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Abstract

The article introduces the concept of generalized inverses in Jordan algebras
as an analog to the classical generalized inverses in the absence of the associa-
tivity. We define nonassociative generalized inverses based on quadartic op-
erator U, explore properties of these notion (e.g., existence, characteriza-
tion, coincidence with the notion of generalized inverse when Jordan algebra
is special or associative, compactness of the generalized spectrum introduced
here), and prove results analogous to those in associative algebras, including a
Jordan version of the generalized resolvent and a conorm.
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1. Introduction

A complete theory of Jordan’s algebras was found in Gauss’s unpublished papers.
Their first appearance in history seems to be in the early 1930s when the theory
burst into maturity from the minds of Pascual Jordan, John von Neumann, and
Eugene Wigner in their 1934 paper, On an algebric generalization of the quantum
mechanical formalism [1].

Jordan took as his axioms the existence of a bilinear product x°y on acom-

plex vector space satisfying the identities:

(J1) xoy=yox (commutative law),
(J2) (x2 ° y) ox=ux"o(yox) (Jordan identity).
A better example of Jordan algebras is obtained by replacing the product of an
associative algebra A4 Xy by the Jordan’s product xoy :%(xy+yx) , for all

x,y € A. The Jordan algebra obtained will be noted A*. Any Jordan algebra iso-
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morphic to a sub-algebra of such an algebra A" is called a special Jordan algebra.
Otherwise, it is called exceptional Jordan algebra. A deep and useful result in the
theory of Jordan algebras is the following theorem, due to Shirshov and Cohn ([2],
Theorem 3.1.55).

Theorem 1.1 Any Jordan algebra generated by two elements (and 1, if unital)
Is special.

The extension of any notion, in particular generalized inverse, known in the
associative case to Jordan’s algebras must take into consideration this gateway
from A to A".For this purpose, we will use the quadratic operator:

For an element ¢ in aJordan algebra J, we denote by U, the mapping
b ao(a Ob)—a2 ob from J to J andnotethat when J is special,

U, (b) = aba . This operator satisfies the fundamental formula U va(b) = vuU,

for Jordan algebras which was derived from the so-called Macdonald’s theorem.
It is well known that invertibility plays a fundamental role in functional analy-
sis. Hence, the importance of developing the notions of generalized inverse and

generalized spectral theory in the Jordan algebras.

2. Generalized Inverse in a Jordan Algebra

In order to give, in the Jordan case, an adequate definition of generalized inverti-
bility, we must remember two prerequisites: First, this definition will allow us to
find the one already known in the associative case, since a large class of Jordan
algebras come from associative algebras by replacing the initially associative prod-
uct by that of Jordan. Second, it must simplify the extension of spectral analysis
when the algebra in question is endowed with an Jordan-Banach norm. We are
also inspired by the works [3] and [4] where the authors used the quadratic oper-
ator instead of the multiplication operator.

Definition 2.1 Let J be a Jordan algebra and let a be in J. An element
ceJ iscalled a generalized inverse of a ifthe equality a=U,(c) holds.

For example, if b is the inverse of a,then b isa generalized inverse of a.
If a=a’ isaprojection, then a=U,(c) holdswith c=a.

In view of the above fundamental formula, this definition emphasizes that, the
operator U, satisfies

Ua = UU = UaUcUa

(e)

The above definition generalizes the associative forerunner: Suppose that J
is a special Jordan algebra A". Then the definition 1.1 is formulated here as
follows.

a=U,(b)=aba

which is the well-known generalized inversibility of a in the associative algebra
A (see [5]-[8]). Note also that U, (b) =a is actually expressed by saying that
a is von Neumann regular.

Proposition 2.1 If ¢ isageneralized inverse of a € J then the set of all gen-
eralized inverses of a consists of all elements of the form x=c+u-UU, (u),
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where u is arbitraryin J .
Proof. Suppose that a=U,(c¢) and x=c+u-UU,(u) for some ueJ
then

U, (x) =U, (c +u-UJU, (u))

=U,(c)+U,(u)-U,(UU,(u))
=U, (¢)+U, (u) Uy, ()
_U, (¢)+U, ()-U, (u)
=U,(e)
=a

Conversely, if U,(x)=a then the operator P=UU, is a projector, so

J =Im(P)® Ker(P) with
P(x—c) =U.U, (x—c) =U, (UH (x)—Ua (c)) =U, (a—a) =0
It follows that the element u =x—c satisfies x=c+u-UU, (u).

Proposition 2.2 Let a be an element of J admitting a generalized inverse

c then there exists an element b in J such that

a=U,(b) and b=U,(a)

Proof. 1t is a direct consequence of the fundamental formula.

Throughout the following, B(J) denotes the algebra of operators of J .

Proposition 2.3 Ifan element a of J admits a generalized inverse b then
U, Isa generalized inverse of U, in the associative algebra B(J)

Proof. Suppose that a,beJ satisfy a=U,(b).Then

UanUa = UUa(b) = Ua

Then U, isa generalized inverse of U, in B(J).

In order to state a converse of this proposition, we have:

Proposition 2.4 If a€J and T eB(J) satisfy UTU,=U, and
TU,T =T then V =U,T (respectively, W =TU, ) is a projection of J upon
Im(V) (respectively, Im(W)) in the direction of Ker (V') (respectively,

Ker (W) ).

Proof. Obvious.

Now we need to involve in our development a deep result in the theory of gen-
eralized invertibility. This is to unify the different approaches to generalized in-
verses in the algebraic context, which reads as follows.

Proposition 2.5 If a€J and T e B(J) satisfy U,TU, =U, and
TU,T =T then T Iisthe unique operator of J solution of the system
UX=UT, XU,=TU, and XU, X=X .

Proof. 1t is enough to apply ([7], Theorem 1.3(a)) with P=7/-TU, and
QO=U,T to realize that conclusion in the proposition is fulfilled. We have,

P =(1-WY =1-2W+W*=[-W =P and U,(P(x))=U,(x)-U,TU,(x)
=0 forall xeJ.Then P(J)cKer(U,),likewise Q=0 and
Im(Q)=1Im(U,) . So, the conditions of ([7], Theorem 1.3(a)) that we want to use

for our proof are verified.
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Theorem 2.1 Let a be not a divisor of zero in J and suppose the operator
U, admits ageneralized inverse T in B(J). Then the following assertions are

satisfied:

i) a admits a generalized inverse b=T(a).

i) T=Uy,.

Proof. Proposition 2.4 allows us to obtain that a =U,T (u)+v and
a=TU,(y)+z, for unique quadruple (u,v,y,z) in J with veKer(U,T)
and zeKer(TU,).

Hence T(a)=T(U[T(u)+v)=TU[T(u)+T(v)=T(u)+T(v) and U,T(a)=
U (u)+U,T(v)=UT(u)+0=U,T(u). So, a=U,T(a)+v, veKer(U,T).
On the other hand, T(a)=T(U,T(a)+v)=TU,T(a)+T(v)=T(a)+T(v)
then 7'(v)=0.

Similarly, a=TU,(a)+z with U,(z)=0.Since a is not a divisor of zero

then z=0 and a=TU,(a).
Now, by considering R=2I-V -W +T+U, € B(J), we have.

R(a)=2I(a)-V(a)-W(a)+T(a)+U,(a)
=2a—a+v-W(P(a))+W (v)+T(a)+U,(a) 2.1)
=a+v-W(P(a))+W (v)+T(a)+U,(a)

R(V(a))=21(V(a))-V*(a)-0(V(a))+T(V(a))+U,(V (a))
=V (a)=w (¥ (a))+T (¥ (a))+U,(
:a—v—W(V(a))+T(a)—T(v)+Ua
:a—v—W(V(a))+T(a)+Ua (a)—Ua (v)

R(v)=2v-V(v)-W(v)+T(v)+U,(v)
=2v-W(v)+U,(v)

2.2)

Since a is not a divisor of zero then v=0 and a=U, (T(a)). Then

c¢=T(a) isa generalized inverse of a.We claim that

UUrU. =0, and UrUdUr(e) =Ur(a
To prove the claim, the equality U, (T (a)) =a and the fundamental formula

give us UHUT(H)UQ =U, and, multiplying on the right by U 7(a)» We have
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U, (UT(H)UaUT(a) ) = (UaUT(a)Ua )UT(a) =UUy,- Since U, is injective, we have
UrUdUr(e) = Up(s)» as desired.

Finally, in order to prove assertion (ii), note that it suffices to show that
UUp (x)=U,T(x),forevery xe€J.Theconclusion follows from the fact that

U, isinjective. Assume at first that x=U, ()€ Im(U, ). Then
UT(x)=U,TU, ()
=U,(a)

= UaUT Ua (a)

(a)
=U, (UT(a)Ua (0‘))
= UaUT(a) (x)

To conclude the proof, we must show that the same conclusion holds for an
arbitrary element x € J.Since U,T and UJU 7(«) Are projectors satisfying

m(U,T)=Im(UUy, ) =m(U,)
J=Im(UT)®Ker(U,T) and J =Im(UT(a)>®Ker(UT(a))

Decomposing x into these two direct sums respectively, x=a+v and

x=f+w, we have:
UT(x)=U[T(a)=a
UUp (x)=UUy, (B)=B

It follows from the first case that U,T(x)=U,T(B)+U,T(w)=B+U,T(w)
and UUy, (x)=UUy, (a)+UU, (v)=a+UU, (v).So,

a=p+UT(w)
B =a+UaUT(u)(v)

then

2(a=p)=U.T(w)=UUpq,(v)
So, a—f=U,T(w) whichleadsto w—v=U,T(w) and
x=a+w-U,T(w). Furthermore, if we set P=U,T and Q=UU;, and if

{UHT(W)+UGUT(a) (v)=0

we apply the operator Z =2/ —P—Q+UT(H) +T to the two decompositions of
x , then we will obtain
7(x)=2(a+w-P(w)
= Z(a)+ Z(w)-Z(P(w)
:Ur(a)(“)+T(a)+z(w)+U7(a)(P(W))+T(P(W))

and
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Then U, (a)+T(a)+ Z(W)+UT(a) (P(W))"'T(P(W)) =Ur) (B)+T(p)
+Z(w) and U, (a)+T(@)+Uy, (P(w))+T(P(w))=U,, (8) +T(B) - Fi-
nally, by applying the linear operator U, to both members of these last equality
we derive that

UUy (@) +U,T(2)+U,Uy U (w)+U,TU,T(w)=UUy, (B)+U,T(B)

()
and consequently

2a+2P(w)=2p
Hence, we obtain that
a-f=-P(w)
Thus, P(w)=-P(w)=0, and then UJT(x)=a=p=UU,,(x) as de-
sired. Then T'=Up, .

Keeping in mind the arguments and notions above, the following theorem fol-
lows easily.

Theorem 2.2 Let J be a Jordan algebra over K (K=R or K=C) and
let a bean elementin J. We have:

(i) If a possesses a generalized inverse b in J, then the operator U, isa
generalized inverse of U, in B(J).

(i) If @ isnotadivisor of zeroin J and suppose the operator U, admitsa
generalized inverse T in B(J).Then T(a) isa generalized inverse of a in
J.

Note that (ii) of the theorem 2.2 shows that generalized inverses of a verifies
the well-known equality satisfied by the inverse a~' when it exists in the Jordan-
algebra J: U,' = U ., (see 2], Theorem 4.1.3).

Proposition 2.6 Let J = A* be a special Jordan algebra. Forevery a € A the
following conditions are equivalent:

i) a admits a generalized inverse in A.

ii) a admits a generalized inverse in /.

Proof. Let a € A, by the definition of the operator U, in J, we have

a has a generalized inverse in 4
<> there existes b € 4 such that aba = a and bab = b
<> there existes b € J such that U, (b)=a and U, (a) =b

<& a has a generalized inverse in J

Proposition 2.7 Ifan element a non-divisor of zeroin J admits a general-
ized inverse then the operator U, Isleft invertiblein B(J) .

Proof. 1t follows from Proposition 2.2 that there exists b €J such that
a=U,(b) and U, (a)="b.Which is said in terms of operators that
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UUuU,=U, and UU,U, =U,.So the projector U,U_ satisfies
J=Im(UU,)®Ker(U,U,) and Ker(U,U,)=Ker(U,)={0,}. Then we have
that U,U, is invertible, that is to say, if we write TU U, =U,U,T = Id,, from
which we deduce that U, is left invertible.

In the following section, J denotes a complex unital Jordan-Banach algebra
with unit 1,. For a€J, o(a), o(a),and r(a) denote the spectrum, the
resolvent set and the spectral radius of a, respectively (see [2], Chapiter 4).

Recall that

Aeo(a) e a—-2l, is invertible

Notethat R(a,4)=(a-Al, )71 theresolventof a atpoint A isanalyticon

the open o(a).

3. Generalized Spectral Theory in a Jordan-Banach Algebra

Spectrum theory and spectral analysis play a fundamental role in functional anal-
ysis. Thus, we would like to define the generalized spectrum where the notion of
inverse is replaced by the generalized inverse. Given an element a of J, the

natural idea is to define the generalized spectrum of @ by considering

S(a)={2eK:a—Al, does not admit a generalized inverse in J }

But this definition does not preserve the main properties of classical spectral anal-
ysis even in associative cases ([5], p. 70). The same defects are obtained by consider-
ing the author’s special Jordan algebra. In other words, S(a) can be empty for an
element a of J and especially the famous spectral mapping theorem is missing.
In the following, we extend to Jordan-Banach algebras the notion of generalized spec-
tral analysis defined and studied in associative algebras by numerous authors.

Definition 3.1 Let Q be a part of C, we will say that a admits a general-
ized resolvent Rg(a,u) in Q ifforall peQ, there exists Rg(a,u) in J
such that

Ue ) (Rg(a,p))=a-pul and U kefon) (a—ul)=Rg(a,u)

Definition 3.2 An element a of J admits a generalized resolvent Rg(a,A)

inanopen U of C if
U, 1, (Rg(a,/l))=a—/11J and URg(M)(a—/IlJ):Rg(a,/l) forevery AeU .

In this definition, the condition (which may seem tedious) of the existence of
an open U on which a-A1, admits a generalized resolvent is automatically
ensured within the framework of classical invertibility. Indeed, the set of invertible
elements in J (denoted Inv(J)) is open and the mapping x> x' from
Inv(J) to]is differentiable at any point a € Inv(J), with derivative equal to the
mapping _Ua-' (See [2], Theorem 4.1.7).

We will also use the following.

Definition 3.3 The generalized resolvent set or the regular set of a €J (de-
noted by Rg(a)) is the subset of C formed of numbers A such that a ad-
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mits an analytical generalized resolvent Rg(a,p) in a neighborhood Q of
A . which means
A € Rg(a) < a admits an analytical generalized resolvent
in a neighborhood Q of 4

Example 3.1 Let A be the Banach algebra of operators of a Hilbert space A, Jis
the special Jordan-Banach algebra A*. It follows from Proposition2.6 above and
([5], p. 71) that Ais in Rg(a) if and only if

Im(A—21I) is closed and ker(A—ﬂ[)"c]m(A—ﬂ[)

Definition 3.4 The generalized spectrum of an element a of J (relative to
J') which will be denoted by o, (a), is the complement in C of Rg(a).

As the complement of an open, o, (a) is closed. Obviously o, (a) is con-
tained in the compact o (a),s0 o, (a) isa compact (since we will show that it
is never empty).

As another relation between these two spectra of an element a of ] we have the
following:

Proposition 3.1 Let a in J and 0o (a) denotes the boundary of the spec-

trum o(a) then
80'(a) co, (a)

Proof. Assume, to derive a contradiction, that the proposition is not true. Then
there exists 4, € 0o (a)NRg(a).So, a admits an analytical generalized resol-
vent Rg(a,p) inaneighborhood Q of A, which coincides with the analyt-
ical resolvent R(a,,u) = (a —,u)_1 on the non-empty open set QN R(a). So,
(a—2, )71 =R(a,4,) exists, which is a contradiction.

Tow easy, but not so straightforward results, are the following.

Corollary 3.1 For each a € J, the generalized spectrum o,(a) of a isnot
empty.

Corollary 3.2 Iffor a€J its generalized spectrum is at most countable then
its two spectrums are equal: o (a)=o,(a).

Proof. Since o, (a) < o(a), it suffices to prove the reciprocal inclusion. Now
o(a) is at most countable, then it coincides with its boundary which is con-
tained in o, (), as desired.

Proposition 3.2 Let a in J and K denotes a connected component of
Rg(a). Then

KNR(a)#D=KcR(a)

Proof. Assume the existence of 4, e KN R(a).

So, a admits an analytical generalized resolvent Rg(a,x) in a neighborhood
Q of A, which coincides with the analytical resolvent R(a,u)=(a- ,u)f1 on
the non-empty open set QN R(a). So, (a—4)" =R(a,4,) exists, which is a
contradiction.

Proposition 3.3 Let a in J and assume that o, (a) is at most countable.
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Then
o, (a)=0(a)

Proof. The fact that o, (a) isat most countable implies Rg(a) is connected.
it is enough to replace K with Rg(a) in proposition 3.2 to realize that
Rg(a)=¢(a) andthen o,(a)=0(a).

Now we define the conorm in a Jordan-Banach algebra, along with some asso-

ciated results.
Definition 3.5 The conorm y(a) of a€J isdefined by:

;/(a):inf{U x)”:d(x,ker(Ua)):l},if a#0

and
7(0)=+o0
Note that the connorm of a in J defined here coincides with the classical
connorm of the operator U, in the Banach algebra B(J).
U—l

a

-1

Proposition 3.4 If a isinvertiblein J then y(a)=

Proof. According to Definition 3.5, we have
7(a)= inf{"U (x)" :d (x.ker(U,)) = l}
nf {|U, (X)II I =1}

{ }
ol

b
Theorem 3.1 If an element a of J has a generalized inverse b in J

then:
() U,(J)={U,(x):xeJ} isclosed;

(ii) 7(a) >0:
(iii) if beJ isa generalized inverse of a, then

s

Proof. Let beJ such that U,(b)=a . Then U, =U, ;, =UU,U,. Put
P=U,U, and Q=1-U,U,. Then it is easy to see that P>=P and Q> =Q.
Since U,(J)=UU,U,(J)=PU,(J) then

PU,(J)cU,(J)c P(J)cU,(J)
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and U,(J)=P(J) isclosed. This shows (i).

To prove assertion (ii) it is enough to show that ker(U,)=0(J). Use (i) and
[9] (Satz 55.2) to see that (ii) holds.

Now take xe€J such that d(xker(U,))=1. Since U, (x)=UU,U,(x),

x-U,U, (x)eker(U,), thus
1= d (s Ker(U,)) = (00, (3) ke (U,)) <ULV, ()

Hence

m < | U, (x)" for all x € J with d(x, ker (U, )) =1
b

1
This gives ——<7(a).
o]

1

3l

Since ||U 5 || < 3||b ?, it follows that

<y(a), for all generalized inverse b

of a.

-1
-1 . s
U, when a isinvert-

It follows from the above proposition that 7/(a) = |

ible, this shows that the mapping a — y(a) is not continuous. This justifies the

hypothesis of the existence of the limit in the following.
Proposition 3.5 Let a in J and A, be a complex number. Assume that

llirglﬂ 4 (a -1, ) exists. Then the following assertions are equivalent:

(i) 4 <Rg(a)
(ii) lhn% y(a—21,)>0

ProofIf A, € Rg(a), then there exists 7, >0 such that the open disc
D(4,,2r,) iscontainedin Rg(a). Using the remark y(a—A41,)= d(/l,O'g (a))
mentioned above, therefore y(a—Al,)>r, forall AeD(4,,r,).Hence
}Lrgoy(a—ﬂlj)>0.

Conversely, if = }lrﬁlo 7(a—21,)>0 , then the open disc D(ﬂo,gj is con-

tained in Rg(a), and the implication (ii) = (i) is proved.
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