} dtds]r

fla+b—n,c+d—k)

2

+0—¢xl—skj

tOs
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L
dtdsj

f(a+b—m,c+d—l)

en e ono-on ]

2

x j%ﬁ tsif(a+b—m,c+d—k)+t(l—s) 0
0% oOtos o

tOs

2

+(l—t)s68 fla+b—n,c+d—k)

tOs

f(a+b—n,c+d—l)} dtds]r

2

+(1_1)(1—s)afas

{O'Al (1-1)=pA, Gﬂ{m\z (1-5)=pA, Gﬂ

2
x(ﬁﬁ{ts%f(a+b—m,c+d—k)

1

1-=
dtdsJ

272

{1

62
Otos

+t(1-s)

2
fasf(a+b—m,c+d—l)+(1—t)s

B f(a+b—n,c+d—k)

f(a+b—n,c+d—l)} dtds}r .

2

H1-0)(1-5) 2

tOs

proof:

By the power mean inequality, then we have

{4(U—P)2f(a+b—m;n,0+d—%j

+p(0'—p)|:f(a+b—m;n,c+d—lJ+f(a+b—m;n,c+d—kj

+f(a+b—",C+d—%j+f(a+b—m,c+d—%H
+p*[ fatb=nct+d=1)+ f(a+b-nc+d k)
+f(a+b—m,c+d—l)+f(a+b—m,c+d—k)]
_M[z +I f(a+b_m+n,c+d—k+l]
1 c+d-I"" YV 2 2
()

m+n k+1
+2c+d—k1‘/’f(a+b_ 5 ,c+d— ﬂ

2
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Eb
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X[ij.o{ts atasf(a+b—m,c+af—k)

deds

L
dtds]
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Otos

1

+t(1-s)
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f@ f(a+b—m,c+d—l)+(1—t)s f(a+b—n,c+d—k)
s

0
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2
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f(a+b—n,c+d—l)} dtds]r

2

H1-0)(1-5) 2

tos

E[on0--mn[5)oner-on (3]
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Ot0s

1
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dtds]
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1
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2
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1
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dtds]

2
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0
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1
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2

+(1—t)(1—s)aa

tOs

Thaorem 3.10

2 q

Assume that the conditions of Lemma 3.1 hold. If 8?8

Sf(t,s)

, g>1 isa

convex mapping on [a,b]x[c,d] ,then we have the following inequality:

H4(0'—p)2f[a+b—m;n,c+d——k2+lj

m+n m+n

,c+d—lj+f(a+b— ,c+d—kj
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By the same way, we can get some remarks about Theorem 3.9 and Theorem
3.10 with Riemann-Liouville, k-Riemann-Liouville, and other generalized frac-

tional integrals.

4. Conclusions

In this paper, we have introduced and studied parameterized Simpson-Mercer-
type inequalities for twice partially differentiable functions of two variables via
generalized fractional integral operators. By deriving suitable integral identities
for the mixed partial derivatives and exploiting co-ordinated convexity together
with Hoélder-type techniques, we obtained several families of Simpson-Mercer-
type bounds involving pairs of free parameters and double generalized fractional
integrals.

The parameterized nature of our inequalities offers additional flexibility for
both theoretical investigations and practical applications. On the theoretical side,
different parameter choices generate a continuum of bounds with varying
strengths, which can be adapted to the geometry of the domain and to the regu-
larity of the function under consideration. On the applied side, the derived esti-
mates may be used to obtain error bounds for numerical quadrature formulas and
to study qualitative properties of solutions to fractional differential and integral
equations defined on rectangular domains.

Possible directions for further research include extending the present meth-
odology to other families of hybrid inequalities, such as Hermite-Hadamard-
Mercer and Ostrowski-Mercer-type results, and exploring applications to more
general classes of convexity as well as to fractional models arising in applied

sciences.
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